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1 Introduction

The class of well-posed linear systems as introduced by Salamon in [17] has
become a well-understood class of systems, see e.g. the work of Weiss and
the book of Staffans [19]. Many partial partial differential equations with
boundary control and point observation can be formulated as a well-posed
linear system. Parallel to the development of well-posed linear system the
class of diffusive systems has been developed, by [18, §5] and [16] indepen-
dently. These systems are used to model phenomena for which the impulse
response has a “long tail”, i.e., decays slowly, or systems with a diffusive
nature, like the Lokshin model, in which both viscous and thermal losses
at the boundary of a duct are taken into account in the propagation of the
acoustic waves, see [8]. Another class of models are the fractional differential
equations, i.e., systems which have fractional powers of s in their transfer
function, see e.g. [13].

The aim of this paper is to show that standard diffusive systems form a
subset of the class of well-posed linear systems. It turns out that the proof of
this is not complicated, and hence they form a more or less easy class within
the general class of well-posed linear systems. This has three important
consequences. Firstly, the theory as developed for well-posed linear systems,
like feedback interconnection, etc, is directly applicable to diffusive systems.
Secondly, (new) notions and results for the class of well-posed systems can
be illustrated by means of diffusive systems, without having to use deep
results on functional analysis or partial differential equations. Thirdly, this
paper could be used as an introduction into well-posed linear systems.

The paper is organized as follows: in section 2, we recall what a well-
posed linear system is, and in section 3 we define diffusive linear systems
and give simple examples of them in the form of PDE’s. We then prove
in section 4 that every standard diffusive linear system is a regular linear
system, and we address stability questions and illustrate different cases by
means of our examples. Finally, section 5 presents system theoretic proper-
ties of these systems, such as controllability and observability. Some results
which we present are consequences of earlier published results. This will be
indicated, however, we present our own proof if this fits the tutorial nature
of this paper better.
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2 Abstract linear systems

The theory of well-posed linear systems basically wants to give meaning to
the abstract differential equation

ż(t) = Az(t) +Bu(t), z(0) = z0
y(t) = Cx(t) +Du(t).

(1)

Basically, we want that for every initial condition z0 and every locally square
integrable input u, there exists a (weak) solution of (1) such that the state
trajectory z is continuous and the output y is locally square integrable. In
order to do so, we first introduce some notation. The Hilbert space Z will be
our state space, U is the Hilbert space of input values, and Y is the Hilbert
space of output values. Let D(A) denotes the domain of A, and let Z−1

denote the dual of the domain of A∗. L(Z1, Z2) is defined as the space of
all linear, bounded operators from the Hilbert space Z1 to the Hilbert space
Z2.

Following [12] we can now define a well-posed linear system.

Definition 2.1. Consider the system (1). We say that the system is well-
posed if the following four conditions hold:

a. A is the infinitesimal generator of a C0-semigroup on Z, which we
denote by (T (t))t≥0.

b. B ∈ L(U,Z−1) and there exists some t1 > 0 such that for all u ∈
L2([0, t1);U) we have that

∫ t1
0 T (t1 − τ)Bu(τ) dτ ∈ Z.

c. C ∈ L(D(A), Y ) and there exists a t1 > 0 such that the map z0 7→
CT (·)z0 can be extended to a bounded map from Z to L2([0, t1);Y ).

d. There exists a ρ > 0 such that any G satisfying

G(s) −G(λ)

λ− s
= C(sI −A)−1(λI −A)−1B s, λ ∈ C

+
ρ , s 6= λ (2)

is uniformly bounded on C
+
ρ = {s ∈ C | Re(s) > ρ}.

Some remarks are appropriate.

Remark 2.2. • If the abstract linear system is well-posed, then its so-
lutions have the properties mentioned below equation (1), see [3] where
it is proved that this definition of a well-posed system is equivalent to
the standard one introduced by Weiss [21], [22].
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• If item b. holds for some t1 > 0, then using the semigroup property of
(T (t))t≥0 it is not hard to show that it holds for all t1 > 0. A similar
remark holds for item c.

• If G0(s) is a solution of (2), then all G’s satisfying this equation are
given by G(s) = G0(s) + Q with Q ∈ L(U, Y ). Hence the uniform
boundedness condition in item d. is independent of the particular
choice of G.

A special function G satisfying (2) is given by the transfer function of the
system. This is defined as follows. For s ∈ C with real part larger than the
growth bound of the semigroup, one takes the input u(t) = u0e

st, for t ≥ 0
and u0 ∈ U . For this input one calculates a state and output trajectory of
the form z0(s)e

st and H(s)u0e
st, respectively. The function H(s) is defined

to be the transfer function of our system, see [24]. It is not hard to show
that this function satisfies (2).

A special class of well-posed linear systems is the class of regular linear
systems; a well-posed system is regular if lims→∞H(s)u0 exists for all u0 ∈
U . If the system is regular, then this limit can be denoted by Du0 with
D ∈ L(U, Y ).

3 Diffusive linear systems with examples

We begin by defining our class of linear systems.

