Chap 2. Optimality conditions

Version: 10-10-2011

2.1 Optimality conditions in unconstrained optimization

Recall the definitions of global, local minimizer.




Example: the ‘humpback function’

1
min x2(4 — 2.1x? + gxf) + X1 X2 + X3(—4 + 4x2).

Two global minima: (0.089 -0.717) and (-0.0898 0.717), and
four strict local minima.




Fermat’s theorem, Necessary condition

Th. 2.5 (Fermat) Let f : R” — R be in C'! (C?). If the point
X € R" is a local minimizer of the function f then
V£(X) = 0 (and V2f(X) is psd).

Ex. The conditions Vf(X) = 0, V2f(X) psd, are necessary
but not sufficient minimality conditions.
Take f(x) = x3 or +-x* as examples.

Sufficient conditions for local minimizer

Cor.2.8 Let f : R” — R be in C2. If Vf(X) = 0 and V2f(X)
is positive definite then the point X is a strict local
minimizer of the function f.
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Global minimizer of convex functions

For convex functions the situation is “easier”

L2.4 (Ex2.1) Any (strict) local minimizer of a convex
function f is a (strict) global minimizer. J

T.2.6 Letf:R” — R be convex and in C'. The point
X € R" is a global minimizer of f if and only if Vf(x) = 0.

Ex. (convex quadratic function) With positive definite Q,
¢ € R" consider the quadratic function

1
f(x) := EXTQX +cTx.
Now, f is convex and therefore X is a global minimizer iff
VIi(x)=0 or Qx+c=0

The global minimizer is therefore givenby X = —Q~'c.
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2.2 Optimality conditions for constrained

(convex) optimization
We consider the convex optimization problem:

(CO) min f(x)
st. gi(x) <0, jed

X € C,
where J = {1,..- , m},
@ C C R"is a convex (closed) set;
e f,g1,--- ,gm are convex functions on C

(or on an open set containing C).
@ The set of feasible points (feasible set) is:

.'F:{XGClgj(X)SO, j=1""am}'

Ex. Show that F is a convex set.
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Consider first
Py: min{ f(x) : x € C},

with C, a relatively open convex set and f is convex,
differentiable on C.

Th.2.9 The point x € C is a (global) minimizer of Py if and
only if

Vi(x)"s=0foralls € L,
where L denotes the linear subspace defined by

aff(C) = x + L forany x € C.
(Here aff(C) is the affine hull of C.)

Remark: Essentially, Py is an “unconstrained problem”




Example 1 Consider the relative interior of the simplex
S={xecR¥ Y% x=1, x>0}inRk3:

3
C={xcRd: Zx,-=1,x>0},

i=1
and define the (convex!) function f : C — R by
f(x) = (X1 —1)2 + (2 — 1)® + (x3 — 1)%

By Exercise 1.6: aff(C) = (1,0,0) + L, where L is the linear
subspace
1
0
—1

a,B € R. NowXx € C is aminimizer of mingec f(x), if and only
ifVf(X)Ts=0foralls € L.

1
L:::{se]Ri3 : s1+32+33=0}=a{—1
0

+ 8




Since

x; — 1
Vf(X)=2 Xo — 1
X3 — 1

this holds ifand only ifxy —1 =X —1andx;y — 1 =x3 — 1,

which gives X1 = X2 = X3. Since X1 + X2 + x3 = 1, it follows
that f has a unique minimizer, namely

x=(1/3;1/3;1/3).




Feasible Directions The next characterization of minimizers is
based on the concept of “feasible directions”

Def.2.10 The vector s € R" is a feasible direction at a
point x € F if there is a \g > 0 such that

X+Ase F forall 0 < A < Ag.

The set of feasible directions at x € F is denoted by
FD(x). Notethat0 c FD(x).

Recall. K C R"isa coneif: x € K,A > 0= \x € K.
L.2.13 For any x € F the set 7 D(x) is a convex cone.

Th.2.14 (Let f € C'.) The feasible point X € F is a (global)
minimizer of (CO) if and only if

6f(x,s) = VF(x)Ts >0, Vs € FD(x).




