6. Relaxations of integer programs

Version: 20-11-2011

Contents: We consider LP-, Lagrangian-, semidefinite
programming- and completely positive programming
relaxations.

@ For some results we refer to [FKS].

Rough idea:
@ Replace (relax) an NP-hard integer program:

(1P) m)jn f(x) s.t. x € F(IP)
@ by an (easier) continuous convex program:

(R) m)jn f(x) s.t. x € F(R)
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6.1 0-1 programs:

LP- and (partial) Lagrange relaxation

We consider the integer program: (with Q > 0)
(/P)  min xTQx +2cTx s.t.

Ax < b, Bx < d,

x € {0,1}"

with min-value v(/P) and feasible set F(/P).

LP relaxation: Only relax x; € {0,1} to x; € [0,1].

(LP)  min xTQx 4+ 2cTx st
Ax < b, Bx < d,
x € [0,1]"

Rem. Since F(IP) C F(LP) itfollows v(LP) < v(IP).
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(Partial) Lagrangian relaxation (Relax the “difficult”
constraint Ax < b.): For y > 0 we define the function

L(y) = min {xTQx +2c"x + yT(Ax — b)
| Bx < d, x € {0,1}"}

and the Lagrangian-dual: |(Dp) maxy>o L(y)

Ex.6.1 (“Weak duality”) For any y > 0 we have
L(y) < v(IP). Thus v(Dp) < v(IP).

PROOF. y >0, Ax — b < 0 implies yT(Ax — b) < 0. So with
f(x):=x"Qx +2¢Tx

v(IP) = mxin{f(x) | Ax < b,Bx < d,x € {0,1}"}
> min{f(x) + yT(Ax —b) | Bx < d,x € {0,1}"}
= Ly)

By taking max, we obtain v(Dp) < v(IP).
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By applying the strong duality result for CO (Th.2 in Chap 2 )
we obtian:

Th.6.1 Let Q > 0 and let the system
Ax < b, Bx < d, x € [0,1]" be feasible. Then

V(LP) < v(D,) < v(IP)

PROOF. We prove v(Dp) > v(LP): With f(x) := x"Qx +2¢T x

v(Dp) = max min{f(x) +yT(Ax—b) | Bx < d,x € {0,1}"}
max min{f(x) +yT(Ax—b)|Bx<d,0< x <1}
y=

Y

()

We apply “strong duality” to (the primal problem) (x) with
L-multipliers:

X<0+ u,x—1<0< ) Bx—d<0+u;

Slater holds: Bx — d < 0, 0 < x <1 js feasible.



and find that the last right-hand-side equals

v(Dp) r-h-s

A\

(T, 100+ (e 0) ¢

uT(Bx —d) — u"x + AT (x — 1)}

— mi T(Ay _
= m):nyym\;?z(zo{f(x)-i-y (Ax — b) +

uT(Bx —d) — u"x + AT (x — 1)}
= mxin{f(x)|Ax—b§O, Bx—-d<0,0<x<1}
= Vv(LP)

Here for the second “=" we applied strong duality “back” (wrt.
all constraints). The Slater condition for this program holds

since by assumption there is a feasible point satisfying all
(linear) constraints Ax < b, Bx <d, 0 < x <1.



6.2 Semidefinite relaxation of quadratic problems

Notation:
@ S"={AcR™" | A= AT} (symmetric matrices)
e S!={AcS"|A=0} (pos. semidef. matrices)

We consider the quadratic program

(Pq) min qo(x) s.t. qgj(x) <0 Vvjed

with J = {1,...,m}, gj(x) = xTQjx + 2bij + ¢j. (Q € 8"

Lifting procedure: Introduce and use

o xTQx = Qe xxT
T T
o xTQx+2b"x +¢c = (S bo)o(1 X7

x xxT

o X=xxT & (1;();):(;1()(;1()

T
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In the variables x, X: (Pg) is equivalent with

. T T
(P min (3 %) e (V) st
. bT
(2 ) (%) <ovied

T

G =00 ®

Remark. (P{,) has a linear objective, linear inequalities but
a quadratic equality constraint (x) (nonconvex!).

Semidefinite Relaxation By relaxing (x) to (% ’;(T) = 0 we
obtain the (convex) SDP-relaxation of (P{,):

. T
(Pspp) ~ min (,?0 béo)

b

(7 %) e( %) <ovied
(%) zo
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Ex.6.2 Show that the feasible set F(Pspp) of (Pspp) is
convex and (Pspp) is a convex program. Show further:

X-xxT=0e (%) -0

Ex.6.3 (Pspp) is a relaxation of (P{,), ie., .7-‘(P"7) C F(Pspp)
and thus V(PSDP) < V(Pa) = V(Pq)

Ex.6.4 Let be given a quadratic constraint (with Q = 0):
xTQx +2b"x+¢c <0 (%)
(a) Show: If X — xxT > 0 holds then
xTQx +2b"x+c< QeX+2b"x+c
with some X we have:
(b) Show: x satisfies (x) © X —xx" >0 and
QeX+2b"x+¢c<0