Definition 3.1. Let µ be a positive measure on [0,∞), with σ-algebra the
Borel sets. Furthermore, assume that

cµ :=

∫ ∞

0

1

1 + ξ
dµ(ξ) <∞. (3)

The diffusive system associated with µ is defined as the following parame-
terized differential equation on [0,∞):

∂
∂t
φ(ξ, t) = −ξ φ(ξ, t) + 1+(ξ)u(t), ξ ≥ 0, φ(·, 0) = φ0(·),
y(t) =

∫ ∞
0 φ(ξ, t) dµ(ξ),

(4)

where u is the input and y is the output. We denote by 1 the function
equal to 1 everywhere, 1+ the Heaviside step function, and 1V the indicator
function of the set V in the sequel.

In the next section we show that every diffusive system is a (regular)
well-posed system. In the rest of the present section we give examples of
diffusive systems.
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Example 3.2. Consider the following partial differential equation on the
unbounded domain I = R:

∂
∂t
θ(x, t) = ∂2

∂x2 θ(x, t) + u(t) δ0(x), x ∈ R, θ(·, 0) = θ0(·),
y(t) = 2 θ(0, t),

(5)

with input u and output y. We assume that θ0 is a real and even function.
Taking the Fourier transform with respect to the space variable x gives

the following parameterized differential equation

∂
∂t
θ̂(f, t) = −4π2f2 θ̂(f, t) + 1(f)u(t), f ∈ R, θ̂(·, 0) = θ̂0(·),
y(t) = 2

∫ +∞
−∞ θ̂(f, t) df,

(6)
Since θ0 is real and even, we have that θ̂0 is an even function of f . Since1 : f 7→ 1 is also even, it is clear from the first equation in (6) that θ̂(f, t)
is an even function of f . Hence one is allowed to consider system (6) for
f ≥ 0 only and perform the change of variables ξ = 4π2f2. Thus with
φ(ξ, t) := θ̂( 1

2π

√
ξ, t), we find the equivalent system:

∂
∂t
φ(ξ, t) = −ξ φ(ξ, t) + 1+(ξ)u(t), ξ ≥ 0, φ(·, 0) = φ0(·),
y(t) =

∫ ∞
0

1
π
√

ξ
φ(ξ, t) dξ,

(7)

where the following measure µ1 appears, which is absolutely continuous with
respect to the Lebesgue measure:

dµ1(ξ) =
1

π
√
ξ

dξ.

Note that condition (3) is fulfilled for µ1, since
∫ ∞
0

1√
ξ (1+ξ)

dξ < +∞.

Example 3.3. Consider now the following partial differential equation on
the bounded interval I = [0, 1]:

∂
∂t
θ(x, t) = ∂2

∂x2 θ(x, t) 0 ≤ x ≤ 1, θ(·, 0) = θ0(·)
∂
∂x
θ(0, t) = 0, and ∂

∂x
θ(1, t) = u(t),

y(t) = θ(1, t),

(8)

with input u and output y, as in [4, Example 4.3.12].
We want to rewrite this partial differential equation as a diffusive system.

Therefore we introduce the following set of functions vk(x) = (−1)k cos(kπx)
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for k ≥ 0 and we define ψk(t) =
∫ 1
0 θ(x, t)vk(x) dx, t ≥ 0. These functions

satisfy

d

dt
ψk(t) =

∫ 1

0

∂

∂t
θ(x, t)vk(x) dx

=

∫ 1

0

∂2

∂x2
θ(x, t)vk(x) dx

=

[

∂

∂x
θ(x, t)vk(x)

]1

0

−
∫ 1

0

∂

∂x
θ(x, t)v′k(x) dx

= 1u(t) −
[

θ(x, t)v′k(x)
]1

0
+

∫ 1

0
θ(x, t)v′′k(x) dx

= −k2π2 ψk(t) + u(t),

where we have used that v′′k(x) = −k2π2vk(x). Since the {vk}k≥0 form a
complete orthogonal family of the functions in L2(0, 1), [4, Example A.4.22],
we get the following inversion formula:

θ(x, t) = ψ0(t)v0(x) + 2
∞

∑

k=1

ψk(t)vk(x).

With this inversion formula we can write the output of our system as y(t) =
ψ0(t) + 2

∑∞
k=1 ψk(t). Hence, the new system now reads:

d
dt
ψk(t) = −k2π2 ψk(t) + 1u(t), k ≥ 0, ψk(0) = ψ0

k,

y(t) = ψ0(t) + 2
∑∞

k=1 ψk(t),
(9)

Defining

φ(ξ, t) =

{

ψk(t) ξ = k2π2, k ∈ {0, 1, 2 . . .}
0 ξ 6= k2π2

and

φ0(ξ) =

{

ψk(0) ξ = k2π2, k ∈ {0, 1, 2 . . .}
0 ξ 6= k2π2

system (9) is now of the form (4) with the discretely supported measure µ2:

µ2(ξ) = δ0(ξ) +
∞

∑

k=1

2 δk2π2(ξ),

for which condition (3) is fulfilled, since 1 + 2
∑∞

k=1(1 + k2π2)−1 <∞.
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Example 3.4. Finally, consider the same partial differential equation as in
Example 3.2, but with different boundary conditions:

