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Read Chapters 1, 2, and 8 of [1]. Read about growth of functions in [2, chapter 2].
More reading on basics of algorithms and complexity: Chapter 8.1-8.5 of [3]1.

In general in solving exercises, when a proof is asked, please provide a mathematically
sound proof, short but precise. Even if the solution to an exercise is easy, try to see it
as a practice for concise and precise writing.

1. (4 points) An undirected graph G = (V,E), |V | = n, |E| = m, can be represented in
two different ways in a computer. The first is the adjacency matrix A = (aij)i,j=1,...,n,
where aij = 1 if i and j are adjacent, and aij = 0 otherwise. The second is adjacency
lists, so for each node i, we store a list of adjacent nodes, N(i) = {j ∈ V | {i, j} ∈ E}.
Prove that the two encodings of a graph are polynomially equivalent.

2. (8 points) Let f, g : [0,∞) → [0,∞) be positive functions. Prove or disprove (by
counterexample) each of the following statements.

(a) f(n) + o(f(n)) ∈ Θ(f(n)).

(b) f(n) ∈ Θ(f(n/2)).

(c) f(n) ∈ o(g(n)) if and only if limn→∞ f(n)/g(n) = 0.

(d) log(n!) ∈ Θ(n log n)

3. (4 points) For many algorithms — also in Kruskal’s MST algorithm— we need to
sort. In this exercise, we prove that sorting n numbers can be done in O( n log n )
time. To that end, consider the recursive algorithm MergeSort which gets as input
an (unordered) list ` of integers, and sorts the list. The main steps of the algorithm
are to split the list into two lists of equal size `1 and `2, sort these two lists by
recursively calling MergeSort, and then merging the sorted lists `1 and `2 into one
sorted list `.

Algorithm 1: MergeSort
input : list ` with n numbers xi

output: list ` with the n numbers xi sorted ↑
if (n == 1) then return `;
let k = dn/2e;
let `1 = (x1, . . . , xk) and `2 = (xk+1, . . . , xn);
`1 = Mergesort(`1);
`2 = Mergesort(`2);
` = Merge(`1, `2); // merge the two sorted lists `1, `2

return `;

1Reference [3] is available as a cheap paperback from Dover Publications, and even though not brand
new, and not 100% congruent with the topics of this course, it is a classic and worth having.



It is quite easy to see that operations split and merge can be implemented in O( n )
time (think about it!); so let us assume we have proved that. Denote by t(n) the
computation time of MergeSort on an input list of length n, and assume w.l.o.g. that
n is a power of two. (If not, we just add enough dummy elements to ` such that it
is.) Prove that t(n) ∈ O( n log n ).

4. (4 points) Consider an undirected graph G = (V,E) with edge weights ce ≥ 0, e ∈ E.
Prove the following claim (the “path condition”).

Given an arbitrary spanning tree T ⊆ E for G, denote by PT (v, w) the (unique)
path from v to w in T . Then T is a minimum spanning tree if and only if ce ≤ cf

for all edges f = {v, w} ∈ E \ T and all edges e ∈ PT (v, w). (Hint: You may use the
cut condition.)
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