As an implication of Ex. 6.4 it follows:

Cor. 6.1 Let (Pq) be convex (i.e., Q; = 0). Then the SDP
relaxation (Pgspp) is exact: | v(SDP) = v(Pq)
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The Lagrangian dual of (Py): By defining for u > 0 the
Lagrange-min-function wrt. (Py),

L(u) := min{qo(x) + > _ 4;q;(x)}
i
the Lagrangian dual of (P4) becomes

D L(u
(D) max L(u)
Rem. 6.1 (D) can be shown to be the semidefinite dual

max—problem of the primal (Pspp) (see also [FKS,
p195,321]). So by weak SDP-duality: v(D) < v(Pspp).

Summarizing: | v(D) < v(Pspp) < v(Pq)

Rem. The same holds for equality constraints g;(x) = 0.
Here, the L-multiplier u € R™ is not constrained in L(u).
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Semidefinite relaxation of integer programs

Basic idea: Write the 0-1 condition x; € {0,1} equivalently as
quadratic constraint | x? — x; =0

We consider the 0-1 program:

(IP)  min xTQx +2cTx s.t.
Ax <b
x2—x; =0 Vi

Using again xTQx = Q e xxT, X = xxT, the condition x? = x;
becomes Xji = x? = x; and the SDP-relaxation of (IP) reads:

(Pspp) mi;\ Qe X +2c7x s.t.
X,

Ax <b
X,','—X,' =0 Vi

LX) =0
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As in the general quadratic case we consider the (full)
L-dualization:
(D) max L(y,u)
with dual function
L(y, u) = min{ xTQx +2c"x + yT(Ax — b)
+ 35 ui(xf — X))}

Again, (D) is the SDP dual of (Pspp) so that:

()  v(D) < v(Pspp) < v(IP)




Case that Q is positive semidefinite

LP-relaxation (Note: x; € [0,1] & x2 — x; < 0)

(LP) min xTQx + 2cTx s.t.
Ax <b
(xi€e[0,1]1<) x2—x; <0 Vi

By applying strong duality we can prove

Th. 6.2 Let Q > 0 and assume that (LP) has a Slater point
X, i.e., AXx < b, X> — X; < 0. Then v(LP) < v(D). J

PROOF: Letting f(x) := x" Qx + 2¢" x and
L(x,y,u) = f(x) + yT(Ax — b) + >_; ui(x? — x;) we find:



v(D) = max mxin L(x,y,u)
yo[u e R]

> max  minL(x,y,u)

apply str. dual. - = mxm pu gge}é L(x,y,u)

= min{f(x) | Ax— b <0, X% — x; < 0Vi}
= Vv(LP)

Summarising in this case:

V(LP) < v(D) < v(Pspp) < v(IP)




6.3 Linear 0-1 programs

We consider as special case the 0-1 linear program:

(/P)  min c’x st
Ax <b
x2—x; =0 Vi(e x;i€{0,1})
SDP-relaxation: (Pspp) min c’x s.t.
X7
Ax <b
Xi—x; =0Vi
1 T
(xx) =0

(full) L-dualization: (D) n;ax L(y,u)
y>

with dual function
L(y,u) = m)jn{ch +yT(Ax — b) + Zl_ ui(x? — x,-)}
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LP-relaxation:

(LP)  miny c"x s.t.
Ax <b
xi €[0,1] Vi

Remark: Obviously in (Pspp) the elements Xj;, i # jof X
do not play any role so that X;; = x; gives

X=xxT o Xz > x% o x> x? < x €[0,1]

So (Pspp) is equivalent to the LP-relaxation, i.e.,
v(LP) = v(Pspp) and thus by Rem. 6.1, p9:

Summarizing: For the linear IP we have (without any
assumptions):

v(LP) = v(D) = v(Pspp) < v(IP)
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Dualize only Ax < b: We also consider the partial Lagrange
dualization: for y > 0 we define (the partial) L-function

Li(y) := _gnionﬂ {c"x + yT(Ax — b)}
= min {-b'y+x"(ATy +¢)}
xi€{0a1}

= —bTy + > min{0, (ATy + ¢);}
1

Here we used the obvious relation:

min d’x = min dix; = ) min{0, d;
xE{0,1} iy 2 o Z,: (0, o}

i
The corresponding L-dual is:

(Dy) max Li(y)



We now compare L¢(y) with the full L-dual function
L(y, u) = min {c"x + y"(Ax — b)
+ > ui(x? — x;)}
= min {=bTy + X [xi(ATy + ¢ — u);
i
-I-U,'X,?] }

Ex.6.5 Let q(a, u), a,u € R be defined by
q(a, u) := minycg (o — U)X + ux>.