∂
∂t
θ(x, t) = ∂2

∂x2 θ(x, t) 0 ≤ x ≤ 1, θ(·, 0) = 0,

θ(0, t) = 0, and ∂
∂x
θ(1, t) = u(t),

y(t) = θ(1, t),

(10)

with input u and output y.
In order to rewrite this partial differential equation as a diffusive system,

we introduce the set of functions wk(x) = (−1)k sin((k + 1
2 )πx) for k ≥ 0

and we define ψk(t) =
∫ 1
0 θ(x, t)wk(x) dx, t ≥ 0. Similar as in the previous

example we can show that these functions satisfy

d

dt
ψk(t) = −(k +

1

2
)2π2 ψk(t) + u(t),

where we have used that w′′
k(x) = −(k+ 1

2 )2π2wk(x). Since the {wk}k≥0 are

the eigenfunctions of the operator ∂2

∂x2 with boundary conditions θ(0) = 0

and ∂
∂x
θ(1) = 0, and since this operator is self-adjoint and has compact

resolvent, we know that they form a complete orthogonal family in L2(0, 1),
see e.g. [4, Theorem A.4.20]. Hence we have the following inversion formula:

θ(x, t) = 2

∞
∑

k=0

ψk(t)wk(x).

With this inversion formula we can write the output of our system as y(t) =
2

∑∞
k=0 ψk(t). Hence the new system now reads:

d
dt
ψk(t) = −(k + 1

2)2π2 ψk(t) + 1u(t), k ≥ 0, ψk(0) = ψ0
k,

y(t) = 2
∑∞

k=0 ψk(t),
(11)

Defining

φ(ξ, t) =

{

ψk(t) ξ = (k + 1
2)2π2, k ∈ {0, 1, 2 . . .}

0 ξ 6= (k + 1
2)2π2

and

φ0(ξ) =

{

ψk(0) ξ = (k + 1
2)2π2, k ∈ {0, 1, 2 . . .}

0 ξ 6= (k + 1
2)2π2
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system (11) is now of the form (4) with the discretely supported measure
µ3:

µ3(ξ) =

∞
∑

k=0

2 δ(k+ 1

2
)2π2(ξ),

for which condition (3) is fulfilled, since 2
∑∞

k=0(1 + (k + 1
2 )2π2)−1 <∞.

We remark that taking the new state function φ(ξ, t) zero outside the
support of the measure, as we did in Examples 3.3 and 3.4, is not essential.
In the next section we take as our state space L2([0,∞),dµ). In this set any
two functions which are equal on the support of the measure dµ are equal.
Hence the values of φ outside the support of the measure play no role.

4 Diffusive linear systems are regular linear sys-

tems

In order to show that a diffusive system as defined in Definition 3.1 is a
regular system, we first have to identify the state space, Z. As state space,
Z, we take L2([0,∞),dµ). On this space we define A to be the multiplication
operator by −ξ. Thus

(Aφ)(ξ) = −ξφ(ξ), ξ ∈ [0,∞), (12)

with domain D(A) = {φ ∈ L2([0,∞),dµ) | ξφ(ξ) ∈ L2([0,∞),dµ)}. From
Proposition I.4.10 of Engel and Nagel [5] we obtain the following properties
of A.

Lemma 4.1. For the operator A as defined in equation (12) we have

a. The spectrum of A, σ(A), is given by

σ(A) = {s ∈ R | µ([−s− ε,−s+ ε]) > 0 for all ε > 0}.

b. The point spectrum of A, σp(A), is given by

σp(A) = {s ∈ R | µ({s}) > 0}.

c. For s in the resolvent set of A, we have that

(

(sI −A)−1φ
)

(ξ) =
1

s+ ξ
φ(ξ). (13)
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Furthermore, A generates a C0-semigroup, for which the stability prop-
erties are easy to characterize.

Lemma 4.2. The operator A as defined by (12) is the infinitesimal gener-
ator of a C0-semigroup on Z = L2([0,∞),dµ), which is given by

(T (t)φ)(ξ) = e−ξtφ(ξ), ξ ∈ [0,∞). (14)

This semigroup is self-adjoint, analytic and contractive.
Furthermore, the stability of the semigroup can be characterized as follows:

a. It is exponentially stable if and only if µ([0, ε)) = 0 for some ε > 0.

b. It is strongly stable, i.e., for all z0 ∈ Z, T (t)z0 → 0, if and only if
µ({0}) = 0.

Proof. From Engel and Nagel [5], Proposition I.4.11 and Theorem II.4.32
we conclude that A generates an analytic C0-semigroup given by (14). The
fact that this semigroup is self-adjoint follows from the realness of ξ and
t in the expression (14). Thus it remains to show that the semigroup is a
contraction. This is easy since for t ≥ 0 we have that

∫ ∞

0
|e−ξtφ(ξ)|2dµ(ξ) ≤

∫ ∞

0
|φ(ξ)|2dµ(ξ). (15)

Now for stability, item a. follows from the fact that ‖T (t)‖ = exp(−εt).
Item b. follows from Example V.2.19.iii of Engel and Nagel [5].

Now for our examples, the above lemmas lead to the following results:

• The spectrum of A in Example 3.2 equals (−∞, 0]. Hence the semi-
group is not exponentially stable. However, since µ1({0}) = 0 this
semigroup is strongly stable.

• The spectrum of A in Example 3.3 equals {−k2π2, k = 0, 1, 2, . . .}.
Since µ2(({0}) = 1, we see that the semigroup is not strongly stable.

• The spectrum of A in Example 3.4 equals {−(k+ 1
2 )2π2, k = 0, 1, 2, . . .}.

Since µ3([0,
π2

4 )) = 0, we see that the semigroup is exponentially stable.

