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| ntroduction

The genera optimization problem can be stated as follows: Given a feasible set D and an
objective function f : D — R, find

minimize f(x)

subjectto xe D (3.1)

If D isfinite dimensional, then the optimization problem isfinite dimensional. Inthiscourse,
we will only consider finite dimensional optimization problems with D c R". We classify
these finite dimensional optimization problems as follows:

Unconstrained Optimization Problems Inthiscase, D = R".

Constrained Optimization Problems In this case, D is a non-trivia subset in R" which
is often described by a number of inequalities. Usually the feasible set D will be de-
scribed by as series of inequalities

D={x:g(X)=<0, Vi=12---,m} (1.2

where gi : R" — R are given functions. Sometimes, matrix inequalities are used in-
stead of scalar inequalities. For example, D may be aset in which asymmetric matrix
function G(x) is positive definite, i.e.,

D={x:G(X >0}

However, we note that every matrix inequality can be expressed as a number of scalar
inequalities.

Decision Problems Associated with every optimization problem (1.1), there is a decision
problem which is stated asfollows: Given afeasibleset D ¢ R", f : D — R and any
scalar o, determine if

f(X) <a, YXxe D (1.3

The answer to the decision problem isbinary: yesor no. The decision problem iseas-
ier than the optimization problem, however, an “efficient” algorithm for the decision
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2 Chapter 1. Introduction

problem will automatically lead to an “ efficient” agorithm for the optimization prob-
lem.

For decision problems the theory of computational complexity can be used, such as
the theory of NP-completenesst. Many classes of optimization problems have since
been shown to be NP-hard.

Feasibility Problems Inthe above, we have implicitly assumed that the feasible set is non-
empty. Although thisassumptionisoftenvalid, determining if the feasible setisempty
or not is often nontrivial when the set is described by inequalities (1.2). The task of
the feasibility problem isto answer this question, and if affirmative, to find afeasible
member x € D. In fact, the decision problem mentioned above can be reformulated
as afeasibility problem: determine if the following augmented feasible set is empty:

D={x:f(X)>a,xe D} (1.4)

Obviously, D isempty if and only if the answer to the decision problem is yes. Soin
this sense, feasibility problems are very general.

The constrained optimization problems can be further categorized as follows:

Linear Programs (LPs) In this case, f(x) islinear and D is described by a set of linear
inequalities, i.e, givenc € R", b € R™, A€ R™" solve

minimize c'x

subjectto Ax>b (1.5

The inequality above is taken to be elementwise.

L Ps have been intensively studied for decades. Efficient algorithms for L Ps exist that
can handle upto several thousand variables.

Quadratic Programs (QPs) This case is the same as LP except that f(x) is a quadratic
function, i.e.,

f(x) = x" Qx+ 2cTx (1.6)

for somevector ¢ € R" and symmetric matrix Q € R™". It turns out that the QP prob-
lem ismuch harder than the L P problem. In fact, the QP isone of the most challenging
problems facing the researchers in the optimization theory and the class of QPsas a
whole is NP-hard.

1Actually the theory of NP-completeness is designed for rational numbers, not for real numbers, although
there are some tricks to make this possible. More recently a development of NP-compl eteness theory over the
real numbers has been undertaken (Blum, Shub & Smale 1989) but | don't know its status.



1.1. About this course 3

Semidefinite Programs (SDPs) In this case, f(x) islinear and D is described by a lin-
ear matrix inequality. That is, given a vector ¢ € R" and symmetric matrices F;
R™"i=0,1,...,n, solve

minimize c'x 1.7)
subjectto Fo+ Y1, X F >0 '

It turns out that the SDP include the LP as a special case. The research in the last
decade has offered efficient algorithms for solving SDPs.

In the systems and control community an SDP is often called an eigenvalue problem
(EVP); the feasibility problem whether or not {x : Fo+ Y_I'; xF > 0} isempty is
called alinear matrix inequality problem (LMI problem).

Convex Programs Inthiscase f isaconvex function and D isaconvex set. Every LP and
SDPisaconvex program. A QP (1.6) isconvex if Q is nonnegative definite.

1.1 About thiscourse

Therest of this course consists of three chapters. These are:

Interior Point Methods for Convex Programs Interior point methods have been around
for several decades. Theemphasisinthiscoursewill be the more recent developments
ininterior point methods (IPMs) for LPs and SDPs, but for historical reasons we be-
gininthe next chapter with the old IPMsfor convex programs. The two methods dis-
cussed are the logarithmic barrier method and the method of centers. These methods
are conceptually easy and are guaranteed to converge, but due to their generdlity they
are not as sophisticated as the ones for LPs and SDPs.

Linear Programming Thischapter examines two solutions of the well-known and perhaps
the most important optimization problem: linear programs (LPs). The solution pre-
sented first isthe classical Simplex algorithm. The other solution presented isarecent
interior point algorithm with a guaranteed polynomial complexity. By combining the
two algorithms, very efficient algorithms can be developed to solve large-size LPs.

Semidefinite Programming Not long after Karmakar’s paper on IPMsin 1984, it was rec-
ognized that IPMsfor LPs can be used much the same way for amatrix version of LPs
aswell. This matrix version is known as semi-definite programs (SDPs). SDPs arise
quite often in engineering disciplines including statistics, systems and control, sig-
nal processing, etc. Techniques useful in generating SDP problems will be discussed.
Some SDP examples are given. An interior point method will be introduced.
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Interior Point Methodsfor Convex Programs

Covered in thisin this chapter are
1. Thelogarithmic barrier method,
2. The center method.

These are methods to find globa minimizers of alarge class of finite dimensional convex
programs. They are conceptually easy and they have been around for several decades. The
logarithmic barrier function wasintroduced by Frisch (1955a) (seed so (Frisch 1955b)). The
method of centers wasintroduced by Huard (1967). Both methodsfell out of favor in the be-
ginning of the seventies, but recently they have been quite successful (in asomewhat atered
form) for linear programs and semidefinite programs, which is the subject of the next two
chapters.
The optimization problem that we consider in this chapter is

minimize f(x)
subjectto ri(x) >0, (i=1,...,m)" (2.1)

The minimum will be denoted by f*, the minimizer by x*, and we assume that
f isconvex, and ther; are concave.

Under these assumptions, (2.1) is a convex program and, hence, any loca minimum is a
global minimum. The functions f and r; are further assumed twice continuously differen-
tiable. Most of the results to come actually hold under weaker assumptions, but we intend
to use Newton's method.

The convex programs (2.1) form avery large class of problems, and includesfor example
all linear programs and semidefinite programs.
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6 Chapter 2. Interior Point Methods for Convex Programs

2.1 Thelogarithmic barrier method

Given aconvex program (2.1), the logarithmic barrier function is defined as
m
¢ £ = "logri(x).
i=1

The logarithmic barrier function is well defined in the interior {x : ri(x) > 0, (i =
1,...,m)} of the feasible set, but because of the singularity of the logarithm at zero, the
logarithmic barrier function grows to +oc as X approaches a boundary point of the feasible
Set.

Lemma2.1.1. Thelogarithmic barrier function is convex on the feasible set.

Proof. It issufficient to show that each —logr;(x) is convex. Sincer; is assumed concave
we have that

AX+ (L—=2)y) > Ari(X) + (L= 2)ri(y)

for every A € [0, 1]. Thefunction — logisdecreasing and strictly convex, therefore, for every
A €0, 1],

—log(ri(Ax+ (1 —21)y)) —log(Ari(X) + (1 —2)ri(y))
A(=logri(x)) + (1 — 1) (=logri(y)).

This showsthat — logr;(x) is convex. m

=
=

Thelogarithmic barrier method for the constrained convex program (2.1) isto solvein-
stead for various values of o > 0 the unconstraint convex problem

minimize f(x) + %qb(x). (2.2)

For agiven o > 0 the objective function here is convex and continuoudly differentiable in
theinterior of the feasible set. Hence any local minimum isglobal, and aminimum isreadily
computed using some iterative search. The term éq&(x) acts as abarrier or a“repelent” of
the boundary and this will ensure that the minimum is attained in the interior. Thisiswhy it
iscaled aninterior point method.

For large« > Otheextraterm %qb(x) in (2.2) hardly affectsthe minimization problem and
only if xisvery closeto boundary will the extraterm be of significance dueto the singularity
of the logarithm. We may expect then that for large « > 0 aminimizer of the unconstrained
(2.2) iscloseto aminimizer of (2.1). We have the following result.

Lemma 2.1.2. Suppose the feasible set is bounded. Then for every o« > 0 a minimizer, X5,
of (2.2) exists, and

lim f(¢) = f*.
o—> 00



2.1. Thelogarithmic barrier method 7

In fact, for any « > 0 there holds
0<fox)— <2 2.3)
o
Here misthe number of constraints in (2.1).

Proof. Thisisaninteresting proof. It usesthefact that thelogarithm barrier method contains
Langrangian dual information about alower bound of f* of the convex program (2.1). Let,
as before, x!, denote aminimizer of (2.2). Because of differentiability we must have that the
gradient of the objective function at X, is zero, that is,

1
V(0 + aqb(x))

1
. =Vf(x§)—zri(xz)aVri(x§) =0. (2.4)

The above gradient at X, is also the gradient at X, of another function

f(x) — Zkiri(x), where A £ (2.5)

()
Note that the 2; = 1/(ri (X)) are positive, so the above function is convex, and, hence, x,
aso minimizes (2.5). We then obtain alower bound for f*:

f* > min f(x)—ZAiri(x) (because Airi(x) > 0)

~ xfeasible

= f0G) = ) Mn0%)

1
= fxH) =Y =
= f(X)— m
(04
Since obviously f* < f(x}), we have (2.3). Convergence of f(x}) to f* isnow obvious.

Thisisastrong result and is useful as a stopping criterion. The assumption that the feasible
set isbounded is not that stringent (adding the constraint ||x||» < 10190 makesit finite). The
agorithm that combines the above results (and some additional insight which we left out) is
called the Sequential Unconstrained Minimization Technique (SUMT).

Sequential Unconstrained Minimization Technique (SUMT)

Input: strictly feasible x©, tolerance € > 0,

initial barrier value @, multiplicative factor g > 1.
Output: afeasible x such that | f* — f(X)| < €.
Assumptions: The feasible set is bounded.
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begin
X=X ¢:=aqO,
repeat
vi=—(V2F(X) + 1 V2(x) "1 (VF(X) + 2Vé(x)); (Newton direction)
§* == argming f (x4 8v) + 2¢(x+ 8v); (aline search)
X = X+ §*v;
until ||v]| very small
returnif m/a < ¢
o= af.
end.

