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\ Behaviors'

We consider the behavidB of all €°°(R, R?) functionsw satisfying
d
R(—)w =0
()w

with R € R7%4(s).
The mathematical model is then the trigle RZ, B).
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The system is calledontrollableif for any two trajectories
w1, wy € B there exists &y = 0 and a trajectoryw € B with the

property:

2

/N

w1 (1) t <0

sz(z —1) =1

w(t) = 4
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A behavior described by:
d
R(—)w =0
()w

Is controllable if and only if raniR (1) is the same for all € C.
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Let R(§) € R8*1[&] be of full row rank and letB be the behavior
defined by

d
R(—)w =0
( d t)w
Then there exists subbehavidBg,: and Bcontr Of B such that

B = o@aut@ o(Bcontr

whereB,,t IS autonomous an,t is controllable and the
characteristic values dB,,; are exactly those numbeise C for
which rankR(A) < g.
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Controllability I
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Controllability I
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Controllability I

Consider the system:

x = Ax + Bu, x(tp) = xo
y =Cx + Du

The systen(A, B, C, D) is calledcontrollableif for all xg¢,x; € R”
there existg; > 0 andu such thatx(¢;) = x;.
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Null-controllability I

The system(A4, B, C, D) is callednull-controllableif for all xy € R
there existg; > rp andu such thatc(¢;) = 0.

Reachability.

The systen(A, B, C, D) is calledreachablaf, given x(z9) = 0,
there exists for alk; € R"” at; > fp andu such thatc(z1) = x;.

9/56 Electrical Engineering, Mathematics and Computer Science EEMCS



r‘
\Y
University of Twente
Enschede - The Netherlands

x = Ax + Bu, x(tp) = xo
y =Cx + Du

Reachability does not depend on the matriCeand D.

R=(B‘AB‘A2B‘---‘A”_1B)

plays an important role.
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R has full row rank if and only if
g'R=0

Implies thatg = 0.

R has full row rank if and only if:
qTeAtB — 0

forall r > 0 implies thatg = 0.
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Let an arbitrary > 0 be given.R has full row rank if and only if the

matrix
t
.
L = /eA’BBT (eA’) dt
0
IS invertible.
The input

-
u(t) = B' (eA(’_t)) L x;

steers the system from initial conditiarf0) = 0 to x(¢) = x; for
arbitraryx; € R”.
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Theorem The following statements are equivalent:
1. Thesystem (A, B, C, D) iscontrollable,
2. Thesystem (A4, B, C, D) isreachable,

3. Thesystem (A, B, C, D) isnull-controllable,
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Theorem The following statements are equivalent:
1. Thesystem (A, B, C, D) iscontrollable,
2. R hasrankn,

3. ImR = R".
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ImR = {x; € R" | there exist$; > 1y and
u € U suchthate; = x(¢1,0,u) }

Definition Alinear subspace V' € R” iscalled A-invariant if
AV C V.

Theorem Im R isthe smallest subspace of R” such that
e IMB CImR,

e IMm R IS A-Invariant.
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Theorem The pair (A4, B) isnot controllable if there exists a vector
g # 0 such that

g A=Aq", q'B=0
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Theorem Thepair (A4, B) iscontrollable if and only if

rank(gl — A —B) =nforal&eC
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If (A, B) is not controllable, then there exists an invertible masrix
zodanig dat

slas = (A A2} g (B
0 Aa 0

S is related to a basis transformation= S !x.
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Let R, W1 x W5, 8B) be a time-invariant dynamical system.
Trajectories InB are partitioned aéw;, wy) witb w; : R — W;,
i = 1,2. We say thatw, I1s observabldrom w; if for all

(w1, w2), (w1, w5) € B impliesw, = wy.
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Let R1(§) € R&*91 andR,(§) € R&*92, Let B be the behavior

defined by
Rl(%)wl = Rz(%)wz

Then the variablev, is observable fromw; if and only if
rankR»> (1) = ¢»

forall A € C.
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Observability I

Consider the system:
x = Ax + Bu,
y=Cx + Du

The system(A, B, C, D) is calledobservablaf there exists; > tg
such thaty(z, xo, u) = y(¢t, x1,u) forall ¢ € [tg, t1] implies that

X0 =— X1.
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Observability matrix I
[\
CA

W =

o

Lemma If Wx = 0 then, we have CA*x = O for all k > 0
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Theorem The following statements are equivalent
1. Thesystem (A, B, C, D) isobservable,
2. W hasrankn,
3. kerWW = {0}.
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Theorem (A, B) iscontrollableif and only if (A", BT) is
observable.

(A, C) isobservableif and only if (A", C") is controllable.
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kerW ={x; € R" | forallu e U
impliesy(¢,0,u) = y(t,x1,u) forallt > 0}

Theorem kerW isthelargest linear subspace of R” such that
o kerWw C kerC,

o kerW iIs A-invariant.
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Theorem Thepair (A4, C) isnot observable if and only if there
exists g £ 0 such that:

Ag = Agq, Cqg =0
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Theorem Thepair (A4, C) isobservable if and only if

El — A
rank =nforal&eC
—C
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If (A, C) is not observable then there exists an invertible mafirix
such that

A 0
slgs ="M cs =(c; o)
Ax1 Az

S is related to a basis transformation= S !x.
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We consider the behavids of all €°°(R, R?) functionsw satisfying

d

R -
(a’t

Jw =0

The mathematical model is then the trigle RZ, B).
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$1=<

£2=<

d
w € €°(R.RY) | Ri(—)w =0

d
w € €X(R.RY) | Ra(-)w =0

~

-~
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Theorem B C B, if and only if there exists a polynomial V' such

that VR1 = R».
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Consider two behavior®; and8, described by:

B1

'\

-~

d
w € EX(R.RY) | Ri(—)w =0

'\

-~

d
B w € EPR,R?) | RZ(E)w =0
with Ry and R, having the same number of rows.

