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H. van der Ven a,∗, J.J.W. van der Vegt b, E.G. Bouwman b

a Netherlands National Aerospace Laboratory NLR, P.O. Box 90502, 1006 BM Amsterdam, The Netherlands
b Department of Applied Mathematics, University of Twente, P.O. Box 217, 7500 AE Enschede, The Netherlands

Abstract

In this paper an overview is given of the space-time discontinuous Galerkin finite element method for the solution of
the Euler equations of gas dynamics. This technique is well suited for problems which require moving meshes to deal with
changes in the domain boundary. The method is demonstrated with the simulation of the elastic deformation of a wing in
subsonic and transonic flow.
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1. Introduction

Many problems in fluid mechanics involve flow domains
with time-dependent (internal) boundaries. Examples are
water waves, fluid structure interaction, multi-fluid flows,
and chemically reacting solid–liquid interfaces. The numer-
ical solution of these problems generally requires a mov-
ing mesh to accommodate for the changes in the domain
boundaries, but this introduces a considerable complexity
in the numerical discretization. For instance, it is non-trivial
to obtain a conservative discretization for conservation laws
on deforming meshes and the frequent remeshing can in-
troduce a substantial interpolation error. In this paper we
will discuss a space-time discontinuous Galerkin finite ele-
ment method which results in a conservative and accurate
discretization on moving and deforming meshes.

The main features of the space-time discontinuous
Galerkin method are that no distinction is made between
the space and time variables in the numerical discretiza-
tion, and the use of polynomial basis functions which are
discontinuous across element faces, both in space and time.
This results in a finite element formulation with a very
compact stencil, which maintains accuracy on highly non-
uniform meshes and can be easily combined with hp-mesh
adaptation.

The space-time DGFEM technique presently is applied
to both parabolic and hyperbolic partial differential equa-
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tions, but due to space limitations we will only give an
outline of the space-time DGFEM for the Euler equations
of gas dynamics with an application to the simulation of
the elastic deformation of a wing in subsonic and transonic
flow. For more details we refer to Van der Vegt and Van der
Ven [3,4].

2. Space-time DGFEM for the Euler equations of gas
dynamics

We define the Euler equations of inviscid gas dynamics
in the space-time domain E ⊂ R

4 as:

divF
(
U (x)

) = 0, x ∈ E , (1)

together with the initial and boundary conditions:

U (x) = U0(x), x ∈�(t0),

U (x) = B(U ,Uw), x ∈ Q,

where �(t) is the flow domain at time t and the space-time
domain boundary Q is defined as: Q := {x ∈ ∂E |t0 < x0 <

T }, with t0 and T the initial and final time of the evolution
of the flow domain. The flux tensor F : R

5 → R
5×4 is

denoted as:

F =




ρ ρu1 ρu2 ρu3

ρu1 ρu2
1 + p ρu1u2 ρu1u3

ρu2 ρu1u2 ρu2
2 + p ρu2u3

ρu3 ρu1u3 ρu2u3 ρu2
3 + p

ρE (ρE + p)u1 (ρE + p)u2 (ρE + p)u3




,
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with ρ, p, and E the density, pressure, and specific total
energy, and ui the velocity components in the Cartesian
coordinate directions xi , i ∈ {1,2,3} of the velocity vector
u : E → R

3. The first column of F represents the vector of
conservative quantities U , and U0 : �(t0) → R

5 denotes the
initial flow field. The boundary conditions are imposed with
the boundary operator B : R

5 × R
5 → R

5, with Uw : Q ⊂
∂E → R

5 the prescribed boundary flow field data. The
Euler equations are completed with the equation of state
for a perfect gas.

The space-time DGFEM is obtained by partitioning the
time interval (0, T ) into N intervals In = (tn , tn+1) and
splitting the space-time domain E ⊂ R

4 into a finite number
of space-time slabs E ∩ In . In each space-time slab we
define a tessellation T n

h of space-time elements which
are obtained by the linear interpolation of hexahedronal
elements at the time levels tn and tn+1. This allows for
deforming elements which can follow (internal) boundaries.

The discontinuous Galerkin finite element discretization
uses basis functions in each element which are discontinu-
ous across element faces, both in space and time. The finite
element space V 1

h (T n
h ) is now defined as follows:

V 1
h (T n

h ) := {
Uh

∣∣Uh |K ∈ (P1(K))5
}
,

where P1(K) = span{ψm , m = 0, . . . ,4}. The basis functions
ψm are linear in the reference element K̂ = [−1,1]4.

A weak formulation for the space-time DGFEM is ob-
tained by multiplying the Euler equations with the test
functions Wh ∈ V 1

h (T n
h ) and integrating by parts over the

space-time elements K ∈ T n
h . In order to deal with the fact

that the test and trial functions are discontinuous at the
element boundaries we introduce a numerical flux which
is the (approximate) solution of the Riemann problem of
gas dynamics. As approximate Riemann solver we use the
HLLC flux, because this numerical flux combines excel-
lent shock capturing capabilities with good accuracy and
a low computational cost. The numerical flux introduces
upwinding into the DGFEM which stabilizes the numerical
discretization.