For large values of 8 the value of « changes so much that many costly Newton steps/line
searches may be needed to find the next optimal x!, = x. On the other hand, if g is only
marginally more than 1, then « increases very slowly. There istrade off here.

The SUMT uses Newton's method and so we need to assume further that the Hessian
is positive definite. Thisis hardly an assumption because for convex functions the Hessian
is necessarily nonnegative definite, and only in the degenerate cases will it not be positive
definite.

2.2 Themethod of centers

Themethod of centersisanother method for the same convex program problem (2.1), where,
as before, f and —r; are assumed twice continuoudly differentiable and convex.

Definition 2.2.1. The analytic center of a set of inequalitiesri(x) > 0, (i=1,...,m)is
defined as

m
X 2 argmax Hri(x).
x feasible j_7

O
Strictly speaking the analytic center is not a property of the feasible set {x : rj(x) > 0},
because afeasible set can be described by many different sets of inequalities, each with its
own analytic center. What we do have is that the analytic center x4 liesintheinterior of the
feasible set, and it is some sort of “center” of the feasible set.
The idea of the method of centers for convex program (2.1) is, again, to replace the con-
straint problem by asequence of unconstrained convex optimization problems. Define x¢ (t)
asafunctionof t € R as

Xe(t) = analytic center of inequalities f <t, r; >0,(i=1,...,m)

= agmax (t— fO) [ [ri

i=1

= argmin —log(t — f(x)) — Zlog(ri(x)). (2.6)

i=1
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The X% (t) isonly well defined if theinequalities f(x) < t, rij(X) > Oare satisfied for at |east

=

f <t

Figure 2.1: The method of centers.

one x. If we can find one such X, then finding g (t) is easy because (2.6) is convex. Asan
example consider Fig. 2.1. Inthisfiguretwo level setsaredrawnfor f(x) =tand f (x) = f*
(the two ellipsoid shaped curves) and aso the feasible set {x : rj(x) > 0} isdepicted. The
shaded area, then, is the region where f(x) < tandr;(x) > 0 arefeasible, and so x;(t) is
somewhere in the center of this set. The optimal x* is that point where the level set {x :
f(x) = f*} touches the set {x : rj(x) > 0}. Based on this picture it seems reasonable to
believe that ast approaches f*, the analytic center xg (t) will have to approach the minimizer
x* of the convex program (2.1).

Lemma2.2.2. Ift> f*andtheredtrictedfeasibleset {x : f(x) <t, rij(x) > 0} isbounded,
then xg (t) exists and

0< fOgM) — f* <m(t— f(xg(1))). (2.7)
In particular, limg_, ¢« f (X5 (1)) = f*. Here misthe number of constraints (2.1).

Proof. By differentiability wehavethat V(—log(t— f(x)) — > _log(ri(x))) = ﬁvf(x) +
Vo (X) = 0at x = xg (). Thisimpliesthat (2.4) iszero for o« = 1/(t — (x5 (t)). For this«
inequality (2.3) becomes (2.7). =

Method of Centers

Input: Strictly feasible x©, tolerance € > 0,
initial upper bound t > f(x©@),and0 <6 < 1.
Output: A feasible x such that | f* — f(X)| < e.
Assumptions: The feasible set intersected with {x: f(x) < t} is bounded.
begin
x:=x©
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repeat
vi=—[V2(~log(t — f(x)) +log¢(x))] !
x V(—=log(t— f(x)) + ¢(x)) (Newton direction)
§* :=argming —log(t — f(X+ 8v)) + ¢(X+ dv) (line search)
X=X+ v
until ||v]| very small
returnif mt— f(x)) < e
t:=(1-0)f(x)+ 06t
end

Note that f(x) < t so in the algorithm the update t := (1 — 0) f (x) + 6t decreases t. As
in the SUMT, we use here Newton's method and so we should demand that the Hessian is
nonsingular.

Lemma2.2.3. Theiteratest in the above algorithm convergeto f*.

Proof. By Lemma 2.2.2 we have that f* > f(x) — m{t — f(x)) = (m+ 1) f(x) — mt.
Therefore f(x) < fmﬂ“ Let t* denote the update t* := (1 — ) f (x) + 6t. Then

f*+mt m+6

+ _ * _ _ _ f% _ o Tt f*
t f QL-ofx)+6t— f*<(1-0) mr1 +o0t—f m+1(t f*).

l.e., theerror t — f* decreases eachiteration by at least afactor (m+6)/(m+ 1) < 1, hence
it converges to zero. [ |

Remark: A trivid variation of the method of centers and which appears to be quite effec-
tivein practice isto use m copies of the constraint f(x) —t < Oinstead of only one, that is,
to use

(1>

Xty £ agmax(t— fe)™[rix
X i=1

m

= argmin—mlog(t — f(x)) — Z log(ri (x)).

i=1

2.3 Interpretation: Central path

The set {argmin f(X) + %q&(x) :a e [0,00)} iscommonly referred to as the central path.
Figure 2.2 depicts atypica central path. The central path starts at the analytic center x5 and
ends at an optimal solution x* of the convex program. By definition the logarithmic barrier
method generates points on the central path. Also the method of centers generates points
on the central path (see the proof of Lemma 2.2.2). Although the notion of central path as
such does not add anything new to two methods, it is a convenient way to think about these
methods. We might useit in later chapters..
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Figure 2.2: A centra path.

2.4 Notesand References

The materia of this chapter is mainly from den Hertog (1993) and Boyd & Vandenberghe
(1995).

One problem we did not address is numerical stability of the computations. The main
problem with the general logarithm barrier method is that the Hessian (V2 f (x) + 2 V2¢(x))
that is needed (and needs to be inverted) in the computation may become ill-conditioned as
a — o0o. A draw back of the method of centers appears to be the fact that the initial upper
bound t must always be chosen larger than the value of f(x(?)), which may be very pes-
simigtic (den Hertog 1993).

For more specialized problems like linear programs and semidefinite programs, singu-
larities have in the past decade been removed (see next chapters), and polynomial running
time has been proved.
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Linear Programs

Covered in this chapter are
1. What isalinear program (LP)
2. The Simplex method for LPs
3. The concept of duality and the duality gap for LPs

4. Aninterior point method for LPsthat terminates in polynomial time.

3.1 introduction

Suppose you want to determine the cheapest diet that satisfies certain minima and maxi-
mal reguirements for vitamins and calories and the like. Thisis an example of alinear pro-
gram. Suppose you start a company with severa branches around the world. You might be
faced then with the problem to find the most cost effective way to get products from certain
branches to other branches for assembly. Thisisalinear program.

The diet and transportation problem are just two of the many, many red life problems
that can be cast as alinear program. We will encounter severa in this chapter.

The theory of linear programs is rich and knows many highs. Quite impressive is the
practical experience with the Smplex method as a method to solve linear programs. The
Simplex method was invented by Dantzig (1951) right after the second world war (and was
infact motivated by military applications) and it allowed to solve by hand linear programs of
reasonable size. With the advent of computers the Simplex method could be tested on larger
problems and it has been very successful.

With the computer came a so theinterest in complexity of algorithmsandin 1972 Klee &
Minty showed that for specific problems the Simplex method may need an exponential num-
ber of iterations!. At about the sametimeit wasproved that thegeneral LPisinNP N co—NP,
which suggests that there is apolynomial time agorithm for LPs. Finally in 1979 Khachian

IMore precise: 2" — 1 iterations were needed to solve an LP with n variables and 2n constraints.

13



14 Chapter 3. Linear Programs

formulated an ellipsoid method that was guaranteed to work in polynomial time. This de-
velopment was, however, not the end of the Simplex method because although Khachian's
method runsin polynomial time, in practice it is much slower than the Simplex method.

Things changed in 1984 when in afamous paper Karmarkar presented a polynomial time
algorithm that, as he claimed, for large problems could outdo the Simplex method by as much
as afactor 100. Karmakar’s paper inspired many people to look again at the interior point
methods and this has resulted in alarge number of different polynomial time interior point
methods for LPs?. We present a Simplex method and we will look at Ye's interior point
algorithm (Ye 1991) which at present achieves the best asymptotic running time.

3.2 LPs

The genera linear program (LP) isto minimize alinear functional subject to the constraint
that a set of linear equalities and inequalities is satisfied. More concrete, aproblemisan LP
if it can be written in the form

minimize Y, ¢jX
subject to er‘:laijxj =b Vie{l,...,m}),
Xj > 0, Vie{l,...,n},

where the n, m € N and the {g;j, bj, ¢;} are given, and the minimization is with respect to
the n variables x; € R. Itis usualy more convenient to write the LP in matrix form. For
example, if wedefine A e R™" b e R™?! andc, x e R™1 as

a1 -+ A by C1 X1
AL : : = : c2 : X 2

Ami ' Gmn bm Cn Xn
then the above LP can be written as

minc'x subjectto Ax=bh, x> 0.
XeRN
Here“x > 0” is defined to mean that all entries of x are nonnegative.
L Ps can be written in severa other equivalent forms, but there are two popular standard
forms. They are the one presented above and one which looks easier but which has some
undesirable properties as we shall soon see.

Definition 3.2.1 (standard and canonical form). An LPisin standard form if it is of the
form min,{c™x : Ax =b, x> 0}. Itisin canonical form if it is of the form miny{c'x :
AX > b}. O

2There are more than 2000 papers on IPMs (den Hertog 1993).
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The canonical form can be transformed into the standard form and vice versa, using the fol-
lowing transformations. 1) An unrestricted variable x; can be replaced by apair of nonneg-
ative variables xj+ and x; by letting x; = xj+ — Xj . 2) Equélities Ax = b can be replaced
by apair of inequalities Ax > b, —Ax > —b. 3) Inequalities Ax > b can be replaced by a
simpler looking Ax — s= b, s> 0, where now x and s are the variables.

Exercise 3.2.2. Show that the canonical form can be transformed into the standard form and
vice versa. 0O

3.3 Examplesof LPs

Example 3.3.1 (Thediet problem). Suppose we want to form a diet that is most econom-
ical but satisfies certain daily intake requirements such as a minima amount of vitamins,
maximal amount of calories and so on.

More precisely, suppose we have n foods to choose from and that the jth food product
costs c; dollars per unit. Let x; denote the number of units of food product j in our diet.
Then

c'x

is the cost of the diet. Suppose we have m; “good” nutrients and that we want each day
to have at least b; units of nutrient number i € {1, ..., m}. Suppose we have my, “bad”
nutrients (let’s consider calories one of the bad nutrients), numberedi ={m; + 1,...,m +
mp}, whose intake each day we want to be below b;. Let & ; denote the amount of nutrient i
inaunit of food product j. Then the cheapest diet—that is the cheapest combination of food
products—that achieves all that (if any) is the solution of the LP

minc'x, subject to by, O AX > O b, x>0.

