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Abstract Convexity

X set, H set of functionsfrom X toIR U {£o0}
Given f : X — IR U {400}, define

Supp(f,H) :={he H : h< f}

If 4U C H such that

f(x) =sup{h(z) : heU}Vx

Then f Is abstract convex or H-convex



Classical Case

X Banach space, H = X* and f Isc

f convex <= f Is X*-convex
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Abstract Conjugation

p: ZxQ — 1R

For sets Z, Q with coupling function (z,w) — p(z,w)

g*(l) := sup,ez1p(z, w) — g(2)}

IS the abstract Fenchel-Moreau conjugate of ¢



Example of coupling function



Example of coupling function

¢/ Banach space



Example of coupling function

¢/ Banach space
o Y U sets



Example of coupling function

¢/ Banach space
o Y U sets

ev,0,: 24— IR



Example of coupling function

¢/ Banach space
o Y U sets
ov,0,: 24 — IR

e ) =R, xY xU and



Example of coupling function

¢/ Banach space
o Y U sets

ev,0,: 24— IR

e ) =R, xY xU and

coupling function



Example of coupling function

¢/ Banach space
o Y U sets

ev,0,: 24— IR

e ) =R, xY xU and

coupling function

P : Z x ) o IR

(2,7, (y,u)) = vy(2) —rou(2)
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Abstract Subgradients

o Take| H={p(-,w) : w € Q}

eand|g: Z — IRU{+o0} | H-convex

99(z0) = {weQ : g(z) > g(20) + p(z, w) — p(20, w), Vz}

IS the abstract subdifferential of g at z
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The Problem

X, Z reflexive Banach spaces ¢ : X — IR U {400} proper

mingex ©(x)

f: X xZ — IRU{+oc} duality parameterization, i.e,

f(CE,O) — 90(33)7 vV

B(z) :=inf,cx f(z, 2)

IS perturbation function, note that 5(0) < +oc
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L agrangian Scheme

L:XxQ—TRU{+}as

L(x,w):=inf,cz{f(x,2) — p(z,w)}

Y(w) = inf.ex L(x, w)

IS the dual function, so

SUP,c0 ¢(w)

Isthe dual problem
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Weak and Strong duality

|f ,0(0, w) = 0 Vw |—weak dulity:

Sup,,eq ¥(w) < infiex p(x) = B(0)

strong duality is

B(0) = sup,eq ¥ (w)
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If 4w € Q) sit.

B8(0) = ¢(w) = maxycq ¥ (w)

— w € Q) isexact Lagrangian multiplier <= w € 93(0)

For which choices of p can we get exact Lagrangian multiplier?
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Constructing p

ep:R° > Randg: R, — R,
e p(0,0) =0, q(0) =0, q strictly increasing

oV b > by

p(a,b1) — p(a,b2) > q(by — b2), Va € IR
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Thefamilies{v,, o, }

(Y1) v, weakly usc, and v,(0) =0 Vy

(Uy) o, proper and weakly Isc

(U) 0,(0) =0, ou(2) >0V 20, Yu

(Us) Vud K, >0 : {2z : o,(2) < K,} bounded

(Uy) ¥V neighborhood V' C Z of 0, Vw it holds
infzggv O'U(Z) > ()
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Our choiceof p
Q=IR, xY xUandp: Z xQ — IR

p(z, (r,y,u)) = p(vy(2), —rou(z))

If p(a,b) =a+0b, Y = Z* and U has only one element, i.e.,
o, = o then

L(z,(r,y)) = infoex{f(z,2) —y(2) +ro(2)}
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A choiceof v, o,

Take|Y := Z* |and| U = (0, +0)
ou(z) := || 2]|" and vy (z) := y(2)
Or|U =(0,1) |and

zI1v otz <1
SNNTETTE

C.C.