The weak formulation can be formulated as: Find a
Uh ∈ V 1

h (T n
h ), such that for all Wh ∈ V 1

h (T n
h ), the following

variational equation is satisfied:

−
∫

Kn

(grad Wh)T : F(Uh)dK+
∫

∂Kn

W−
h · H (U−

h ,U+
h )dQ

+
∫

Kn

(grad Wh)T ·D(Uh) : gradUh dK = 0.

The numerical flux at the boundary faces is denoted as
H (U−

h ,U+
h ), with U±

h the traces of Uh taken from the inside
or outside of the element, and contains both the fluxes in
space and time. The third contribution is the stabilization
operator which is used to prevent numerical oscillations
around discontinuities and in regions with insufficient grid
resolution.

The weak formulation can be transformed into a system
of non-linear equations for the expansion coefficients in
each element. These non-linear equations are solved by
adding a pseudo-time derivative and integrating in pseudo-
time till a sufficiently accurate steady state solution is
obtained. The pseudo-time integration is performed with a
five stage Runge–Kutta method with optimized coefficients
to improve the stability region and damping. In addition,
convergence to steady state in pseudo-time is improved
using a FAS multigrid technique.

The space-time DGFEM automatically results in a con-
servative formulation on deforming meshes and is equiva-
lent to an arbitrary Lagrangian Eulerian formulation, which
is demonstrated in [3], and provides great flexibility in the
mesh deformation since the mesh velocity is independent
of the fluid particle velocity.

3. Modelling elastic wing deformation

In order to investigate the capabilities of the space-time
DGFEM, as implemented in the flow solver Hexadap, for
fluid–structure interaction we simulate the elastic deforma-
tion of the AGARD 445.6 wing (Yates et al. [5]; weakened
wing number 3). The wing is modelled with a simple beam
model, described by the Euler–Bernouilli equations, and
allows for bending and torsion due to the external aerody-
namic forces. The Euler–Bernouilli equations for the beam
deflection and torsion are solved with a standard Galerkin
finite element method using cubic Hermite basis functions.
For more details on the beam model and the numerical
solution, see Reddy [2].

The coupling between the elastic deformation and the
flow field is accomplished by computing the aerodynamic
forces at a number of wing cross-sections, and adding
the gravitational force, after which the beam deflection is
calculated with the finite element model. Next, the beam
deflection is used to move the wing sections and the
modified wing surface is used to compute a new mesh.
The present technique only allows for relatively small
wing deflections, but is applicable to many aerodynamic
problems.

Cross-sectional material properties are estimated from
the experimental data, presented in [5], by tuning the
bending and torsional stiffness of the beam such that the
mode shape frequencies are comparable to the frequencies
of the experiment (see Table 1).

The simulations on the AGARD 445.6 wing were con-
ducted for two free stream Mach numbers: 0.45 and 0.96;
both at an angle of attack of 2 degrees. The calculations
were started from the undeformed shape and continued in
time till a steady state was reached. A mesh with 151552
mesh points is used and the results are compared with the
finite volume flow solver ENSOLV [1] which is coupled
with a fully three-dimensional finite-element model of the
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Fig. 1. Comparison of pressure coefficient profiles at 87.5% span for the two flow solvers and Mach numbers.

Table 1
Mode shape frequencies [Hz] of experiment and beam model

Experiment Beam Mode shape

9.70 9.708 First bending – torsion
34.89 30.234 Pure torsion
35.00 36.751 First torsion – bending
47.00 56.360 Second bending – torsion
89.50 83.930 Second torsion – bending

AGARD 445.6 wing using NASTRAN. The finite element
model of the wing has been tuned to the measured natural
frequencies of the wing.

Before comparing the coupled models, the two flow
solvers are compared for the two cases on the undeformed
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Fig. 2. Comparison of the two methods for Mach = 0.45.

wing. In Fig. 1 the pressure coefficient profiles are shown
at 87.5% span. The flow solvers agree well for the subsonic
case, whereas Hexadap predicts a shock for the transonic
case while ENFLOW does not. So we may expect larger
deformations for Hexadap in the transonic case because of
the resulting increase in lift.

Fig. 2 compares the deflections of the leading and trail-
ing edges for the two methods for the subsonic case. In
comparison with the ENSOLV results, the DG solver Hex-
adap underpredicts the bending displacement, and overpre-
dicts the torsion. The greater (negative) torsion reduces
the local angle of attack, and hence the sectional lift,
which explains the reduced bending displacement. Since
the stand-alone flow solvers agree for the subsonic case,
the difference in the results is probably explained by the
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Fig. 3. Comparison of the two methods for Mach = 0.96.

different representation of the structural properties of the
wing, leading to larger torsional displacements for the beam
model. This is affirmed by the transonic results, which are
shown in Fig. 3, and demonstrate the same overpredic-
tion of the torsion (and the expected increase in bending
displacement due to the increased shock resolution).

4. Conclusions

The space-time DGFEM provides an accurate solution
technique to compute subsonic and transonic flows on de-
forming meshes used to simulate elastic wing deformation.
The wing deformation can not be neglected in many cases
and future research will concentrate on unsteady problems,
in particular helicopter rotors.
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