Thisisnot yet in the standard form, but that is easily done. O

Example 3.3.2 (A transportation problem (Goldfarb & Todd 1989)). A company needs
to ship aproduct from mlocations to n destinations. Suppose locationi € {1, ..., m} hasg;
units of the product and that destination j € {1, ..., n} requires b; units. Suppose that the
total amount available equals the total amount required. Let ¢jj denote the cost to ship one
unit from location i to destination j.

What is the cheapest way to get the job done? It isthe solution of an LP: Let x;; denote
the number of units that will be shipped from location i to destination j, and solve

minimize Z{‘;lz?zlcijxij

subjectto YT, xj=a Vie{l ..., m)
Ymixj=bj Vie{l, ... ,n},
Xij>0Vie{l,...,m) Vje{l, ...,n.

(3.1)
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The transportation problem illustrates why modest sized problems may easily result in
very large LPs. If, say, the number of locations and destinations in the above example are
both 100, then the LP (3.1) involves 10000 variables. Goldfarb & Todd (1989) mention that
LPswith as many as 63 million variables have been formulated and solved.

Example 3.3.3 (Chebyshev and ¢, approximation). If alinear equation Ax = b can not
be solved exactly one often looks for aleast squares solution, argmin, || Ax — b||. Another
possibility isto do Chebyshev approximation, which is

minimize || AX — blso,
X

where ||¢|loc £ max; |ci|. Thiscan be cast asan LPin the variables x € R" and y € R:

minimizey, y
subject to AX—b=<ly, Ax—b=>-1y.

(The 1isauseful short-hand for 1=[1 --- 1]T.) Another possibility would be to mini-
mize over X

| AX — bllz.
Here |c||l1 £ > lcil. Thisisknown as £; approximation, and thisalsoisan LP:

minimizey yegn er‘ Yj
subject to AX—b=<y AXx—b>-y.

|

Least squares solutions are by far the most popular, but in some instances £, or Cheby-
shev approximation isbetter. Asan example, suppose we are given alarge collection of pairs
of real numbers (X;, y;) with

yi ~ ki +1,

for all i except for afew failureswewould liketo discard. To estimate k and | the £; approxi-
mation isthe best because its solution isthe least sensitive to failures. Itisin fact completely
insengitive to the failures as long as there only afew of them. Chebyshev approximation is
aso very useful.

Example 3.3.4 (How computers calculate functions). Ever wondered how a computer
calculates sin(x)? Computers know how to perform addition and multiplication, but for
transcendental functions like sin(x) and log(x) no finite method exists that uses only x and
+. An obvious solution to this problem is to evaluate a sufficient number of terms of the
Taylor series

. 1, 15 1,
sn(x):x—§x3+§x5_ﬁx 4.
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until the error is less than the machine precision. Suppose X € [—n/2, /2] (this can al-
ways be achieved by subtracting multiples of ) then to obtain sin(x) within machine pre-
cision 10~*°, requires a polynomial of degree 17. The problem with the Taylor seriesisthat
it is unnecessarily accurate near x = 0 at the loss of accuracy for larger x. In most com-
puter languages (or at least on my old Commodore-64 and some libraries of C-compilers
I’ ve seen) the value of sin(x) isinstead computed via a polynomia approximation of lower
degree Y p_; ax?*+1 where the stored numbers «y are the solution of a Chebyshev approx-
imation problem

n
min  max _|sin(x) — ZakX2k+l|-
axeR xe[-pi/2,7/2] k=1

The Chebyshev approximation is by definition the one that has the smallest guaranteed ac-
curacy, which is exactly what we want of computer languages. To find «ax one might solve
for agiven n and alarge number N of grid points ty € [—r/2, /2] the finite dimensional
Chebyshev approximation problem

sin(ty) gkt

n
I'T€1]|1Q1 I - g ok lloo-
a . —
sin(ty) k=1 t?\]k#»l

This is an LP. (Remark: sin(x) can be computed even faster if we split the interval
[—m/2, 7/2] in afew hundred tiny intervals and store for each of the subinterval a lin-
ear or cubic Chebyshev approximation.) O

center gf mass

DN

Figure 3.1: A thruster problem.

Example 3.3.5 (A thruster problem (Boyd & Vandenberghe 1995)). Figure 3.1 depicts
atop view of arigid body with several thrusters. There are n forces with magnitude u; act-
ing a pi = (Pix, Piy) relative to the center of mass p = 0. The directions of the forces are
denoted 6; such that 6; = 0 corresponds to a horizontal force pointed to theright. We assume
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that the directions are fixed. Total forces and torque etcetera can be expressed as

Total horizontal force: Fx = i, ujcos6
Total vertical forcee Fy £ > uising
Torquee T = YL, piyUi cost; — pixli Sing;
Total fuel usage: Ui +...+ Un.

There are severa thruster problems that are LPs. For example, the problem to find forces
0 < u; < 1that yield given desired forces and torque and minimize fuel usageisthe LP

minimize 1Tu
subjectto Fu= f9 0<u<1,

where 1isashort-hand for [1 - -- 1]T and
cos6; e cosbh Fees
P1yCOSO1 — P1xSiNB1 -+ PryCOSH1 — PrxSiNO; Tdes

This problem might not be feasible, but the following LP certainly is

minimize 1Tu+ y||Fu— 9|
subjectto O<u=<l

Herey > Oissomefixed number that specifiesthetrade off between fuel usage and deviation
from desired forces/torque. Another possibility would be to solve for some fixed y > 0 the
LP

minimize 1Tu
subjectto O0<u<1, [[Fu— fo| <y.

3.4 Geometry of LPs

A lot of insight can be gained by looking at the L Ps geometrically. Indeed the basic idea of
Simplex method stems from a simple geometrical argument. First an example and a bit of
terminology.

Definition 3.4.1 (Feasible). AnLPminy{c™x : Ax=b, x> 0} isfeasibleif thefeasible set
{x: Ax=b, x > 0} isnonempty. Elements of the feasible set are called feasible points or,
simply, feasible.

A feasible point x* isan optimal solution of the LPif c"x* = miny{c"x : Ax=b, x> 0}.
The function c"x which isto be minimized is often called the objective function. O
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- *
Feasible set Q*e\l
0 T 2 3N, 4 5
N N,
RN AN
o ht

Figure 3.2: An LP with two variables.

Example 3.4.2. Suppose we wish the minimize —x; — X, subject to the constraints that
X1>0, %=>0, X+2%<4, x=<2

Thefeasible set isdepicted in Figure 3.2 asthe shaded area. To get afeel for where the opti-
mal solution x* lieswe draw for several values of d € R the set of points where the objective
function equals d. These setsare {(X1, X2) : —X; — X2 = d} and they form straight lines (the
dotted lines in Figure 3.2). By varying d it should be clear that within the feasible set the
objective function is the smallest (namely —3) at the point x* £ (xq, %) = (2, 1) asshown
in the figure. In this example the optimal solution is apparently unique and lies at a corner
of the feasible set. 0

The example suggests severa things:
1. Theset of feasible x (if bounded) is a convex polygon,

2. Theoptimal solution x* isusually unique and occurs at acorner of the polygon, andin
the unlikely case that it is not unique there is always a corner point which is optimal.

These two observations may be formalized algebraically. We need two notions which gen-
eraize “corners’ and “convex polygons’ to the n-dimensional case.

Definition 3.4.3 (Convex polyhedron and verticesin R"). An affine set in R" of dimen-
sion n— 1iscaled ahyper-plane of R". In other words, aset 2 isahyper planeif-and-only
if forsomede Randac R"wehave Q = {x e R" : a'x = d}.
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The set of points on one side of ahyper-plane is called ahalf-space. Closed half-spaces
include the hyper-plane and open half-spaces do not include the hyper-plane. 1nother words,
Q isaclosed haf-space of R" if-and-only-if for somed € R and a € R" wehave Q@ = {x €
R": a'x > dJ.

A subset of R" is a convex polyhedron if it is the intersection of finitely many closed
half-spaces of R".

An element x of aconvex polyhedron isavertex or extreme point of the polyhedron if it
can not be written as the average of two other elements from the polyhedron. O

Exercise 3.4.4. Prove that aconvex polyhedron in R" isindeed a convex set. O

Lemma 3.4.5. For any LP the feasible set is a convex polyhedron. If the LP isin standard
form, miny{c"x : Ax = b, x > 0}, and if the minimum is finite then the LP has optimal so-
lutions x and at least one of these optimal solutions is a vertex of the polyhedron. O

The significance of this result isthat for the minimization problem we need only worry
about the vertices of which therefinitely many. In principle, then, we have ameansto find the
minimum of the objective function: Generate all vertices and take the minimum of the objec-
tive function evaluated at each of these vertices. Generating the vertices isin way straight-
forward algebra, but the problem isthat the number of vertices may grow exponentially with
the number of constraints and, so this will most likely be a very inefficient method.

Proof of Lemma 3.4.5. Consider the general LP in standard form ming{c'x : Ax="b, x>
0}. Thefeasible set {x : Ax=b, x > 0} can aso be written as the intersection of the half-
spaces {X : Xj > 0} and {x : aJx > by} and {x : —afx > —by}, and so the feasible set is
(almost by definition) a convex polyhedron.

Themain part isto show that for any feasible x thereisavertex x” such that c"x” < cTx.

If x isavertex the claim holds obviously for X’ = x. If xisnot avertex it can, by defini-
tion, be expressed asthe average of certain x — y and x+ y from the polyhedron, with y # O.
Since the polyhedron is convex and sinceit contains both x — y and x + y we must have that
X+ Ay isan element of the polyhedron for every A € [—1, 1]. Thisimplies that whenever
an entry Xy is zero also y is zero (otherwise X &+ y can not both be nonnegative), moreover,
we have that

1 1
Ay = E(A(” y)—AXX—-Yy)) = E(b_ b) =0.

The three cases below show that for some A* € R the vector x + A*y has less or equal cost
and one more zero entry:

e Supposethat c"y < 0. Then the objective function c™ (x + Ay) a X + Ay decreases as
Aincreases. Increase A > 0from zero until x+ Ayisabout to becomeinfeasible. This
must occur at a certain finite . = A* because the minimum of the objective function
isassumed finite. Since A(x+ Ay) = bfor every A € R, the only way that x + Ay can
become infeasible if we move beyond 1* is when a certain entry xx — Ayx changes
sign at A = A*. Remember that x; = 0 implies that y; = 0 so the changing in sign of
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Xk — AYk occurs in entry where x¢ > 0. So have that x — A*y has at least one more
zero entry than x, which is what we had to show.

e Suppose that ¢’y = 0. Then the objective function ¢ (x 4+ Ay) a x + Ay does not
change at al if wevary A. Define A* = min{|x«|/|Yk|} where the minimum is taken
over al indices k for which yy is nonzero (and hence, xx nonzero aswell). It is easy
to see that then both x + A*y and x — A*y arefeasible and that one of them has at |east
one extra zero entry (X + A*yy) than x.

e Thecasethat c'y > 0 goes the same as the case that cTy < 0 (simply replace y with
-Y).