Theorem B = 8B, if and only if there exists a unimodular
polynomial V suchthat VR = R5.
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Elimination of latent variables '

d d
B = {w e €°(R,RY) | 3 € € (R, R?) sit. R(—)w = M(E)Z}

versus

B = {w € €°(R,R?) | Rl(%)w = O}
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Full behavior:

B = {(w,ﬁ) € €®(R,RIT9) | R(%)w = M(%)Z}

Manifest behavior:

B = {w € €®(R.RY) | I € E°(R.R?) s.t. (w. ) € gef}
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e The manifest behavior is linear and shift-invariant

e The manifest behavior can be described by a set of linear
time-invariant differential equations:

B ={w e €w(R, |Rq) | R/(%)w =0
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A I/s/o representation of a system:

r
x = Ax + Bu

ky:Cx—I—Du

x consists of the latent variables.

We want a model of the form:

()u—()y
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We bring the SISO system in the form:

e

X1 = A11x1 + A1ax +b1u

| X2 = Az2x2 +bou
\ Yy = C2X2
Define
p(§) = det(§1 — Az2)
F(&) = P(E)ca(E] — Axp)™!
We have:

d d
”(dt) U p(dz)y
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A state space system:

.

x = Ax + bu

\yzcx—l—du

Define

p(§) = det§] — A)
F(E) = p(E)eEl — A~

Let g(§) be the common divisor gb andr.
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Then the behavior of the i/s/o representation is descrilyed b

d d
’”(E)bu = P(E)y
where
p) r(§)

p§) = 2(E) r(§) = g(—S)b +dp(§)
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Let the polynomials andg be given by:

p(E)=po+ pr1&+ -+ pp_1&" + €
qE&) =qo+ q1é+ -+ qna1E"" + gnt”

and consider the i/o system described by:

d d
p(a)y = Q(E)”
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Letg(§) = dp(§) + g(€) with degg < degp. We define:

o e

1 . L —D1 qd1
A= 0 , b = .
N E
\O 0 1 _pn—l/ \Zi”_l/
and
Co = (O 0 1), d = ({n
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Let (A1, c1) and(A4», ¢p) be observable pairs and assume thaand
A, have the same characteristic polynomial. Then there exists
exactly one nonsingular matrix such that:

A2=S_1AlS, szclS
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Let (A4, c) be an observable pair with the characteristic
polyonomial of A where:

p(E) = po+ p1&+-+ pp_1&" + £

Then there exists a nonsingular matsixsuch that:

oo 0 |

| : —P1
sTlas=|¢o . - ceS=(0 - 0 1)

RN :
o 0 1
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\ Controller canonical form .

Let p andg be given:

p(E)=po+ piE+-+ pp_1E" +£"
qE) =qo+ @&+ 4+ qna1E""" + qnt”

Assumep andg have no common zeros. Hence the i/o behavior:

p( )y —q( )u

IS controllable.
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Letg(§) = dp(§) + g(€) with degg < degp. We define:

A= 0 , b=
0 cee . 0 1 0
e Y
and
Co = (% q1 an—l)’ d = qn
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Then the i/o behavior of

p( )y —q( )u

IS equal to the i/s/o behavior of:

e

x = Ax + bu

Ly:cx—I—a’u
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Consider two observable i/s/o representations:

’
x1 = A1x1 + b1u

y =c1x1 + diu

\

.

X2 = Arx> + bou

Y =X + dou

The two i/s/o representations define the same input/outghanNoor if
and only if there exists a nonsingular matrix such that:

STYA(S = Ay, S by = b,,

ClS = C», dl = dz
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Assume that:

( (
x1 = A1x1 + bru X2 = Asrx> + bou

Y = c1x1 + du Y = X2 + dou
define the same i/s/o behavior and thai, c;) is observable. Then

dimx; < dimx,
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Consider the following representations of a behavior

d d
By = {w e €°(R,R?) | 3 € (R, RY) sit. R(—w = M()t

We showed that we can equivalently represent the behaad vi
kernel representation:

d
{w € CX(R.RY) | Ri(-)w =0

or a i/s/o representation:

"

x = Ax + bu

Ly:cx—I—a’u
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The following representation is called an image represemta
d
= M(—){
w (=)

Theorem Consider a behavior described by a kernel
representation. It can be described as an image representation if and
only if the behavior is controllable.
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We look at an i/s/o system:

r
X =Ax + Bu, x(t) e R"

Ly:Cx—I—Du

with A asymptotically stable.

Can we find a lower order system that describes the inputdbutp
behavior approximately?
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e Which states are hard to reach using the ingut

e \Which states are hard to observe from the ouggut
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Consider Hilbert spaces (normed vector spaces with an inner
product)V andW.

LetA : V — W be a continuous linear function. Then there exists a
continuous linear functiod™ such that:;

(x,Ay) = (A%x, y)

forallx e Wandy € V.

LetV; C V. If x € V satisfiesx = x1 + x, with x; € V; and
x2 € Vi then:

2 2 2
e 17 = llxa [ + [l

We have im4 = (ker4*)~L.
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Consider:
Vi(xg) = :{njt { ||u||% | u € Lr[-T,0], x(—=T) = 0,x(0) = xo}

We have:

V(xo) = x5 P ' xg

whereP is the unique solution of:

AP + PA" + BB’ =0
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Consider:
W(xo) = |Iy115

whereu = 0 andx(0) = xo while y € L]0, 00).

We have:
W(x0) = x5 0x0

whereQ is the unique solution of:

AQ+ QA+ C'C =0
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