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Abstract Convexity

X set, H set of functions from X to IR ∪ {±∞}
Given f : X → IR ∪ {±∞}, define

Supp(f,H) := {h ∈ H : h ≤ f}
If ∃U ⊂ H such that

f(x) = sup{h(x) : h ∈ U} ∀x
Then f is abstract convex or H-convex



Classical Case

X Banach space, H = X∗ and f lsc

f convex ⇐⇒ f is X∗-convex
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Abstract Conjugation

For setsZ,Ω with coupling function
ρ : Z × Ω → IR

(z, w) 
→ ρ(z, w)

g∗(l) := supz∈Z{ρ(z, w) − g(z)}

is the abstract Fenchel-Moreau conjugate of g
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Example of coupling function

•Z Banach space
• Y,U sets
• νy, σu : Z → IR
• Ω := IR+ × Y × U and

coupling function

ρ : Z × Ω → IR
(z, r, (y, u)) 
→ νy(z) − rσu(z)



Abstract Subgradients



Abstract Subgradients

• Take H= {ρ(·, w) : w ∈ Ω}



Abstract Subgradients

• Take H= {ρ(·, w) : w ∈ Ω}

• and g : Z → IR ∪ {+∞} H-convex



Abstract Subgradients

• Take H= {ρ(·, w) : w ∈ Ω}

• and g : Z → IR ∪ {+∞} H-convex

∂g(z0) := {w ∈ Ω : g(z) ≥ g(z0) + ρ(z, w) − ρ(z0, w), ∀z}



Abstract Subgradients

• Take H= {ρ(·, w) : w ∈ Ω}

• and g : Z → IR ∪ {+∞} H-convex
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Abstract ε-Subgradients

∂εg(z0) := {w ∈ Ω : g(z) ≥ g(z0) + ρ(z, w) − ρ(z0, w) − ε, ∀z}

is the abstract ε-subdifferential of g at z0
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The Problem

X,Z reflexive Banach spaces ϕ : X → IR ∪ {+∞} proper

minx∈X ϕ(x)

f : X × Z → IR ∪ {+∞} duality parameterization, i.e,

f(x, 0) = ϕ(x), ∀x

β(z) := infx∈X f(x, z)

is perturbation function, note that β(0) < +∞
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Lagrangian Scheme

L : X × Ω → IR ∪ {+∞} as

L(x,w) := infz∈Z{f(x, z) − ρ(z, w)}

ψ(w) := infx∈X L(x,w)

is the dual function, so

supw∈Ωψ(w)

is the dual problem
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Weak and Strong duality

If ρ(0, w) = 0 ∀w →weak duality:

supw∈Ωψ(w) ≤ infx∈X ϕ(x) = β(0)

strong duality is

β(0) = supw∈Ωψ(w)

⇐⇒ β(0) = β∗∗(0)
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If ∃ w̄ ∈ Ω s.t.

β(0) = ψ(w̄) = maxw∈Ωψ(w)

→ w̄ ∈ Ω is exact Lagrangian multiplier ⇐⇒ w̄ ∈ ∂β(0)

For which choices of ρ can we get exact Lagrangian multiplier?
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Constructing ρ

• p : IR2 → IR and q : IR+ → IR+

• p(0, 0) = 0, q(0) = 0, q strictly increasing

• ∀ b1 ≥ b2

p(a, b1) − p(a, b2) ≥ q(b1 − b2), ∀ a ∈ IR
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The families {νy, σu}

(Y1) νy weakly usc, and νy(0) = 0 ∀ y

(U1) σu proper and weakly lsc

(U2) σu(0) = 0, σu(z) > 0 ∀ z �= 0, ∀u

(U3) ∀u∃Ku > 0 : {z : σu(z) ≤ Ku} bounded

(U4) ∀ neighborhood V ⊂ Z of 0, ∀u it holds
(U4)(U4)(U4) infz �∈V σu(z) > 0
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Our choice of ρ

Ω = IR+ × Y × U and ρ: Z × Ω → IR

ρ(z, (r, y, u)) := p(νy(z),−rσu(z))

If p(a, b) = a + b, Y = Z∗ and U has only one element, i.e.,
σu := σ then

L(x, (r, y)) = infx∈X{f(x, z) − y(z) + rσ(z)}
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A choice of νy, σu

Take Y := Z∗ and U = (0,+∞)

σu(z) := ‖z‖u and νy(z) := y(z)

Or U = (0, 1) and

σu(z) :=
{ ‖z‖u if ‖z‖ ≤ 1

1 c.c.