Example 1. (continued): Reconsider the simplex in R3:

C={xeR3: ix,-=1, x > 0},
i=1
and f : C — R given by
f(x)=(x1 —1)%24+ (xa — 1)2 4+ (x3 — 1)2.
At the pointx = (1/3,1/3,1/3), the cone of feasible
directions is simply
FD(X) = {s € R® : s + s+ s3 = 0}. (why?)

Therefore, x = (1/3,1/3,1/3) is an optimal solution of
minycc f(x), because

X1 — 1 Al
VIxX)=2| x2—1 | =—21 1|,
X5 — 1 314

and hence Vf(x)Ts = 0 for all s € FD(x).




Optimality conditions based on the Karush-Kuhn-Tucker
relations: The conditions in Theorem 2.9/2.14 are not easy
to check (in practice). We are thus interested in ‘easier’
minimality conditions.

Definition 2.15

With respect to (CO), an index j € J is called active in

x € Fifgj(x) =0.

The set of all active indices, also called active index set in
X, is denoted by Jy.
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Let us assume: C =R", f,g; € C' (in the rest of this
subsection)

Def. The feasible point x € F satisfies the
Karush-Kuhn-Tucker (KKT) conditions if there exist
multipliers y;, j € J such that:

y; >0, vjeJand

Vi(X) = - ¥;Vgi(X), ¥;9i(X)=0,VjeJ.
jed
The KKT-conditions can equivalently be given as

VIiX) = - ) ¥;Vgi(X), ¥;>0, Vj€EJ
jeJx

Th.2.16 (Sufficient condition) If x € F satisfies the KKT
conditions then X is a minimizer of (CO) (with C = R").
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Ex. The KKT conditions are not necessary for minimality.
Take as example:

min{x : x? < 0}.

The minimum occurs at x = 0 (which is the only feasible
pointl). But there is no y such that

1=-y-0, y-0=0, y>0.

(The problem here is that the feasible set F = {0} does not
have interior points.)




Some examples: (Application of the KKT-conditions)

Ex. (minimizing a linear function over a sphere)
Let a,c € R", ¢ # 0. Consider the problem

n n
: 2
min Ec-x- E Xji—aj) <1;.
XER"{H i i—1( l )= }

The objective function is linear (hence convex), and there
is one constraint function g;(x) (m = 1), which is convex.
The KKT conditions give

Cq X1 — a4

. = _2A .

Cn Xp — an

n
AD (xi—a)>—1) =0, x>0.
i=1
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c # 0implies A > 0and >, (x; — a;)2 = 1. We conclude
that x —a = —ac, fora =1/(2X\) > 0. Since ||x — g|| =1,
we have « |/c| = 1. So, the minimizing vector is

X=a—ac=a— —.
llell

Hence, the minimal value of the objective function is:

T 2
¢cc T llell T
— =c'a—|c|

el llell




_Ex. (Exercise 2.7)

Find a cylindrical can with height h, radius r and volume at
least V such that the total surface area is minimal.
Denoting the surface by p(h, r), we want to solve

min p(h,r) :=2x(r?2 +rh) st wr’h >V, (r,h>0)

This is not a convex optimization problem! (why?) Setting
r = e* and h = e*2 the problem becomes:

min {271- (ez’“ + e"1+"2> | 7 (ez"‘“z) > V}
which is equivalent to
"4
min{2x (ez’“ + e"1+"2> [In— —2x; — x, <0,
s

X1 € R, xp € R}.

This is a convex optimization problem! (why?)




Ex. Exercise 2.7 (ctd) Let

4
f(x) =2~ (ez’“ + e"1+"2> and g(x) =1In— — 2x; — Xxa.
™
Now the problem becomes:
min {f(x) | g(x) <0, x € RZ}.

KKT conditions for this problem: we are looking for some
X € F such that

Vi(x) = —yV(g(x))

for some scalary > 0, such thatyg(x) = 0. The KKT
conditions are:

Vi(X) = —yVvg(x), yg(x) =0, y > 0.