The three cases combined show that if X is not a vertex then we can dways find afeasible
X+ A*y which has at least one more zero entry than x and whose cost is not more than that
of X. Repeat inthisfashion with x4+ A*y in place of X. Since avector can have only as many
zero entries as it has entries, the iteration must eventually reach a vertex x¥, and since we
went “down hill” we end up with c"x” < cx.

It is now immediate that min,{c™x : Ax = b, x > 0} is attained at one or more of the
vertices. -

Corollary 3.4.6. Every polyhedron of theform{x e R" : Ax=b, x> 0} hasavertex.

Exercise 3.4.7. Give an example of an LP in canonical form {x € R? : Ax > b} that has
awell defined minimum, but whose minimum is not attained at a vertex of the feasible set
{(x e R? : Ax > b}. (Thisshowstheinterest in the standard form even though the canonical
form is notationally more compact.) O

3.5 The Smplex method

The results in the previous section guarantee that the minimum of an LP in standard form
will aways be attained at a vertex (and possibly some other points, but who cares). This
observation has led to the basic idea of the Simplex method, which is:

Select any vertex of thefeasible set. If the objective function issmaller at one of
the adjacent vertices select that vertex, and repeat moving from vertex to adja
cent vertex thisway until no improvement in the objective function is possible.

Since at each step the objective function is made smaller it is not possible that a vertex is
selected more than once and because there are only afinite number of vertices, the method
will have to terminate. The Simplex method is now essentially nothing but arule to decide
at each step which of the adjacent vertices has to be selected as the new active vertex.

To formalize the idea we have to characterize “vertex” agebraicaly.
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3.5.1 What arethe adjacent vertices?

That is, what is an adjacent vertex in terms of matrix A and vector b?

Example 3.5.1. Consider again the LP of Example 3.4.2. In standard form the constraints
of that example read

{ X1+2%+s = 4,

X1+ = 2, X1>0, x>0, 51>0, $>0, (32)

where now we have four variables X1, Xo, S1, Sp. An edge of the feasible set corresponds to
one variable being zero. (See Figure 3.2). Corners, then, are characterized as having two
variables equal to zero. For example, for the optimal solution X* = (Xg, X2) = (2,1) we
have that (3.2) holdsfor s; = 0 and s, = 0. It isnow easy to see that in this example two
corners are adjacent if and only if they have one zero-valued variable in common. O

Picturing adjacent vertices in R2 is not that complicated either and what these examples
suggest isthat avertex yisadjacent to avertex x if the zero entries of y equal those of x except
for one entry. We could have formalized thisto higher dimensions, but that would only have
complicated things. (In some degenerate cases for example adjacent vertices may have two
or more different nonzero entries.) Instead we will work directly with vertices with most
nonzero entries in common and |eave the geometrical interpretation as a motivation only.

3.5.2 How doweknow that xisavertex?

That isto say, how do we know interms of the data A and b that avector x isavertex of {x :
Ax =D, x> 0}. That isthe question we have to answer. From Example 3.5.1 we understand
that vertices have alot to do with the number of zero and nonzero entries of x.

Lemma35.2. Anxe {xeR": Ax=Db, x> 0} isa vertex of that polyhedron if and only
if the columns of A that correspond to the nonzero entries of x are linearly independent.

Proof. Let x beany element of thefeasible set. For simplicity and without loss of generality
wemay assumethat thefirst, say, g entries of x arethe nonzero entries and that the remaining
n — q entries are the zero entries. Partition x accordingly as x = [g] and also partition A
accordingly as A=[ Ay Ay |. Then Ax= A;X = b, and X > 0. We have to prove that x
isavertex if-and-only-if A, has full column rank.

Suppose A; does not have full column rank. There then exists a nonzero vector w such
that Aqw = 0. For small enough ¢ > 0 we have that

A[ Xioew]=A1(>‘<:|:1D)=b, ad [ X+ew |>0.

Therefore the vectors y £ [*1¢"] and z £ [*§?] are feasible points for some ¢ small
enough. Thisshowsthat x = (y + z)/2 isthe average of two different feasible points, and,
hence, is not a vertex.
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Suppose x is not avertex. That is, X = (y + z)/2 for two feasible points y # X, z # X.
Sincey > 0and z> 0and (y+ 2)/2= x= [ %], wemust have that y and z are also of the
formy = [¥] and z=[]. Finally, then, A; can not have full column rank because X — ¥ is
nonzero and Aj(X—y) = A(Xx—y) = Ax— Ay=b—-b=0. m

It's time for the Simplex method.

3.5.3 The Simplex method

Assaid earlier, the idea of the Simplex method is to move repeatedly from vertex to vertex
in adirection that decreases the objective function. Now that we know how to characterize
vertices we can state the algorithm in full detail. After that we go through the steps of the
agorithm one at atime.

The Smplex Algorithm

Input: Ac R™" ce R", be R™and aninitial vertex x’ of
{x: Ax="h, x> 0}.
Output: An optimal solution x” € R" of argmin,{c"x : Ax=b, x > 0}.
Assumptions: A has full row rank.
Step 1. Partition x¥, cand A as

v Xg CB
=] o=|E] A-l2 ml. (33)

where xg, cg € R™, ¢y € R"™Mand Ag € R™ ™M with Ag nonsingular.
Step 2: Define¢™ £ ¢ — c§ Ag*Ay . Exitif €> 0 (then X" is optimal).
Step 3: Select any index k such that ¢ < 0.

Step 4: Define w := Agl Ay & and determine
(ex denotes the kth column of I,_)
Step 5: Update

i [0 Ae0)
0" ex

(Then x" is again a vertex)
Step 6: Let pe {1, ..., m} beanindex such that 6* = X}, /wp.
Step 7: Swap the pth and m+ kth entries of x’;
Swap the pth and m+ kth column of A. (Then A and xV
are dready of the form (3.3) and Ag is nonsingular)
Step 9: Goto Step 1.
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An explanation of the steps follows below.

It is assumed in the algorithm that A has full row rank A. Thisisanatura assumption
for the following reason. If A does not have full row rank then thereis anonsingular matrix
U such that UA = [ ‘3] with Aq having full row rank. Partition Ub similarly as [B;] with
b; having as many rows as A;. Then

Ax=b ¢ UAx=Ub & [4]x=[].
If b, is nonzero then obviously the above equation has no solution x and, hence, the LP is
infeasible. If on the other hand b, = 0 we may replace Ax = b with the equivalent Ajx = b;.
By construction A; has full row rank.

Tofind aninitial vertex x asisrequired for the algorithm is a problem in its own right,
and thisis commonly called phase 1. To solve the phase 1 problem we will use.... the Sim-
plex method! Honestly, thisisno circular reasoning. Namely consider the augmented LPin
variables x and y,

m
min . subjectto  AX =bh, x>0, y>0.
min i;y. j +y=Db, x>0, y>

Aninitial vertex hereis simply (x = 0, y = b), so the Simplex method can be applied® to
find an optimal solution (x*, y*). Obviously our original LP min{c'x : Ax=Db, x> 0} is
feasible if and only if y* = 0 and, in that case, x* £ x* isthe initial vertex for the original
problem we are looking for. A neat trick.

By Lemma 3.5.2, the columns of A that correspond to the nonzero entries of x¥ arelin-
early independent. Since A has full row rank m, the number of nonzero entries of X is at
most m. This showsthat, after possible permutation, we can assume that X and A are of the
form (3.3) with Ag nonsingular and xg € R™. (The subscripts B and N stand for basic and
nonbasic.) If we partition ¢ and x likewise, asin (3.3), then the LP becomes

min cgXg +Cy XN, Subjectto Agxg+Ayxy =b, xg >0, xy >0.
XB, XN

The good thing of this partition isthat Ag isnonsingular and so the term xg can be seen as
afunction of xy ,

xg (X ) = Agl(b— Ay xn ).

We then obtain the objective function in terms of the free parameter x :

c'™x = cgxs(Xn)+ Cy XN

= g Ag(b— Ay xn) + Y XN

= cgAg'b+ (el — B AS AN XN -

3We need b > 0. That can be achieved by changing some signs if necessary.



3.5. The Simplex method 25

For x = x¥ we have that xy = 0 so at that vertex the objective function equals cg Aglb. If
al entriesof ¢ £ (cf; — c§ Ag* Ay ) are nonnegative then x” is an optimal solution because
for any feasible x5y > Othe product ¢"xy isthen nonnegative and hence taking xy nonzero
can only increase the objective function. We have proved the validity of Step 2.

Next assume that some entry of €, say entry Cy, isless than zero. Parameterize x as a
function of 6 € R as

X(0) & [ X8 (N ) ] , Where xy £ fe.
XN

The e, denotes the kth unit vector (i.e., the k column of 1,,_;). Note that x(0) = x*. The

objective function at x(9) is

c™X(0) = chxg (XN ) +Cy XN () = cg Agtb + €' (Pey) = cf Agtb + 6.

Since € < O we see that increasing 6 decreases the objective function. It isreadily verified
that the 6* in Step 4 isthelargest possible 6 we can choose without x(68) becoming infeasible.

That validity of the remainder of the steps of the Simplex algorithm isleft as an exercise
(Exercise 3.5.3).

Pivot rules

In some cases xg may have a zero entry X;j, and in that case it is possible that we can not
increase 0 at al (* = 0). Nevertheless we may still proceed and interchange the pth and
m -+ kth column and hope that in the next iteration 6* > 0.

Generaly there is afreedom in choice of index k and p and over the years several dif-
ferent “pivot rules’ that specify which k and p should be taken have been proposed. Among
these are pivot rules that may get stuck in an infinite loop. (Apparently some of these are
actually used in practice!) There are also pivot rules that are proven to avoid infinite loops.

All thewell known pivot rules require in worst case an exponential number of iterations.
Itisstill an open question whether or not thereisapivot rulethat will runin polynomial time.

Exercise 3.5.3.