Show )
e iy >0
q(a,u) =< 0 fu=a=0
—oo otherwise
. [ a ifa<0 .
and: max g(o, u) = { 0 fa>0 = min{0, o}



Using Ex.6.5 we find
Lem.6.1 L;(y) = maxy, L(y, u) so that v(D;) = v(D).
PROOF: max, L(y,u) =

= —bly+ Z max rr}(in{x;[(ATy); +ci - uj] + ux?}
]
Ex.65— = —b'y+> min{0, (ATy); + ¢}
i
= Li(y)
By taking max,~q we obtain v(D;) = v(D) . 0O
Altogether without any assumption (using () on p.11) we find.

Cor. 6.2. For linear (IP) the relations hold:

V(LP) = v(Dy) = v(D) = v(Pspp) < v(IP)




6.5 Semidefinite relaxation of max-cut

A randomized algorithm

co

Maxcut problem: Let G = (V, E) be an undirected graph
with n = |V| nodes and m = |E| edges. Each edge (i, j) is
assigned a nonnegative weight w;; with w;; = w;; and

w;; = 0 The maxcut problem asks for a set S C V of nodes
such that the weight of the associated cut is maximized:

max w(S), where w(S)= | Z wj .
= i€S,j¢s
IP formulation: For S C V we define a vector
y=(Y1,...,Yn) via

[ 1ifies
Yi=\ 1 itigs.

Then
wy_ J 2 ifieS,j¢gSorjesS,i¢gs
(1—y,y,)_{ 0 otherwise
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The maxcut problem is thus equivalent with

n'é%),(, — Z le(1 yi.Vi) s.t. yi € {_1’1} .

or (skipping the constant) equivalent with:

(IP) min —yTWy sty e {-1,1}.
yeRr" 4
SDP relaxation: Writing y” Wy = W e yy7, putting
Y = yyT,using y; = +1 & y? = 1 we find Y; = 1. Replace
Y = yyT by Y > 0 to obtain the relaxation of (IP):

(SDP) min WeY st Y;=1,Vi
Y
Y >0

Rem. By an Ex. in Chap 3, any n x n-matrix Y > 0 can be

decomposed as Y = UTU with U a n x n-matrix.
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Goemans and Williamson proposed the following algorithmic

approach to the maxcut problem.

Randomized Algorithm for the Maxcut Problem:

e Compute a solution Y of the problem (SDP).
e Compute the factorization Y = UTU
with u; the columns of U.

e Choose randomly a vector r, and set
S={ieV|ur>o0}.

Let vopt be the max-value of a maximum cut in G. Itis
shown by Goemans and Williamson (1005) that the
solution S obtained by the randomized algorithm has an
expected value:

E(v(S)) > o vopt with o > 0.878.
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6.6 Completely positive relaxation of integer
programs

We reconsider the 0-1 program

(IP)  min xTQx +2cTx s.t.
aij =b; j=1,....m
x >0
x2—x; =0 Vi

Basic idea: As in the SDP relaxation we introduce X = xxT
and we add the redundant conditions

Te\2 — alyyTa — B2 Tya — b2
(ajx)° =ajxx'aj=b; or |aj Xa;=b;|.
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(IP) can then equivalently be written as:

(P) min Qe X +2c"x st
X,
aXaj=b;,alx =b; j=1,....m
x >0

X,','—X,' =0 Vi

(%) =6

T

We again obtain a semi-definite relaxation:
(Pspp)  program as in (P’) but

(1 XT) = (1) . (1)T replaced by (1x ’;(T) =0

x X X X




Ex. 6.6 Show that the set ST of psd matrices can be
written as:

N
S ={A=) aa] | ax € R"", Nfinite}
k=1

completely positive matrices (CP): Consider now the set
C"*+1 of CP-matrices:

N
™= (A=) aa] | a € R™", Nfinite,[a, > 0]}

k=1

Obviously: Forx >0

1 1 T Cn+1 Sn+1
x) \x) € <oy



co

So the original program (/P) (or P’) can be replaced by the
(stronger) CP-relaxation

(Pcp) program as in (P’) (skipping x > 0) and
T T
C*)=()-(1xT) replacedby (! %) € crt
Rem. Both, (Pspp), (Pcp) are convex programs and

obviously:
V(Pspp) < v(Pcp) < v(IP)

In: “Burer, On the copositive representation of binary and
continuous nonconvex quadratic programs, Math. Program. 120
(2009), no. 2, Ser. A, 479—-495.” the following is shown:

Under a condition on (IP) which can be satisfied by introducing
an extra slack variable we have

V(Pcp) = V(IP)
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Some final remarks on relaxations

@ LP- and Lagrange-relaxation are classical methods for
(approximately) solving IP.

@ SDP-relaxation are studied extensively since ~20
years and often lead to sharper approximations. SDP
is “polynomially approximable.”

@ The recent completely positive relaxations (CP)
represent continuous convex programs. CP describes
some NP-hard IP’s exactly.

o Therefore, CP must be NP-hard

o Not every convex program is easy.

o The convex structure of CO hopefully helps to solve
IP’s “more efficiently”.
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