Ex. Exercise 2.7 (ctd.) Calculate the gradients to get:

2e%%1 4 gX1tX2 _[ -2 _[2
() 2n |2 RS =y | 3=y | 7]

and yg(X) = 0,y > 0. From (x) we derive: y > 0 and

therefore _ o
2621 + gX1+X: 2y

— = 2.
eXitXxz y

This implies 2eX1 = e*2, whence 2r = h.

Conclusion: The surface is minimal if 2r = h.
Now use g(x) = 0, to get r and h in terms of V.

Remark Later (in Chapter 6 “Nonlinear Optimization”) we will
be able to solve the problem without the “transformation trick”.




Question to be answered now: Under which condition is the
KKT-relation necessary for minimality ?

2.2.2 The Slater condition

Def.2.18 x° € CY is called a Slater point of (CO) if

gj(x°) <0, Vjwhere g;is nonlinear,
g,-(x°) <0, Vjwhere g;is (affine) linear.

We say that (CO) satisfies the Slater condition
(constraint qualification) if a Slater point exists.




Example. (Slater regularity:)
Consider the optimization problem
min f(x)
st x2+x3<4
Xi—Xo > 2
Xo > —1

C = R2.

The points (1, —1) and (3, —3) are Slater points, (2,0) not.




Definition Some constraints g;(x) < 0 may take the value
zero at all feasible points. Each such constraint can be
replaced by the equality constraint gj(x) = 0, without changing
the feasible region. These constraints are called singular
while the others are called regular.

Under the Slater condition, we define the index sets Js of
singular- and J, of regular constraints:

Js:={jeJ|gj(x) =0, vx € F},

Jri=J\Js={j€J|gjx) <0forsome x € F}.

Remark: Note, that if (CO) satisfies the Slater condition, then
all singular constraints must be linear.
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Ideal Slater points

Def.2.20 A Slater point x* € C is called an /deal Slater
point of (CO) if

gi(x*) <0 foralljc J,
gi(x*) =0 foralljc Js.

L.2.21 If (CO) has a Slater point then it also has an ideal
Slater point x* € F.

Rem: An ideal Slater point is in the relative interior of F
(Exercise 2.10).




Example. (Slater regularity, continued:) Reconsider the
program

min f(x)
st x2+x3<4
X{—Xo > 2
Xo > —1
C =R2

The point (1, —1) is a Slater point, but not an ideal Slater
point.

The point (3, —2) is an ideal Slater point.




2.2.3 Convex Farkas Lemma

Remark The so-called convex Farkas Lemma is the basis
for the duality theory in convex optimization We begin with
an auxiliary result.

Th.2.23 (see also [FKS,Th10.1) Let ® # U C R" be convex
and w ¢ U. Then there exists a separating hyperplain
H={x|a'x =a},0# ac R" «a c R such that

aw>a>a'x vxeuU
and a > a’ up for some yp € U.

Proof: See pdf-file “extraproofs” for a proof.
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Observation: A number a is a lower bound for the optimal
value of (CO) if and only if the system

f(x) <a
M  gMx)<o0, j=1,....m
xecC

has no solution.

Lemma.2.25 (Farkas) Let (CO) satisfy the Slater condition.
Then the inequality system (1) has no solution if and only
there exists a vector y = (y1,- -+ , ¥m) such that

m
2 y>0, f(x)+> ygi(x)>a, vxecC.
j=1

The systems (1) and (2) are called alternative systems, because
exactly one of them has a solution.
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Proof of the (convex) Farkas lemma

We need to show that precisely one of the systems (1) or
(2) has a solution.

@ First we show (easy part) that not both systems can
have a solution:
Otherwise for some x € C and y > 0, the relation

a< 10+ ygi(x) < f(x) < a
j=1

would hold, a contradiction.

@ Then we show that at least one of the two systems has
a solution.
To do so, we show that if (1) has no solution. then (2)
has a solution.
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Proof: Define the set 4 C R™t1 as follows.