1. Write aMatlab macro for the Simplex method and use whatever pivot rule you want.
Include the phase 1 problem.

2. The most time consuming steps are the linear equations that are to be solved at sev-
era stages. Try your Matlab macro on afew examples and print the difference of the
matrix Ag* with the matrix Ag? after it has been updated in Step 5. Thiswill indicate
that

the new Ag' = theold Ag* +W

where W is a matrix of rank one. Find an expression for W in terms of the vector
w as defined in Step 4. (Hint: Usethat w = AglAy g and that the new Ag can be
expressed as Ag gd + (Axmik) — Ax p)eI, where A, , denotes the the pth column of
A and ey, the pth column of the identiity | ,. Use the matrix inversion lemma.)
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3. Show that in the Simplex algorithm Ag is nonsingular at all times and that x” is a
vertex at al times.

4. The findings of Item 2 can be used to speed up the Matlab macro. (Do not do this.)
Would the speeded Matlab macro be as numerically reliable as the one of Item 1?
O

3.6 Lower boundsand duality

Duality is a very important concept in mathematics and in the theory of LPs in particular.
Typically what happens is that “difficult” results are easy in the dua form and the other way
around. Also, with dudity results problems can often be transformed into something that
looks completely different but isin fact equivalent. The aesthetics of duality theory isundis-
puted.

There are severa ways to introduce duality for LPs. We choose the one based on the
following classic duality theorem.

Figure 3.3: Separating hyper-plane.

Theorem 3.6.1 (Separating hyper-planes). Let Q2 beaclosed convex coneof R". Thenb ¢
Q if and only if for some vector y € R" there holds

y'b>0, and y'x<OvVxeQ.
Proof. Figure 3.3 sort of explainstheidea. Since 2 isclosed, the minimum ||b — x||» over dl
X € Qisattained at some X € Q2. Since 2 isacone (see appendix) we havethat AX € 2 for all
A > 0. By definition then || AX — b||3 isthe smallest for A = 1 and, hence, 3[|AX — bl|3/9r =
2(AX—b)Tx=0for A = 1. Thatis, (X —b)"x = 0. Definey = b — X. We have

y'b=(b-%"(b-%x+% =|b—x|5>0.
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Let x be an arbitrary element of Q2. By convexity X+ u (X — X) isan element of 2 for every
w € [0, 1]. Consider

Ib— (R4+ux—xI3 = lIylI5—2my" (x— %) + u?|Ix — X3
Ib— X1 — 21y X+ 0o(1).

Since X minimizes ||b — x||» we must have that y"x < O. -

In other words, b N Q = @ iff there is hyper-plane {x : y'x = 0} that separates b from the
convex set Q. Thisiseasy toimaginein R" (see Figure 3.3). As a consequence we obtain
Farkas lemma* about feasibility of LPs:

Lemma 3.6.2 (Farkas Lemma). Let Ac R™"and b € R™begiven. Thereisan x € R"
such that Ax = b, x > 0 if-and-only-if thereisno y e R™such that y" A <0Oand y'b > 0.

Proof. No x exists such that Ax = b, x > 0 if-and-only-if b does not intersect the closed
cone {Ax : x > 0}. By the above separating hyper-plane theorem this is the case iff for
some y we have that y'b > 0 and {y" Ax : x > 0} < 0. Obviously y"Ax < Oforal x>0
iff yTA<O. =

Farkas' Lemmaexhibits a property typical to dual results, namely that “something does not
exist” iff “something else does exist”.

3.6.1 duality for LPs

Initsorigina form Farkas duality result says nothing about the objective function. To get
aduality result that includes the objective function we might consider the problem whether
or not for agiven « the set

{(X: AX=b, x>0, c'x<a}

isfeasible. Thisisafeasibility problem, and so Farkas' Lemma can be applied. Thisisthe
result:

Theorem 3.6.3. Consider the“ primal” LP

20 2 min{c'x : Ax=b, x>0}
XeRN

and “ dual” LP

zp 2 max{y'b:y'A<cl}.
yeRM

If the primal LP isfeasible with zz > —oc or if the dual LP is feasible with zp < oo then
they are equivalent, i.e., then zp = zp.

“Farkas lemmais very important, and is used for example to prove the Karush-K uhn-Tucker conditions, on
first order conditions for constraint optimization problems, see (Flecther 1987).



28 Chapter 3. Linear Programs

Proof. Take an arbitrary o € R.

Z»>a < AxeR" st c'x<a, Ax=b, x>0

] A Ol x ] _[b X
o EXER,Xn—FlER st. |:CT 1 Xni1 ol Xnt1 >0

& AyeR™ Yy eR st
b A 0
(V" Y] u >0, [Y" Ym] [cT 1] <0

& yeR™ Yy eR st
YO+ Ymie >0,  YTA+Ymc' <0, ym1 <0 (34)

If ymy1 = Othe conditions of (3.4) isexactly that the primal isinfeasible. If y,, 1 isnonzero
we may scaleit to -1. In that case the conditions (3.4) are the same asthat zp > «. So we
have shown that z» > « if and only if zp > «. Since this holds for any «, the primal and
dual must be equivalent. -

3.6.2 Theduality gap

Consider again the pair of primal/dual LPs, which we now denote asP and D:

P : z 2 minegn{C'x: Ax=b, x>0},
D : z £maxygm{y'b: yTA<cl}.

For any x feasiblein P and y feasible in D there holds

T

yb<zp =2 <c'x

Thereforefor any such x and y the optimal solution z» must lieintheinterval [yb, c'x]. The
difference c"x — y"b is called the duality gap. The duality gap is nonnegative, and only if x
isoptimal inP and yisoptimal in D isthe duality gap zero. Theduality gap therefore serves
asan indicator how close feasible x and y areto being optimal. Thisisvery useful. Thereis
for example aversion of the Simplex method that uses the duality gap, and the interior point
algorithm discussed later usesit aswell.

For later use we will rewrite the duality gap a bit. Consider the same primal/dua LPs,
but written a bit differently:

P mingrn{c'™x: Ax=Db, x> 0}

D : maXyegm sern{y'b: yTA+sT=cT, s">0}"

Thedifferenceisthat we added avariable sin the description of thedual. It isreadily verified
that the dudlity gap c"x — b"y is now simply

s'x.
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Remark: Dua optimization problems also exist for certain infinite dimensiona optimiza-
tion problems and “ often” the duality gap between the optimal solutions is zero as well. If
you have to compute a solution of an infinite dimensional optimization problem it makes
sense to optimize over some “rich enough” finite dimensional subset, and hope for the best.
If thedual isavailable you can do the same with the dual problem. The benefit isnow that the
duality gap between the two approximate optimal solutions can be computed and it will give
agood indication (and hard bounds) on the accuracy of the approximate optimal solutions.

3.7 Aninterior point method

In this section we review an interior point algorithm which is one of the hot topics of the

last couple of years. These IPMs are like the IPMs we discussed in the previous chapter,

but their application to L Psallows for much more sophisticated results, theoretical results as

well as practical results (speed of computation). There are hundreds of variations of IPMs.

Wewill outline Ye'sinterior point method based on a primal-dual “barrier” function known

asaprimal-dua potential function (Ye 1991). A similar IPM is described in Freund (1991).
All IPMsfor LPs share the following idea:

a) Construct a“barrier” function G(x) that iswell defined for strict feasible x and is —oo
only at the optimal x = x*.

b) Generate a sequence {x¥} such that limy_, ., G(x¥) = —c0.
) Stopif G(x*) is negative enough.

In many of the potential reduction methods the x¥ are themselves the solution of a mini-
mization problem. Karmakar's method (1984) that started it al is essentiadly like that. Ye's
method (1991) wasthefirst in which theiterates x¥ are calculated in one go, whileretaining
the same order of number of iterates x.

As the name suggests, the iterates in IPMs are in the strict interior of the feasible set.
Thisisat first sight uncomforting considering that the optimal x* lies on the boundary of the
feasible set. It turns out that thisis hardly aproblem. For LPsin which the datais rational
there is away to obtain exact optimal solutions (See notes and references). In the general
case with real-valued data the iterates X' converge so fast, that for every tolerance € > 0
the running time to obtain ¢-optimal solutions is polynomial and which depends only very
mildly on €. More on this |ater.

3.7.1 Yesprimal-dual IPM

ThelPM of Ye(1991) that we explaininthissection isaprimal-dua method, that is, it solves
the primal and dual L P at the sametime. It should be no surprise that the duality gap s™x will
be used as a stopping criterion. The primal-dual LP is duplicated below

P : mindc'™x: Ax=b, x>0}

D : maxys{y'b:y' A+s' =cT, s>0}" (3.5)
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3.7.2 Thebarrier function

Todd & Ye (1990) introduced a barrier function called the primal-dual potential function.
It aims to measure the distance of afeasible pair (x, s) to the boundary as well as give an
indication about the duality gap.

Definition 3.7.1. The primal-dual potential function Gq(X, s) associated with the primal-
dual LP (3.5) isdefined as

n
Gq(x.s) £ qlog(s'x) — Y log(sjx;) (3.6)
=1
T nosTx
= —n)log(s'x) +lo —. 3.
(q—n)log(s'x) g(j]:[lijj (37)
g may be any positive number. O

Thefirst termin (3.6), qlog(s™ x), measures the duality gap: The more negative it is the
smaller the duality gap. The second termin (3.6), — Z?:l log(xjs;), measures the distance
to the boundary of thefeasible set: The more positiveit is, the closer we are to the boundary.
The potential function thus exhibits atrade of between the size of the duality gap and distance
to the boundary, and the parameter q is the tuning parameter.

We want that Gq — —oo if the duality gap s'x — 0. Since % > 1 we see from (3.7)
that we then need to choose g > n. After playing with the formulafor awhileit can be seen
that g = n+ /nisagood choice. We have the following result.

Lemma3.7.2. Takeq=n+ /n. Let (x, s) be feasible primal-dual vectors. If Gy(X,8) <
J/nloge then

s'x <e.

Proof. Using (3.7) we see that /nlog(s'™x) = Gg(X,s) — Iog]_[% < /nloge —

T T
log[] % Because % > 1, we have that ./nlog(s"x) < /nloge. -

So if want to know the optimal ¢"x* with an error of at most 10~%° then we only need
Gqy(X, 8) < —/n(15l0g 10) = —34.54,/n.