Studied by Zhou & Yang, 2004, 2005, 2006.
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Theorem 1

• ρ(z, (r, y, u)) = p(νy(z),−rσu(z)) with (Y1), (U1) − (U3)

•ρ(·, (r, y, u)) : Z → IR usc ∀ (r, y, u)

•β : Z → IR ∪ {±∞} lsc, β(0) <∞ and domβ∗ �= ∅

Then ∃ r0 > 0, (ŷ, û) : ∀ r > r0

(a) ∃ zr ∈ Z : (r, ŷ, û) ∈ ∂β(zr)

(b) (r, ŷ, û) ∈ ∂εrβ(0)

where εr := β(0) − β(zr) + p(ν
by(zr),−rσbu(zr)) ≥ 0 limr→∞ εr = 0
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Corollary 2: Criterion for EPP
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Corollary 2: Criterion for EPP

For (r̂, ŷ, û) ∈ domβ∗ assume σû verifies U4

If ∃ V ⊂ Z neighborhood of zero and r′ > 0 s.t. ∀ z ∈ V

β(z) ≥ β(0) + p(νŷ(z),−r′σû(z))

Then ∃r∗ ≥ r′ s.t. (r, ŷ, û) ∈ ∂β(0) ∀ r > r∗
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Calmness at zero

• h : Z → IR ∪ {±∞} is σu-calm at 0 if

lim infz→0, z �=0
h(z)−h(0)
σu(z) > −∞

C1• p verifies a growth condition w.r.t. νy, σu if ∃r = r(y, u) s.t.

lim infz→0, z �=0
p(νy(z),−rσu(z))

σu(z) > −∞

C2• σu is a penalty function for νy and p if

lim supz→0, z �=0, r→∞
p(νy(z),−rσu(z))

σu(z) = −∞
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Corollary 3: Existence of EPP

Take (r̂, ŷ, û) ∈ domβ∗ and assume C1 −C2 hold for p, νŷ, σû
Then

β is σû-calm at 0 ⇐⇒ ∂β(0) �= ∅
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Lsc of β

• f : X × Z → IR ∪ {±∞} is weakly-level compact (WLC) if for every z̄ ∈ Z there

exists a weak neighborhood B of z̄ s. t. ∀ a ∈ IR

∪z∈B{x : f(x, z) ≤ a} is weakly compact

Proposition: If f is WLC then β is weakly lsc.
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Exact Penalty Representation

(P ) minx∈X ϕ(x)

(ŷ, û) supports an exact penalty representation for (P ) if

∃r̂ > 0 s.t. ∀ r > r̂ :

(a) β(0) = infx∈X L(x, (r, ŷ, û))

(b) Argmin x∈Xϕ(x) = Argmin x∈XL(x, (r, ŷ, û))

(a)⇐⇒ (r, ŷ, û) ∈ ∂β(0), ∀ r > r′
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Optimal Path

P (r, y, u) inf(x,z){f(x, z) − p(νy(z),−rσu(z))}

optimal path for (P):

∪r>0{(xr, zr) : (xr, zr) solves P (r, y, u)}
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(a) ∃ r0 > 0 and (ŷ, û) s.t. optimal path



Theorem 2

Assume f is WLC
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Theorem 2

Assume f is WLC

(a) ∃ r0 > 0 and (ŷ, û) s.t. optimal path

∪r>r0{(xr, zr) : (xr, zr) solves P (r, ŷ, û)}

is well defined

(b) zr converges weakly to 0, and every weak acc. point of xr
solves (P )
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Corollary 4: Criterion for EPR

For (r̂, ŷ, û) ∈ domβ∗ assume σû verifies U4

Then (ŷ, û) supports EPR for (P ) if ∃ V ⊂ Z neighborhood
of zero and r′ > 0 s.t. ∀ z ∈ V

β(z) ≥ β(0) + p(νŷ(z),−r′σû(z))



Application to SIP

minh(x) s.t. g(x, ξ) ≤ 0 a.e ξ

where h : IRn → IR ∪ {+∞} lsc and

(A0) h coercive
(A1) ∀ ξ, g(·, ξ) : IRn → IR, with g(·, ξ) lsc



Duality parameterization

Let θ : Lp(Ξ) → Lp(Ξ) s.t.

(A2) θ(·)(ξ) : Lp(Ξ) → IR is weakly lsc, θ(0) = 0

∀ z ∈ Lp, D(z) := {x ∈ IRn : g(x, ξ) + θ(z)(ξ) ≤ 0, a.e. ξ}

f(x, z) := h(x) + δD(z)(x)

Under our assumptions, f is (sw) lower semicontinuous and
WLC
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