U={u= (Up;...;um) | 3x € C such that

f(x) < a+uw
gi(x) < uifjed;
gI(X) = U If] € Js

Since (1) is infeasible, 0 ¢ U/. One easily checks that U/ is a

nonempty convex set (using that the singular functions are
linear). So there exists a hyperplane that separates 0 from

U, i.e., there exists a nonzero vector y = (o, Y1, -+ , ¥m)
such that

yTu > 0=y70 forallucu (%)

y'u > 0 forsomeu € U.

The rest of the proof is divided into four parts.
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|. Prove that yp > 0and y; > O forall j € J,.
Il. Establish that

m
Yo(f(x) —a) + > _yjgi(x) >0, vx e C.
j=1

holds
[ll. Prove that yp must be positive.

V. Show by induction that we can assume
yi >0, Vj € Js.




Example. (lllustration of the Farkas lemma)

Let us consider the convex optimization problem
(CO) min 1+ x
st. xX>-1<0
X e R.

Then (CO) is Slater regular. The optimal value is 0 (for
x = —1). Hence, the system

1+4x<0, x2?-1<0, xeR

has no solution. By the Farkas lemma there must exist a
real number y > 0 such that

1+x+y(x2—1)20, Vx € R.

Indeed, taking y = J we get

1 1 1
x+1+y(x2—1)=5x2+X+5=5(X+1)220-
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Exercise 2.11 (“Linear Farkas Lemma”) Let A € R™*" and
b € R™. Exactly one of the following alternative systems (l)
or (ll) is solvable:

(0 A'™x>0, x>0, b'x<0,

or
(n Ay<b, y>0.

Proof: Apply Farkas’ lemma to the special case: f(x) = b x,

gj(x):—(ATX)j:—<ai>Tx, j=1,-.m

where & denotes column j of A, and C is the nonnegative
orthant (nonnegative vectors) of R™. Make use of:

sz=Zzixi20Vx20<:>zzo (*)
i




2.2.4. Karush-Kuhn-Tucker theory (Duality theory)

Remark: This (Lagrange) Duality Theory is based on the

concept of saddle points.

Def. We introduce the Lagrangean function of (CO):

L(x,y) := f(x) + ) y;gi(x)

j=1

Note that L(x, y) is convex in x andlinear in y.

Note:

inf {£(x) + > _ yjgj(x)}

CO, Chapter 2

Forany y > O:

=1

IA

<o

m
inf {f(x) +_ y;9()}

9j(x)<0,vj j=1

Jnf {f(x) | g;(x) < 0, Vj}

p 31



So: Foranyy >0,

lnf{f(x) + Zy,g,(x)} < mf{f(x) | gj(x) <0, Vj} = (CO)
j=1

Note further that for any fixed x:
f(x) if gj(x) < 0,Vj
oo otherwise

m
sup(7(x) + Y %9/} = {
y>0 j=1
By taking (above) the sup over y > 0 we find:

Weak Duality:

sup |nf L(x,y) < |nf sup L(x y) (*)
y>0 X€

The righthand side is “equivalent” with (CO);
the lefthand side is called the (Lagrangean) dual problem
of (CO) (See also Chapter 3)
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Saddlepoint theory

Def. 2.26 A vector pair (x,y),withx € Candy > 0is
called a saddle point of the Lagrange function L(x, y) if

L(x,y) < L(x,y) < L(x,y), Vx € C, Vy > 0.

Lemma 2.28: A saddlepoint (X,y) of L(x, y) satisfies the
strong duality relation

sup |nf L(x,y) = L(x,y) = inf sup L(x, y) .
y>0X X€C y>0

Theorem 2.30 Let the problem (CO) satisfy the Slater
condition. Then the vector X is a minimizer of (CO) if and
only if there is a vector y such that (x, y) is a saddle point
of the Lagrange function L.
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We are now able to prove the converse of Th.2.16.

Cor.2.33 LetC =R"and let f, g; € C' be convex
functions. Suppose (CO) satisfies the Slater condition.
Then X is a minimizer of (CO) if and only if with some
y > 0 the pair (X, y) satisfies the KKT condition.

Ex. (without Slater condition) Show that the pair (X, y)
(x € F,y > 0) satisfies the KKT condition if and only if
(x,y) (y > 0) is a saddle point of L.
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