3.7.3 Thealgorithm

The ideais to generates iterates {x, s’} that reduce the potential function Gq(x, S) each
iteration by a constant positive amount. In view of Lemma 3.7.2 this then means that after
O(4/n) iterations the duality gap is ensured to be less than some given e. Ye's algorithm
shows that this can indeed be achieved. The algorithm is remarkably simple, although the
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derivation isabit tricky, and some arguments seem to come from nowhere®. For x € R" the
matrix Ty € R™" is defined as

xx 0 0 0
TAOXZOO
““lo 0o . o0

0 0 0 x

Ye's primal-dual interior point algorithm

input: m,ne N, e > 0,and Ac R™", ce R", be R™and initial
x© y© 5O gych that
AXO = b xO = 0, yOTAL sOT —¢T 5O 5 .
output: A feasible pair (x, s®) of (3.5) such that s®¥Tx® < ¢,
assumptions. A hasfull row rank.
begin
g:=n+.nk:=0
repeat
1) Do ascaling with respect to x(©:
X = TX_(k:)LX(k) = 1., s = TX(k) S(k), A = ATX(k)
2g:=0q/(s"Ys -1
3di=(1-ATAATH)IA)g
4) If ||d||, > 0.4 then do aprimal step: X :=1— z+—d,

4]l
elsedo adua step: s = gTTl(d +1
5) Scale back to original domain: k:=k+ 1,
sWi=T s, xM = TunX
until s™x < ¢
end

Anexplanation follows. Aswiththe Simplex method, the assumption that A hasfull row rank
is quite natural and can always be achieved. To find initid strictly feasible x©@, s©@ > 0is
not always easy, but suppose we have such apair. In Step 1 atransformation of the variables
is performed. Interestingly the x) is transformed to

1

X 2T x® =12

1

SA theoretically more appealing IPM is discussed in the next chapter.
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It iseasy to verify that in the transformed variables the primal and dual LPs become

P @ mine{c™x : AX =b, x>0}  (withc =Ty} @8
D : maxys{y'b:y'A+s"=cT,¢>0) ' '

Itisimportant to note that the duality gap s"x and the potential function Gq(X, S) areinvariant
under such transformations®.

Oneway to decrease Gy(X', S') istokeep s’ fixed and move X’ in the direction —g, where
g is defined as the gradient of Gq with respect to x evaluated at (X', S'):

L

g VxGq(X, 9)| x,9)=(L9)
1
_oa . |*¥
= —s—|:
S'X 1 |1(x9)=(19)
Xn
= Jdg-1
S'X

Thisis Step 2 of the algorithm. The —g isadirection of descent for G, because
Gq(X — €0, 8) = Gq(X, §) — €g" VxGq(X, §) + 0(€) = Gg(X, §) — €|l gll3 + 0(e).

We can not move X' in the direction of —g, however, because A'(X' — eg) = b — eA'gis
generaly not equal to b, i.e., X' — egisnot feasible. O.k., so why not move X' inthedirection
—d where d isthe projection of g onto the space {x : A'’x = 0}. Itistrivia to check that, in
the usual inner product, d is given by the formulain Step 3. Note that —d is till adirection
of descent because

Gq(X — ed, §) = Gq(X, ) — ed" VxGy(X, §) + 0(€) = Gy(X, §) — €]|d]13 + 0(e).

Now consider Step 4 for thecasethat ||d||, > 0.4. Inthat case X’ isupdatedtox' =1 — Wlﬂlzd'

By construction we have that AX' = b, and from the expression X' =1 — Téuzd it isfurther
immediate that X' > 0. Therefore the updated X’ is strictly feasible. The technical part isto
show that

Lemma3.7.3. If |d||> > 0.4 and with X’ updated to X' = 1 — 4Hé\|zd there holds

.
Gy(X,8) < Gq(x®, s®) — 0

6This componentwise transformation is known as affine scaling. The affine scaling used here is due to
(Vanderbei, Meketon & Freedman 1986) and (Barnes 1986). Note that after scaling we have x = 1. A scal-
ing can beinterpreted asachange in theinner product (hence, affecting projections) or asaway to move x away
from the boundary of the feasible set. Note however that athough x is moved away from the boundary, the
iterates s have to approach zero if the duality gap isto go to zero.
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Proof. Thisisan exact copy of (Goemans 1994). As Gy isinvariant under affine scaling we
have that Go(x®, s) = G4(1, §).

Gy(I'S — - d, )~ Gy(L §)

Gq(X,s) — Gy(L, 9) 21l

T n n
T

d's d;
= log(l' — —) — log(l— ——) — log s
9109(1" ~ i) — 251091~ zpgp) — 2 logs

=1 =1

n n
—qglog(1's) + ZloglJr Z logs;
=1 =1
T n

d's d;
= log(l— ——) — log(1l— 1.
9log(1— Zre) — 2. 1091~ )

i=1

Using therelation

2(1_ D = <log(l—2) <-z 3.9

which holdsfor |z| < a < 1 we get

X, §) - Gu(L S < qd’s Xn: Z — 1‘)
q(X, q(d, = 4||d||21Ts/ 7 4|2 16||d| % 4

__qd's N ;Td 1
4||d||21T 4\ dll

a .7 1
_ _ d+—
4||d||2( s T
1
= + —
4||d||2< 9)d+ 5
_ A3 1
4/ dll2
. Idll2
= T2 '
1 1 7
S —i5+ 55 = 1op = 0.05833%..
We used here that g'd = ||d|3. n

Now consider the case that ||d]2 < 0.4. In this case Step 4 leaves X' unchanged and
updatess to 1's' /q(g — d). Toseewhy theupdated s isstrictly feasible weargue asfollows.
Before updating we know that s’ is strictly feasible, therefore thereisa y’ such that

Yy A +8T=cT.
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Nowg—d=AT(AAT)"1Ag thatis g—dliesintherange of A'T. Therefore for every
u there isa ¥ such that

YA+ +p@-d) =c’

For strict feasibility of s+ (g — d) it is therefore sufficient to show that al entries are
positive. Take u := (17s')/q > 0. Then

17y
S+u(g—d) = d——(g d)
T
_ g_ﬁ(( S -1-d
T
- 5(d+1)

In Step 4 thisupdate is performed only if ||d||, < 0.4 and in such casesitisdirect that s' > 0.

;
Lemma3.7.4. If |d|l» < 0.4 and with § updated to § := %(d + 1) there holds
Gy(X,8) < Gq(x®, s®) — 5

Proof. Thisisan exact copy of (Goemans 1994). Let s’ be as before updating and let S be
T
the update § .= sjTl(d +1). Let t denote the duality gap before updating, t := 1's.

o, 1's n t 1'd
Zlogsj—nlog(—T) = ZIOg(a(1+dj)) —nlog( (1+‘—))
=1 j=1
L 17d
= Zlog(l-i—dj) —nlog(1+=-)
=1

v

c T
Z(dl it (using 39 witha= 2)
n 5

IdIi 2
Z Tep B (310)

Using (3.10) and the inequality

T

n 17s
> “logsj < nlog==,
=1 n
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which follows from concavity of the logarithm function, we have

1's & n
Gy(1,8) — Gy(1,s) = qglog=— — log$§; + logs
Al 9~ Go(L.s) = alog 7o ;g, ;g,
< qglo g-i-i—nlo (gg)-i-nlo (g)
< alog o+ 75— nlog(S; 9(=-
2 1's
= — [ —_.
15+ﬁog£g
On the other hand 17§ = é(n +1"d) and recall that t := 1T,

1 1
=-(n+1"d) <
q( = )_n+ﬁ

since, by Cauchy-Schwartz, [17d| < |e]l»|ld]> = +/n|d||2. Combining the above inequali-
tiesyields

m

1T
_T

(n+0.4/n),

=
Y

GiL - Gyl ¥) = o+ Vilog(1— V2
2 0.6n
15 n+.n
2 3 1

< — - = .
- 15 10 6
|

Summary: Eachiteration the potential function Gy isdecreased by apositive amount of A :=
min(7/120, 1/6) = 0.05833 or more. Therefore by Lemma 3.7.2 the algorithm requires a
maximum of

Gq(x©,s9) — /nloge
A

iterations before the duality gap s'x is guaranteed to be less than €. Ye further showed
that an initial pair (X, s©@) can always be constructed cheaply such that Go(x©, s©) =
O(y/n). As aresult after O(,/n) iterations the algorithm exits. In each iteration only triv-
ial operations are needed and it easy to see that the most expensive step is the projection
d= (1 — AT(AAT)"1A)g. Tocalculate the projection d we need O(n3) operations’. The
overall algorithm therefore requires O(n®%) operations.

Thevaue of A = 0.05833 is small, but remember that this is a lower bound only and
in practice Gq may decrease much more®. More important is the factor nS. It can not be

"We might for example use Cholesky factorization to find the z such that (A’A’T)z = A'g. That requires
O(n®) steps (Golub & Loan 1983). Thend :=g— ATz

8Actually nothing prohibits us from including a line search in p > 0 to minimize Gy(x — pd,s) or
Gy(X, S + p(g—d)). Approximate line searches are cheap and dramatically speed up the algorithm.
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expected that IPMs beat the Simplex method for modest sized problems. |PMs are primar-
ily useful for large problems with severa thousands of variables (whichis not uncommon in
practice). For such large problemsthe order of complexity isthe single most important num-
ber completely overshadowing thevalue of A. Ye'sagorithm wasthefirst to obtain an order
of complexity of O(n3®). Later Anstreicher & Bosch (1992) showed that it can be brought
down further to O(n?) by using some sort of approximate solutions to linear equations. Fre-
und (1991) who developed almost the same algorithm as Ye, showed that g = n+ /nisthe
optimal choice of q.

Exercise 3.7.5. WriteaMatlab macrofor Ye' sagorithm. Isthere areason to transform back
to origina domain (Step 5 of the agorithm)? Explain. O

3.8 Notesand References

Thetext of this chapter is mainly based on the lecture notes by Goemans (1994) and a paper
by Goldfarb & Todd (1989).

Many pivot rulesfor the Simplex method may result in infinite loops, but there are pivot
rulesthat can not get stuck in infinite loops. One of theseisthe“minimal index rule’ (Bland
1977).

For al known pivot rules the number of pivots needed in worst caseis exponential. Itis
as yet not known whether or not there is a pivot rule for which the Simplex method runsin
polynomial time.

Many papers on interior point methods assume that the data are integer numbers (or ra-
tional numbers) and that all computations are done exact (so, the amount of bits to represent
anumber is not fixed apriori). It is shown that with such exact computation interior point
algorithms, such as Ye's, are polynomial in time and polynomial in the amount of bits re-
quired. Itisnot known at present whether or not there are algorithms for L Pswhaose running
timeis polynomial and does not depend on the size of the (integer valued) entries of A and
b.

After Karmakar’s paper of 1984 the next breakthrough came with the book by Nesterov &
Nemirovsky (1993). They showed that polynomial timeinterior point algorithmsfor LPscan
in principle be generalized to almost any convex program. Their result relies on the existence
of abarrier function with certain properties. They show that such a barrier function exists,
but unfortunately computing it may still be very, very difficult.

Ye's (1991) was the first that required only O(4/n) outer iterations without the need to
follow the* central path” closely (den Hertog 1993, p.157). The primal-dual potential reduc-
tion methods work well in practice (den Hertog 1993, p.160).