Next we prove the main theorem of this section, namely that every stan-
dard diffusive system is a regular well-posed linear system. As is clear from
Definition 2.1,we have to introduce Z−1, as the dual of D(A∗). Since A is
self-adjoint, this domain equals the domain of A. It is easy to see that D(A)
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equals the Hilbert space L2
(

[0,∞), (1 + ξ2) dµ(ξ)
)

. Hence the space Z−1 is
given by

Z−1 = L2

(

[0,∞),
1

1 + ξ2
dµ(ξ)

)

with duality product

〈f, z〉Z
−1,D(A) =

∫ ∞

0
f(ξ)z(ξ) dµ(ξ).

Looking at equation (1) and (4), it is easy to see that we have to choose

Bu = 1+ ·u, and Cφ0 =

∫ ∞

0
φ0(ξ) dµ(ξ). (16)

These operators lie in the spaces as given in Definition 2.1 as is shown next.

Lemma 4.3. The operator B and C as defined in (16) have the following
properties:

a. B ∈ L(C, Z−1),

b. C ∈ L(D(A),C),

c. B = C∗.

Proof. For u ∈ C we have that Bu = 1+ ·u = u. Furthermore,

‖Bu‖2
Z
−1

=

∫ ∞

0
|u|2 1

1 + ξ2
dµ(ξ) ≤

∫ ∞

0

2

1 + ξ
dµ(ξ)|u|2 = 2cµ|u|2.

Hence B ∈ L(C, Z−1).

For φ0 ∈ D(A), we apply the Cauchy-Schwarz inequality to find that

|Cφ0|2 ≤
[

∫ ∞

0

√

1 + ξ2|φ0(ξ)|
dµ(ξ)

√

1 + ξ2

]2

≤
∫ ∞

0

dµ(ξ)

1 + ξ2

∫ ∞

0
(1 + ξ2)|φ0(ξ)|2 dµ(ξ)

≤ 2cµ ‖φ0‖2
D(A).

Thus C ∈ L(D(A),C).
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Let φ0 be an element of D(A) and u ∈ C. Then we have that

〈Bu, φ0〉Z
−1,D(A) =

∫ ∞

0
1+(ξ)uφ0(ξ) dµ(ξ)

= u ·
∫ ∞

0
φ0(ξ) dµ(ξ)

= u · (Cφ0) = 〈u,Cφ0〉C.

Thus B∗ = C.

Now that we know what are the B and C operators for our system, we
can prove that this system is well-posed.

Theorem 4.4. Consider the diffusive system (4) with the measure µ sat-
isfying (3). This system is a well-posed linear system on the state space
L2([0,∞),dµ) and input and output space C. Furthermore, its transfer func-
tion is given by

H(s) =

∫ ∞

0

1

s+ ξ
dµ(ξ), s ∈ C

+
0 (17)

This function has the following properties

a. H(s) is positive real, i.e., Re(H(s)) > 0 for Re(s) > 0;

b. It satisfies
lim

Re(s)→∞
H(s) = 0.

In particular, this transfer function is regular.

Proof. From Definition 2.1 we see that we have to prove four properties.
The first property has already been shown in Lemma 4.2. So it remains to
show the other three items.
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Step 1. Choose a t1 > 0 and an input u ∈ L2(0, t1), then we have that

‖
∫ t1

0
T (t1 − τ)Bu(τ) dτ‖2

Z

=

∫ ∞

0

∣

∣

∣

∣

∫ t1

0
e−ξ(t1−τ) 1+(ξ)u(τ) dτ

∣

∣

∣

∣

2

dµ(ξ)

≤
∫ ∞

0

[
∫ t1

0
e−2ξ(t1−τ) dτ

∫ t1

0
|u(τ)|2dτ

]

dµ(ξ)

=

∫ ∞

0

1 − e−2ξt1

2ξ
dµ(ξ)‖u‖2

L2(0,t1)

=

[
∫ 1

0

1 − e−2ξt1

2ξ
dµ(ξ) +

∫ ∞

1

1 − e−2ξt1

2ξ
dµ(ξ)

]

‖u‖2
L2(0,t1)

≤
[
∫ 1

0
t1 dµ(ξ) +

∫ ∞

1

1

1 + ξ
dµ(ξ)

]

‖u‖2
L2(0,t1)

≤ [2t1 + 1] cµ‖u‖2
L2(0,t1),

where we have used equation (3). Thus item b. of Definition 2.1 holds.

Step 2. The output operator is given by

Cφ0 =

∫ ∞

0
φ0(ξ) dµ(ξ).

Now choose a t1 > 0 and an initial state φ0 ∈ Z, then we have that

∫ t1

0
|CT (τ)φ0|2 dτ =

∫ t1

0

∣

∣

∣

∣

∫ ∞

0
e−ξτφ0(ξ) dµ(ξ)

∣

∣

∣

∣

2

dτ

≤
∫ t1

0

[
∫ ∞

0
e−2ξτ dµ(ξ)

∫ ∞

0
|φ0(ξ)|2 dµ(ξ)

]

dτ

=

∫ ∞

0

[
∫ t1

0
e−2ξτ dτ

]

dµ(ξ) ‖φ0‖2
Z

=

∫ ∞

0

1 − e−2ξt1

2ξ
dµ(ξ) ‖φ0‖2

Z

≤ [2t1 + 1] cµ ‖φ0‖2
Z .