Studied by Zhou & Yang, 2004, 2005, 2006.
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Theorem 1
* p(z, (1,9, u)) = p(ry(2), —rou(z)) with (Y1), (U1) — (Us)
op(-,(r,y,u)) : Z — IR uscV (r,y,u)

o3 :7Z — IRU{+too}lIsc, 5(0) < oo and domG* # ()

Then|dry >0, (y,u): Vr >rg

(@) Az € Z : (r,y,u) € 06(z,)

(b) (r,y,u) € 0., 5(0)

TS =0~ ) e o) 20 B =0
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Corollary 2: Criterion for EPP

For (7, y,u) € dom(* assume| o; verifies Uy
If 3V C Z neighborhood of zeroand»” > 0st.Vz e V

B(z) = B(0) + p(ry(z), —r'oa(2))

Then| dr* > r' st. (r,y,u) € 08(0)Vr > r*
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eh:7Z —IRU{toc}is og,-caAmat0 if

lim il’lfz_>(), 270

h(z)—h(0)

ou(2)

> — 00

(', e pverifiesa growth condition w.r.t. v,, o, if 3r = r(y, u) sSt.

lim iIle_>(), 270

pry(2).—rou())

ou(2)

— OO

(,e o, 1sa penalty function for v, andp if

lim SUP .0, 2£0, r—o0

p(Vy(Z)a_TUu(Z))

ou(2)

— OO
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Corollary 3: Existence of EPP

Take (7, y,u) € dom3* and assume ', — 5 hold for p, v, o3
Then

Bisog-calmat 0 < 03(0) # 0
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Lscof 3

o f: X xZ —->RU{£tx}is weakly-level compact (WLC) if for every z € Z there
existsaweak neighborhood Bof zs. t. Va € IR

U.epix @ f(x,2) < a} isweakly compact

Proposition: If f ISWLC then G iIsweakly |sc.



Exact Penalty Representation



Exact Penalty Representation

(P) mingex ()




Exact Penalty Representation

(P) mingex o(x)

(y, u) supports an exact penalty representation for (P) if



Exact Penalty Representation

(P) mingex o(x)

(y, u) supports an exact penalty representation for (P) if

dr >0st.Vr >r:



Exact Penalty Representation

(P) mingex o(x)

(y, u) supports an exact penalty representation for (P) if
dr >0st.Vr>r:
(CL) 6(0) — infxEX E(QZ‘, (Ta /y\a a))



Exact Penalty Representation

(P) mingex o(x)
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AN AN
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Exact Penalty Representation

(P) mingex o(x)

(y, u) supports an exact penalty representation for (P) if

dr > 0st.Vr >7r:
(a) ﬁ(O) — infa:EX ,C(CE, (Tv /y\a a))

(b) Argmin e xp(x) = Argmin ;e xL(x, (r, Y, u))

(a)<= (r,y,u) € 068(0), Vr > 1
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Optimal Path

P(T, Y, u) inf(x,z){f(xv Z) — p(Vy(Z), _Tgu(z))}

optimal path for (P):

Ur~o{(zs, 2,) : (2, 2,) SOIVES P(1r,y,u)}
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Theorem 2

Assume f iIsWLC

(@ dry > 0 and (y, u) s.t. optimal path

Ur>r0{(xra Z?“) : (CCW ZT) SOIVQSP(’I“, ?//\7 a)}

Iswell defined

(b) z, converges weakly to 0, and every weak acc. point of x,
solves (P)
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Corollary 4. Criterion for EPR

For (7, y,u) € dom(* assume| o; verifies Uy

Then (y, u) supports EPR for (P) if 3 V' C Z neighborhood
of zeroandr’ > 0st.Vz eV

B(z) = B(0) + p(ry(z), —r'oa(2))




Application to SIP

min h(z) St. g(z, &) < 0a.eé

whereh : IR" — IR U {+0o0} Isc and

(Ap) h coercive



Duality parameterization

Letd: L,(E) — L,(Z) st.
(As) O()(€) : L,(2) — R isweakly Isc, 0(0) = 0

Vze L, D(z)={xcR" : g(z,&) +0(2)(&) <0, ae &}

Under our assumptions, f iIs (sw) lower semicontinuous and
WLC
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