Semidefinite Programs

Covered are:
1. Linear matrix inequalities (LMIs).
2. Properties of semidefinite programs (SDPs).
3. Review of an interior point polynomial time agorithm for SDPs.

Roughly speaking an SDP is the same as an LP except that the constraints are matrix in-
equalities instead of set of scalar inequalities. Assuch SDP isan extension of LP. It retains
the convexity properties of LP but allows for much more genera problems to be consid-
ered. One important such classisaclass of convex quadratic programming problems with
quadratic constraints. SDP have wide application. In control theory they are very popular
these days, and for many NP-hard problems SDPs can be used to obtain meaningful lower
or upper bounds.

Despite the similarities, SDPs and LPs have led different lives. The reason being that
SDPslack the kind of geometrical and combinatorial interpretation that plays such apromi-
nent rolein LPs.

The recent interior point algorithms for L Ps make less explicit use of geometrical prop-
erties than the classic Simplex method, and one of the fortunes of this devel opment has been
the recognition that some form of interior point algorithm can aso be used for semidefinite
programs. As opposed to LPs, for SDPs the recent interior point methods are the first to
efficiently solve the problem.

There will be asense of dga vu when we describe duality, duality gap and barrier func-
tions, but they will not be quite the same.

4.1 Linear matrix inequalities (LMIs)
A semidefinite program (or SDP) is an optimization problem of the form

minimize c'x

subjectto Fo+ > L, xF >0, (4.1)

37
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wherex =[x ... xn]T € R"isthevector over which to optimize, ¢ € R"isagiven vector
and Fp and the {F;} are aset of symmetric matrices of equal dimension. Thefeasible set here
is described by a matrix inequality

F(x) £ Fy+ ZXi F > 0. (4.2)
i=1

A matrix inequality is defined as follows.

Definition 4.1.1 (Nonnegative definite and positive definite). A symmetric matrix A €
R™" is nonnegative definite, denoted A > 0, if zT Az> Ofor al ze R".

A symmetric matrix A € R™" is positive definite, denoted A > 0, if z' Az > 0 for all
nonzero z € R". O

The appendix lists some more properties of nonnegative definite matrices. One particu-
larly important result is that a symmetric matrix is nonnegative definite if and only if al its
eigenvalues are nonnegative.

Theinequality (4.2) isknown asalinear matrix inequality (LMI) in the variable x. This
is somewhat confusing considering that F(x) isin fact affinein x. We aso speak of an LMI
if > isreplaced with >. In therest of this section we examine the LMI in detail.

Lemma4.1.2. Thefeasibleset {x : F(x) > 0} isconvex.

Proof. Suppose F(x) > 0and F(y) > 0. By linearity F(AX+ (1 —1)y) = AF(X) + (1 —
A)F(y). Hence for any vector zand any A € [0, 1] we have that

Z'(Fux+ 1 - 1)y)z=12"F(X)z+ (1- 1) Z'F(y)z> 0.

The feasibility problem to check whether or not the LMI F(x) > Oisachieved by some
X is sometimes called the LMI problem.

Other representationsof LMIs  Oftenthevariables comeintheform of entries of amatrix,
say X € R™", For example the Lyapunov inequality

XA+A™X+1<0 (4.3)

isan LMI in (theentries of) X. We could of course write out the above inequality in terms of
the entries x; of X to obtain the form (4.2), but usually it is better to leave it in the condensed
matrix format asit is.

There are many other equivalent waysto represent an LMI. Oneinsultingly simple vari-
ation isthe LMI F(x) < Oi.e.,, with F(x) negative definite instead of positive definite. In
many cases negative definiteness is more natural.
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StackingLMIs Everyone knows that the intersection of two convex setsis again convex,
but isthe intersection of two convex sets described by LMIsagain aconvex set described by
an LMI? The answer is yes, namely the intersection of two convex sets

{x: FX)=0INn{x: G(x) >0}
can also be expressed by a“single” LMI

[FO 0
{x.[ 0 G(x)]EO}'

Intersecting convex setsisthus matter of diagonally stacking the LMIs. Asan example, the
Lyapunov inequality (4.3) with X restricted to positive definiteis again an LMI:

[XA+ATX+I 0]<0
0 -X '

Figure 4.1: A typical feasible set defined by an LMI.

4.1.1 Quadratic feasible setsand Schur complements

Let us begin with an example.
Example 4.1.3. Consider the linear matrix inequality

1 0 x4 0
F(x) = x X 1 >0.



40 Chapter 4. Semidefinite Programs

Itiseasy to verify that theeigenvalues of F(x) arex; + (1/2) and land 1+, /X2 + x3. Since
F(x) > 0iff dl its eigenvalues are nonnegative (see appendix) we see that the feasible set
{x: F(x) > 0} isthe intersection of the unit disc {x : ,/x2 +x3 < 1} with the half-space
{{3%]:x = —1/2}. SeeFigure 4.1. 0

Interesting about this example is something that we will explore in more detail: Appar-
ently with linear matrix inequalities we can describe quadratic curves, like circles. Thismay
well be the most important feature of LMIs. On the negative side this rules out any hope for
a Simplex type method for SDPs as we have no vertex results here.

In Example 4.1.3 we derived the formulafor the circle through computation of eigenval-
ues. For large LMIs computation of eigenvalues is not an easy task, and so we' d better find
some other means to connect LMIs with quadratic inequalities. This can be done with the
trick of Schur complements.

Definition 4.1.4 (Schur complement). Let M be a partitioned matrix

4P Q
walf 9
The Schur complement of Pin M isdefined as S— RP~1Q. Similarly the Schur complement
of S(in M) isdefined as P — QS IR. 0

We could of course give representation independent definition of Schur complement, but
the matrix formulae will be enough for our purposest. Schur complements enter quite natu-
rally in equations with partitioned matrices. For example, if we know that Sis nonsingular,
then zin the equation

P QlIx| _|z
R S||y| |0
satisfiesz= (P — QS 1R)x. In particular this showsthat if Sisnonsingular that then M—

assuming it is square—is nonsingular iff the Schur complement of Sisnonsingular. In fact
we have that

det(M) = det(S) - det(P — QS 1P).
The proof is simple: Take determinants on both sides of the following identity:

P Q | 0] [P-QS'R -QS'R
[R s} [—S‘lR J_[ 0 S }

What we need is this:;

1A representation independent definition of Schur complement: Let M : W — W be a bounded operator on
some Hilbert space W. The Schur complement of M with respect to asubspace V ¢ WisthemapL:V — V
defined as Lx = PMx where P denotes the projection onto V along MV+.
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Lemma 4.1.5 (Schur complements for symmetric matrices). Let P and S be symmetric
matrices. The following are equivalent.

1. M::|:(§T gi|>0.

2. P> 0and its Schur complement S— Q"P~1Q > 0.
3. S> Oand its Schur complement P — QS 1QT > 0.

Moreover, if S> 0then M > 0iff P— QS'Q' > 0. Smilarly, if P > 0then M > Qiff
S-Q'PlQ>0.

Proof. (1 < 2):
T .11 P QX X
M>0 & [x y][QT S}M>o v[y];éo
& X Px+x'Qy+y'Q'x+y'Sy>0 V[);];éo
& detP#0and
X"+ Y QTP HP(x+ P1Qy) + ¥ (S- Q'P'Qy >0 vm #0

& P>0andS—Q'P Q>0

(1 < 3) goesexactly thesame. A another, matrix proof usesthefact that M > 0iff VIMV >
0if Visnonsingular (see appendix). Then (1 < 2) follows from the fact that

[—QTIP—l ﬂ [5 2] [g _PIlQ]:[g S—QQP‘lQ]

Consider again Example 4.1.3. The Schur complement of the upper left [ § 9] block in
1 0 X1
0 1 % (4.4)
X1 X 1

1 0] '
1-[x %] [o 1} [X;]zl—(XE+XE),

and so we see right away that (4.4) is nonnegative definite iff (X1, Xo) liesin the unit disc.
That's easy. The good thing about the Schur complement formulaisthat it shows how to go
the other way, we mean, it shows how to transform certain quadratic feasible setsinto linear
matrix inequalities. Some examples from control theory are given in the next section. Two
academic examples:
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Example4.1.6. Theset D := {x: X" Qx+ 2x"b+ ¢ < 0} isaconvex set if Q > 0. To see
this consider the LMI

FO0 = |:XSQ —ZXQE)(— c} > 0.

By the Schur complement formula the above holds iff Q > 0 and X" Qx +2x"b 4 ¢ < 0,
that is, D = {x: F(x) > 0}. Convexity of D istherefore established. With abit more effort
it can be shown that D is convex if and only if Q > 0. O

Thefollowing exampleiscopied from from Vandenberghe & Boyd (1996). It shows how
to “linearize” adifficult optimization problem using the Schur complement.

Example 4.1.7. Suppose we are given the problem

... (CTX)2

mi n.| mize wirs (45)
subjectto F(x) >0

wherex, ¢, d are column vectors and If(x) > 0issomeLMI. Assumed'x > Oonthefeasible
set. Theobjective functionisnot linear soitisnot directly an SDP, but with help of the Schur
complement we see that (4.5) is the same asthe SDP in the variables xand t € R

minimize t

Fx) 0 O
subject to 0 t c'x|=>0.

0 «c'x d'x

4.2 Examplesof LMIsand SDPs

The IPM for SDPsthat we will describe later on in this chapter show that the LMI problem
is easily solved, that is, that there are efficient algorithms that check whether or not thereis
an an x such that F(x) > 0, and that will find one such x if any exist. In this section we give
examples—most of then from control theory—of LMI problems and SDPs.

Example 4.2.1 (Quadratic stabilization). Suppose that asignal x satisfies x = Ax + Bu,
but that A(t) and B(t) are uncertain matrices in that they are piecewise constant in time,
taking one of the L values

{[A1Ba],....[AL BL]}

but we do not no which value they take and how often and when they change. Our objective
Isto find matrices K and P such that

(Ai+BK)TP+P(A+BK)<0, (i=1,...,L), and P> 0. (4.6)
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If this can be achieved then from standard Lyapunov theory it followsthat u = Kx stabilizes
the uncertain system. The matrix inequalities (4.6) are not al convex in the variables P and
K. With Y defined as Y = P~ and W defined as W = K P~1, the inequalities (4.6) may be
rewritten as

(A +BWY HTY 1oy ta+BWY ) <0 (i=1,...,L), andY > 0.

These are still not LMIsin the variables (Y, W). Multiplying the L inequalities on the left
and right by Y we get an equivalent

YA +W'B '+ AY+BW<0, (i=1,...,L), andY > 0.