Thus item c. of Definition 2.1 holds.

Step 3. Let us compute the transfer function of our system. Take u(t) =
u0e

st for t ≥ 0, u0 ∈ C, and some s ∈ C
+
0 . Next we want to find a state of

the form φ(ξ, t) = z0(ξ, s) e
st which satisfies the differential equation in (4)

12
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for this input. An easy calculation gives z0(ξ, s) = u0

s+ξ
. Finally, replacing

the state in the observation equation of (4) by this expression, gives y(t) =
∫ ∞
0

1
s+ξ

dµ(ξ)u0 e
st. Hence we have that the transfer function is given by

H(s) =
∫ ∞
0

1
s+ξ

dµ(ξ).
Using condition (3) once more, we see that H is uniformly bounded in

C
+
ρ for any ρ > 0. Note that it is a solution to (2), since by equation (13)

we have that

C(sI −A)−1(λI −A)−1B =

∫ ∞

0

1

(s+ ξ)(λ+ ξ)
dµ(ξ) =

H(s) −H(λ)

λ− s
.

Hence we have shown that the diffusive system is a well-posed linear system.
It remains to show that it is regular.

Step 4. Using the expression (17) we see that

Re(H(s)) =

∫ ∞

0
Re

(

1

s+ ξ

)

dµ(ξ) =

∫ ∞

0

Re(s) + ξ

|s+ ξ|2 dµ(ξ).

From this expression it is clear that Re(H(s)) > 0 if Re(s) > 0.
We have that

∣

∣

∣

∣

1

s+ ξ

∣

∣

∣

∣

≤ 1

Re(s) + ξ

Hence 1
s+ξ

converges pointwise (in ξ) to zero for Re(s) → ∞. Using condition
(3), and applying Lebesgue dominated convergence theorem, we get

lim
Re(s)→∞

H(s) = lim
Re(s)→∞

∫ ∞

0

1

s+ ξ
dµ(ξ) = 0.

Thus the system is regular, with feed-through operator D = 0.

Remark 4.5. Since B∗ = C and since A = A∗, we know that the admissi-
bility of B is equivalent to the admissibility of C. However, we have chosen
to present them both, since the proofs are very simple.

Thanks to formula (17), we can compute the transfer functions of the
three examples, defined in C

+
0 at least:

• the transfer function of the system in example 3.2 is:

H1(s) =

∫ ∞

0

1

π
√
ξ(s+ ξ)

dξ =
1√
s
,
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• the transfer function of the system in example 3.3 is:

H2(s) =
1

s
+

∞
∑

n=1

2

s+ n2π2
=

cosh(
√
s)√

s sinh(
√
s)
,

• the transfer function of the system in example 3.4 is:

H3(s) =
∞
∑

n=0

2

s+ (n+ 1
2)2π2

=
sinh(

√
s)√

s cosh(
√
s)
.

A proof of the second and third closed-form expressions can be found in [2,
chap. 5].

When a system is well-posed, then it is not hard to see that for input
zero,

∫ t

0 ‖y(τ)‖2dτ converges to zero as t ↓ 0 for every initial condition.
Based on the proof of Theorem 4.4, we show that for diffusive systems this
convergence is uniform.

Lemma 4.6. Let Ct1 be defined as

(

Ct1φ0

)

(t) =

∫ ∞

0
e−ξtφ0(ξ) dµ(ξ), t ∈ [0, t1). (18)

This is a bounded linear mapping from Z to L2(0, t1), and

lim
t1↓0

‖Ct1‖ = 0.

By Bt1 we denote the mapping from L2(0, t1) to Z given by

Bt1u =

∫ t1

0
e−ξ(t1−τ)u(τ) dτ. (19)

This is a bounded linear mapping from L2(0, t1) to Z, and

lim
t1↓0

‖Bt1‖ = 0.

Proof. The boundedness and linearity follows from Theorem 4.4. From
step 2 in this proof, we have that

‖Ct1‖2 ≤
∫ ∞

0

1 − e−2ξt1

2ξ
dµ(ξ).

14
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Since limt1↓0
1−e−2ξt1

2ξ
= 0 on [0,∞) and since

1 − e−2ξt1

2ξ
≤

{

1 t1 ≤ 1, ξ ∈ (0, 1)
1

1+ξ
ξ > 1

we obtain by condition (3) and the Lebesgue dominated convergence theo-
rem that limt1↓0 ‖Ct1‖2 = 0.

The proof for B is similar, since B and C are dual operators.

In [19] one may find the concept of a system node. This is a more
general concept than well-posedness. Just for completeness, we state the
system node for our diffusive system (4).

Lemma 4.7. The system node for the system (4) is given by

S

(

φ0

u0

)

=

(

ξφ0(ξ) + 1+(ξ)u0
∫ ∞
0 φ0(ξ) dµ(ξ)

)

(20)

with domain

D(S) = {(φ0, u0) ∈ Z × C | ξφ0(ξ) + 1+(ξ)u0 ∈ Z}. (21)

We end this session by proving an energy balance for the diffusive system
(4).

Lemma 4.8. The system (4) satisfies for all u ∈ L2(0, t) and φ0 ∈ Z the
following energy balance

1

2
‖φ(t)‖2

Z +

∫ t

0

∫ ∞

0
|φ(ξ, τ)|2 ξ dµ(ξ) dτ =

1

2
‖φ0‖2

Z + Re(

∫ t

0
y(τ)u(τ) dτ).

(22)
In particular, the system is impedance passive.

Proof. For φ(t, ξ) being a classical solution of (4), we differentiate the left-
hand side of (22) with respect to t. We find

1

2

[
∫ ∞

0
φ(t, ξ)

∂φ

∂t
(t, ξ) dµ(ξ) +

∫ ∞

0

∂φ

∂t
(t, ξ)φ(t, ξ) dµ(ξ)

]

+

∫ ∞

0
|φ(ξ, t)|2ξ dµ(ξ).

Using the equation (4), we see that this equals

1

2

[
∫ ∞

0
φ(t, ξ)u(t) dµ(ξ) +

∫ ∞

0
u(t)φ(t, ξ) dµ(ξ)

]

.
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By the definition of the output, this equals

1

2

[

y(t)u(t) + u(t)y(t)
]

.

So we see that if we differentiate the right-hand side of (22), we obtain the
derivative of its left-hand side. Furthermore, (22) trivially holds for t = 0.
Thus we conclude that the energy balance holds for classical solutions. Now
the set of initial conditions and inputs giving a classical solution is dense in
the set of all initial conditions, and all L2-inputs, and so we have that (22)
holds for all φ0 and u ∈ L2(0, t).

This energy balance gives another way of proving the well-posedness.
Namely one shows that the diffusive system (4) is a system node, and that
its transfer function is bounded in some right-half plane. Theorem 5.1 of [20]
now gives that an impedance passive system satisfying these two conditions
is well-posed.

5 System theoretic properties of diffusive systems

We give some properties of the diffusive systems. Before we do so, we
recapulate some definitions.

Definition 5.1. Consider the system (1), and assume that it is well-posed.
Then

a. Assume that the input u ≡ 0. It is approximately observable on [0, t1],
if y = 0 in L2((0, t1), Y ) implies that z0 = 0.

b. If is approximately controllable on [0, t1], if the set of reachable states
in time t1 is dense in Z. A state z1 is said to be reachable in time t1
when z1 =

∫ t1
0 T (t1 − τ)Bu(τ) dτ for some u ∈ L2((0, t1), U).

c. Assume that the input u ≡ 0. It is exactly observable on [0, t1], if
there exists a c > 0 such

∫ t1
0 ‖y(τ)‖2dτ ≥ c‖z0‖2 for all z0 ∈ Z.

d. If is exactly controllable on [0, t1], if the set of reachable states in time
t1 equals Z.

e. The system is output stable, when for u ≡ 0 we have that y ∈
L2((0,∞), Y ) for all z0 ∈ Z.

f. The system is input stable, when
∫ ∞
0 T (τ)Bu(τ) dτ ∈ Z for all u ∈

L2((0,∞), U).
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Lemma 5.2. For the system given by (4), one has the following properties:

1. For all t1 > 0 we have that the system is approximately controllable
on [0, t1].

2. For all t1 > 0 we have that the system is approximately observable on
[0, t1].

Proof. Since B and C are dual operators, and since controllability and ob-
servability are dual notions, we only have to show one of the two properties.
We choose to prove the second one.

Let t1 > 0. Assume that for φ0 ∈ Z, we have that y = 0 on L2(0, t1).
This is equivalent to saying that

∫ ∞

0
e−ξtφ0(ξ) dµ(ξ) = 0 a.e. on [0, t1]. (23)

In the above expression, we recognize the Laplace transform w.r.t. the mea-
sure µ of the function φ0. Since the Laplace transform gives an analytic
function, we conclude from (23) that the Laplace transform must be zero
for all t. Now by the injectivity of the Laplace transform w.r.t. a measure,
see Theorem 6.2.3 in [10], we conclude that φ0 = 0.

So we see that our systems are always approximately observable and
controllable. It turns out that they are only exactly observable/controllable
in finite time when the measure µ consists out of finitely many point measure,
i.e., when Z is finite-dimensional.

Theorem 5.3. Consider the diffusive system (4) with measure µ satisfying
(3). The following conditions are equivalent:

1. The system is exactly observable on [0, t1].

2. The system is exactly controllable on [0, t1].

3. The dimension of Z is finite.

Proof. The proof consists out of five steps. In the first step we construct a
solution to a Lyapunov equation. Using this equation, we show in the second
step that when the support of a state φ0 is small, then it cannot lie in the
kernel of C. Using this we conclude that the spectrum of A is pure point
spectrum without finite accumulation point, step 3, and cannot converge to
infinity either, step 4. In the final step we conclude that the dimension of Z
must be finite when the system is exactly observable or controllable.
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Step 1 By the well-posedness of the system, we have that the operator Q
defined as

〈Qφ1, φ2〉 =

∫ ∞

0

[

∫ ∞

0
e−(ξ+1)tφ1(ξ) dµ(ξ)

∫ ∞

0
e−(ξ+1)tφ2(ξ) dµ(ξ)

]

dt

is a bounded and self-adjoint operator from Z to Z. If the system is exactly
observable on [0, t1], then this operator is coercive, i.e., Q ≥ qI for some
q > 0. Furthermore, this operator satisfies the Lyapunov equation, see e.g.
[7]

〈(A−I)φ1, Qφ2〉+ 〈Qφ1, (A−I)φ2〉 = −〈Cφ1, Cφ2〉, φ1, φ2 ∈ D(A). (24)

Step 2 In this part we show the following: If θ2 > θ1 ≥ 0 are such that

θ2 − θ1

θ1 + 1
‖Q‖ < q, (25)

and if φ0 is such that Cφ0 = 0 and
∫ θ2

θ1
|φ0(ξ)|2 dµ(ξ) = ‖φ0‖2, then φ0 = 0.

Note that since φ0 has compact support, it lies in the domain of A, and Cφ0

is well-defined.
We take in (24) φ1 = φ2 = φ0, and we find that

∫ θ2

θ1

(−ξ − 1)φ0(ξ)Q(φ0)(ξ) dµ(ξ) +

∫ θ2

θ1

(−ξ − 1)Q(φ0)(ξ)φ0(ξ) dµ(ξ) = 0.

(26)
This is equivalent to

2(θ1 + 1)

∫ θ2

θ1

φ0(ξ)Q(φ0)(ξ) dµ(ξ) =

∫ θ2

θ1

(θ1 − ξ)φ0(ξ)Q(φ0)(ξ) dµ(ξ)+

∫ θ2

θ1

(θ1 − ξ)Q(φ0)(ξ)φ0(ξ) dµ(ξ).

(27)

By the Cauchy-Schwarz inequality, the right-hand side can be majorized by
2|θ2 − θ1|‖Q‖‖φ0‖2. Thus we see that

q‖φ0‖2 ≤
∫ θ2

θ1

φ0(ξ)Q(φ0)(ξ)dµ(ξ) ≤ θ2 − θ1

θ1 + 1
‖Q‖‖φ0‖2. (28)

Now (25) implies that φ0 = 0.
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Step 3 From the above property we conclude that the operator A has only
point spectrum, and this point spectrum has no (finite) accumulation point.
Since if we assume the contrary, then in an interval [θ1, θ2] with θ1, θ2 sat-
isfying (25) it would be possible to construct two disjunct subintervals V1

and V2 such that µ(Vi) 6= 0, i = 1, 2. The function φ0(ξ) = µ(V2)1V1
(ξ) −

µ(V1)1V2
(ξ) has the property that Cφ0 = 0, and

∫ θ2

θ1
|φ0(ξ)|2 dµ(ξ) = ‖φ0‖2.

Since φ0 6= 0, this gives a contradiction.

Step 4 Let λn be an eigenvalue of A. It is easy to see that φn = 1{−λn} is
the eigenvector corresponding to this eigenvalue. We choose in (24) φ1 and
φ2 to be this eigenvector. By doing so, we find

−µ({−λn})2 = −‖Cφλn
‖2

= 〈(A− I)φn, Qφn〉 + 〈Qφn, (A− I)φn〉
= (λn − 1)〈φn, Qφn〉 + (λn − 1)〈Qφn, φn〉.

Since Q is self-adjoint, we have that

µ({−λn})2 = 2(1 − λn)〈φn, Qφn〉
≥ 2(1 − λn)q‖φn‖2 = 2(1 − λn)qµ({−λn}).

So we obtain that for all n

µ({−λn}) ≥ 2q(1 − λn). (29)

Let I be the index set of all eigenvalues. By equation (3) and (29), we have
that

∞ > cµ =

∫ ∞

0

1

1 + ξ
dµ(ξ) =

∑

n∈I

1

1 − λn
µ({−λn}) ≥

∑

n∈I

2q.

This clearly implies that I can only be a finite set.

Step 5 From the previous two steps, we conclude that the spectrum of A
consists of pure point spectrum without any accumulation point, and it lies
in a compact interval. By Lemma 4.1, we conclude that the measure µ is
only a finite collection of delta-measures, and so L2([0,∞),dµ) is similar
to C

n for some n. In other words, if we assume that the system is exactly
observable on [0, t1] for some t1 > 0, then the dimension of the state space
is finite. Since in a finite-dimensional state space, approximate and exact
observability are equivalent, we see that we have proved the assertion.
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Sometimes, one sees the concepts of exactly observable in infinite time,
that is there exists a c > 0 such that

∫ ∞
0 ‖y(τ)‖2dτ > c‖φ0‖2 for all φ0 ∈

D(A). Note that the integral may be infinite. Concerning this concept, the
following remarks can be made.

• Exact observability on [0, t1] always implies exact observability in in-
finite time.

• If the system is exponentially stable, then it is exactly observable on
[0, t1] for some (finite) time t1 if and only if it is exactly observable in
infinite time.

• If the system is not exponentially stable, then the two concepts can
be different, see also the last item in this list.

• For our class of diffusive systems it is not hard to show that exact
observability in infinite-time implies that the measure is pure point
spectrum. One simply restricts the state space to the invariant sub-
space of all states with support on [ε,∞), ε > 0. On this subspace
the system is exponentially stable. Next one let ε go to zero. Hence
similar as in the proof of Theorem 5.3 the measure has support in
the compact interval [0, ξ0] for some ξ0 > 0. The only accumulation
point can be zero. Let λn < 0 be a sequence of eigenvalues converg-
ing to zero, and let φn = 1{−λn} be the corresponding eigenvector.
By the definition of exact observability on infinite-time, we find that
µ({−λn})2

−λn
≥ cµ({−λn}). Thus µ({−λn}) ≥ −cλn. By condition (3) we

find that λn must be summable, see also step 4 of the above proof.

• If we additionally assume that the system is output (or input) stable,
then we have the following necessary and sufficient condition for the
system (4) to be exactly observable in infinite time, see Jacob and
Zwart [11]. There exists constants γ1, γ2 > 0 such that µ({−λn}) ≥
−γ1λn and |λn−λm|

−λn
≥ γ2 for all n,m with n 6= m. For instance, for the

measure µ(ξ) =
∑∞

n=0 2−nδ(ξ − 2−n) the system is exactly observable
in infinite time.

In the above remarks, we have used the concept of output stability. The
following theorem gives a necessary and sufficient condition.

Theorem 5.4. The system is output and input stable if and only if there
exists a constant γ > 0 such that for all h > 0 we have that

µ({[0, h]}) ≤ γh. (30)
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Proof. Since input and output stability are dual notions, and since A∗ =
A, B∗ = C, we see that we only have to show input or output stability.
For simplicity, we do input stability. Hence we have to show that z1 :=
∫ ∞
0 T (t)Bu(t) dt ∈ Z for all u ∈ L2(0,∞). Using our system, we see that

z1(ξ) =

∫ ∞

0
e−ξt 1+(ξ)u(t) dt = û(ξ),

where û denotes the Laplace transform of u. Thus we have to show that
there exists a constant, γ1 > 0, such that for all u ∈ L2(0,∞)

∫ ∞

0
|û(ξ)|2 dµ(ξ) ≤ γ1

∫ ∞

0
|u(t)|2 dt.

Since the L2-norm of u is equal (up to a constant) to the H2-norm of û, we
see that proving the above inequality is equivalent to proving

∫ ∞

0
|û(ξ)|2 dµ(ξ) ≤ γ2

∫ ∞

−∞
|û(iω)|2 dω (31)

for all û ∈ H2, where γ2 may not depend on û. By the Carleson theorem,
[6, p. 31], we see that this holds if and only if µC is a Carleson measure,
where µC is the positive measure on the right-half plane defined as

µC(V ) = µ
(

V ∩ {s ∈ C | Im(s) = 0}
)

, (32)

with V a Borel set in the right-half plane. Now µC is a Carleson measure if
and only if there exists a constant γµ such that

µC(R) ≤ γµh (33)

where R = {s ∈ C | Re(s) ∈ (0, h), Im(s) ∈ (ω0, ω0 + h)}. Combining this
with (32), we see that µC is a Carleson measure if and only if (30) holds.

Since A is self-adjoint, and the input space is one-dimensional, this result
can also be found in [9]. Since, we felt that for our system, a direct proof
was more insightful, we decided to include it.

It is easy to see that if the system is exponentially stable, then it is input
and output stable. Hence the system of Example 3.4 is input and output
stable. Since the system of Example 3.3 has an eigenvalue at zero, we have
that µ2({0}) > 0. Hence we conclude from Theorem 5.4 that this system is
not input nor output stable.
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Example 5.5. Consider the system of Example 3.2. Using Theorem 5.4 for
the measure µ1 s.t. dµ1(ξ) = 1

π
√

ξ
dξ, we see that

µ1([0, h]) =

∫ h

0

1

π
√
ξ

dξ =
2

π

√
h.

Since this latter integral cannot be estimated by a constant times h, for
small h, we conclude that the system is not input nor output stable.

We conclude this section by showing that static output feedback always
(strongly) stabilizes the system.

Lemma 5.6. For the system (4) the feedback u(t) = −ky(t)+v(t) with k > 0
gives a well-posed (closed-loop) system with a strongly stable, contraction
semigroup.

Proof. By Theorem 4.4 we know that the transfer function converges to
zero for Re(s) → ∞. By [23] we have that the feedback u = −ky + v gives
a well-posed systems for all k ∈ R

+. Using the energy balance (22), we see
that by closing the loop,

1

2
‖φ(t)‖2

Z+

∫ t

0

∫ ∞

0
|φ(ξ, τ)|2ξ dµ(ξ) dτ =

1

2
‖φ0‖2

Z − k

∫ t

0
|y(τ)|2 dτ + Re(

∫ t

0
y(τ)v(τ) dτ). (34)

Hence for v ≡ 0, we have that ‖φ(t)‖ ≤ ‖φ0‖, or equivalently, the closed
loop semigroup is contractive. Furthermore, we conclude from (34) that the
closed-loop system is output stable.

It is not hard to show that the closed-loop generator, Acl, is self-adjoint,
and so the intersection of its spectrum with the imaginary axis, consists of
at most one point. Since the system is approximately observable, we have
that there cannot be eigenvalues on the imaginary axis. Hence we have a
generator of a bounded semigroup which has countably many spectral points
on the imaginary axis and these points do not belong to the point spectrum.
From [1], we conclude that this (closed-loop) semigroup is strongly stable.

Remark 5.7. Diffusive systems can be used as infinite-dimensional diagonal
realizations of some irrational transfer functions, such as fractional ones.
Then, the coupling of a conservative linear system with such a diffusive
system can be easily analyzed on an augmented state space. But, since the
diffusive part induces a lack of compactness, LaSalle’s invariance principle

22



D
R

A
FT

cannot be applied to study the asymptotic stability of the augmented system.
Hence resorting to [1, Theorem 1] proves necessary, as shown in [15] for an
ODE and in [14] for a PDE.
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