All L 4 1inequalities are now LMIsinthevariables (Y, W), and, hence, thisis afeasibility
problem of LMIs and we can consider the problem solved. Once W and Y are found, the
controller gain K follows by back-substitution K = WY,

Khargonekar & Rotea (1991) used a similar trick to show that a certain mixed H./H;
problem can be cast as a convex optimization problem. O

Example 4.2.2 (Passivity). The first LMI that became popular in control (although cer-
tainly not under the name “LMI”) isthe Lyapunov inegquality

AP+ PAT <0, P=P'>0.

The most famous LMI in control theory isthe one associated with the Ka man-Yakubovich-
Popov lemma. One version of the KY P lemma says that the following three are equivalent.

1. Thesystem x = Ax+ Bu, y= Cx+ Duisstable and for some ¢ > 0 we have

t t
/ y(t)Tu(t) dt > € / y(t) Ty(t) +ut)Tut)dt vt>0
0 0

for dl inputs uandinitial condition x(0) = 0. Such systems are sometimes called very
strictly passive.

2. Ahasall its eigenvalues in the open left-half plane and G(s) £ C(sl — A)"'B+ D
satisfies

G(s)+G(s)' >0, Vse{s:Res> 0} Uocc.

3. Thereisasymmetric matrix P > 0 such that

PA+ ATP PB-CT -0
—-C+B'™P -D-DT ‘

The condition in the third item is afeasibility problem of an LMI. O
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\
@

Figure 4.2: A 1 problem.

Example 4.2.3 (Robustness problem). One of the most challenging problems in robust
control isto determine whether or not a closed loop system remains stable and retains satis-
factory performance specifications under uncertainties and variations of some sort. A canon-
ical form of this problem is shown in Figure 4.2. Here the plant G is known and stable, and
the block A represents the uncertainty which may be nonlinear or time-varying. The robust
stability problemisto check if the closed loop is stable for al Asinagiven class of passive
operators ©.

There iswell known result that says that if A is passive and G isvery strictly passive,
then the closed loop is stable (Desoer & Vidyasagar 1975). Since the whole class ® is as-
sumed passive, we see that very strict passivity of G is enough to ensure robust stability of
the closed loop. This passivity result, however, is overly pessimistic as it does not exploit
specific properties (such as structure) which © usually has. We can often do alot better by
exploiting these properties of ©.

Suppose E isaset of constant nonsingular matrices such that ® E~1 is passive for every
E € E. It will beclear from Figure 4.3 that robust stability isstill ensured if we can find one

G p E

Y

Figure 4.3: A 1 problem.
E inthisclass E such that EG isvery strictly passive. More explicitly, suppose

Ag O O
D={A:A=]|0 . o0 |}
0O 0 A,
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where A; is any passive operator of some fixed dimension. It is easy to verify that AE~1 is
passive for any A € ® if

el 0 0
EcE={| o . o0 |:e€cR, >0
0 0 el

As aresult, the closed loop is robustly stable if thereisan E € E such that EG is strictly
passive. The condition that EG be very strictly passive for some E € E isan LMI problem.
To seethis, let G(s) = C(sl — A)~1B+ D bearedization of G. Then EG has realization
EC(sl — A)"1B+ ED, and by Example 4.2.2, EG is very strictly passive iff for some P
we have that

[ PA+ ATP PB—CTET

—EC+B'P —ED—DTET}<O7 P=P">0. (4.7)

Thisisan LMI problem in the variables P and E € E. (Note that E has to be a convex set
in order for thisto be an LMI problem. In our example E isindeed convex.)

|

For many classes of operators ® the robust stability problem is known to be NP-
hard (Braatz, Young, Doyle & Morari 1994) (Poljak & Rohn 1993). Then SDP or LMI
sufficiency conditions like (4.7) are often about the best we can do. Oneinteresting problem
isto find out how conservative the SDP/LMI sufficiency conditions are.

Example 4.2.4 (Thelargest singular value). Suppose matrix Z(x) depends affinely on x.
It is not clear at first sight that the spectral norm (=the largest singular vaue) || Z(x)| of
Z(x) isconvex in X, but it is, asa Schur complement argument will show. The claim is that
I1ZOll < y iff

vIh  Z(X)
[Z(X)T y|m]>0' (4.8)

This is because the Schur complement of y1,in (4.8) is

Ylm— %ZT(x)Z(X) = % [Pl — Z00TZ(0],

whichis > 0iff ||Z(X)|| < y. Theinequality (4.8) isan LMI in x and, as a consequence,
|Z(x)|| isconvex in x and finding the minimal || Z(x)|| over xisan SDPin x and y:

min y, subject to (4.8).
yeR, x
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Example 4.2.5 (Minimize maximum eigenvalue). Let A(X) = Ag+ X1 A1 + -+ + X An
be asymmetric m x mmatrix depending on x (we assume all Aj are symmetric). The prob-
lem

MiN Amax A(X),
xeRN

where Amax denotes the maximal eigenvalue, can be cast as the SDP

min t subjecttotly,, — A(x) > 0.
teR, xeR"

Thistells usthat the maximal eigenvalue of A(X) isconvex in x and that its minimum over

X is easy to compute. By the way, Amax A(X) is generaly not differentiable with respect to

X. O
Example 4.2.6 (Bounded Real Lemma). Another application of the the Ka man-Yakubovich-
Popov lemma, is the so-called Bounded Real Lemma (BRL). The standard BRL is in
terms of Riccati equations. Here we present (without proof) an inequality version. Let

X = AXx+ Bu, y=Cx+ Dubeaninitialy at rest, stable system and define y* as

v oy hIYDIBd

14
uel,, t>0 fo ||u(t)||§dt
The following holds.

1

Y =sup |G(j)l
weR

where |G(jw)| denotes the largest singular value of G(jw), and G(s) £ C(sl —
A)~1B+ D.

2. y* equds the solution of the SDP

minimize y
PeR™N, yeR
ATP+PA PB CT
subject to BTP —yl DT | <0, P=P'>0.
C D —yl

The expression sup,,.i ||G(jw)|| for stable rationa matrices G is the ubiquitous Hx.-norm.
i

Example 4.2.7 (H,, control). InH,, controller synthesis we need a solution X > 0 of the
Riccati inequality

1
ATX + XA+ X(? B1B] — B,B))X+CJC; < 0. (4.9)
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This expression is quadratic in the variable X and thus not directly convex in X. We can try
to use the Schur complement formula to transform it into an LMI. If =B, B] — B,B; > 0
we have that (4.9) holdsiff the LMI below is satisfied.

—ATX - XA-C[C; X(%BlBI— B,BJ)Y/2 0
>
(55 B1B] — B2B))Y/?X |

Unfortunately % B, BI - By Bg is generally not > 0, so the square root need not exigt.

Second attempt: DefineY := X~1 and notethat X > 0iff Y > 0. Multiplying (4.9) from
the left and right by Y gives the equivalent inequality

1
YAT 4+ AY 4 (5 B1B] — B;B;) + YC{C1Y < 0.
Y

Using a Schur complement argument we, the above inequality is satisfied iff the LMI below
holds.

—YAT — AY — (.3 B1B] — B;B}) YC] o
CrY |

Summarizing: Thereisan X > 0 such that (4.9) holdsiff thereisaY such that

1
_YAT—AY—(7BlBI—BzB; YC] vso
CY |

which is afeasibility problem of an LMI and once Y isfound X followsas X = Y1,

4.3 Properties of SDPs
Recall that the semidefinite program is defined as the minimization problem of the form

minimize ¢

subjectto  F(x) > 0, (4.10)
where F(Xx) issome LMI in x. In this section we look at equivalent formulation caled the
conic formulation, and we have look at duality for SDPs in conic form. In a way these
are preparatory results for the IPM of the next section, but while the IPM is mainly tech-
nical, the conic formulation and its dual are very elegant. This section islargely a copy of
(Vandenberghe & Boyd 1995), whichinturnisinfluenced by (Nesterov & Nemirovsky 1993)
and (Alizadeh 1992).
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4.3.1 Theconic formulation

In this section we introduce the conic formulation. In this somewhat more abstract formula
tion the duality results and algorithms based on it are more transparent than with formulations
we used so far.

Inwhat follows S denotes the subspace of symmetric matricesin R™", L denotes asub-
space of S, and P isthe set of nonnegative definite matricesin S. The matrices C, D, X are
elementsof S and (-, -) isan inner product on S.

Definition 4.3.1. The optimization problem

min(C., X) subjectto X € PN (L + D) (4.11)

iscaled an SDPin conic form. O

Any SDP can be written in conic form. For example the SDP (4.10) can be written in
conic form asfollows. Let

L = F(Rn) — Fo; D .= Fo; X:= F(X).

If F(x) isinjective wecanfind an affineleftinverse G of F. Asaresult the objective function
c"x isthen aso afunction of X:

c'x=c'GX,
and as c' G is an afine linear functional we can find a C € R™" such that
Ty
c'x={(C, X)+a.

Theterm ais constant, hence, it does not contribute to the minimization problem and can as
well be left out. The SDP (4.10) is thus essentially the same as (4.11). There is one minor
assumption that we used: We required F to be injective. If F(x) is not injective then we
have a somewhat degenerate SDP that can be simplified. Namely, if F(x) is not injective,
then the feasible set {x : F(x) > 0} contains aline, and hence c"x is then either unbounded
from below on the feasible set (i.e., a degenerate SDP) or c is perpendicular to thislinein
which case this linear dependency can be removed from the description (4.10) leaving an
equivaent SDP in fewer variables.

Example 4.3.2. The usua inner product on R™" with respect to some basisis (C, X) =
tr CTX where tr is the trace, the sum of the diagonal entries. It will now be clear that the
following is an SDP, although it is not yet in any of the standard forms.

min trC'X, subjectto XAT + AX < —I,,
IS nxn
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4.3.2 Thedual SDP
The dua of the prima SDP

m)ln(C, X) subjectto X e PN (L + D)

mzin(Z, D) subjecttoZe PN (LT +C).

Before we can prove that thisisindeed the dual we have to introduce an assumption.

Assumption 4.3.3. We assume that primal and dual are strictly feasible, that is, that there
aeXePNn(L+D)andZePN(L++C)suchthat X > 0and Z > 0. 0

Strictly feasible thusimplies that the dimension of the primal and dual feasible sets equal
that of L and L+ respectively. A consequence is that the primal and dual feasible sets have
nonempty relativeinterior?. These are quite natural assumptions and only very specific SDPs
arenot strictly feasible. Under this assumption the distinction between F(x) > Oand F (x) >
Oisessentidly irrelevant, the difference isa“thin” set.

Lemma 4.3.4. Suppose the primal and dual SDP are both strictly feasible and define the
duality gap as

gap(X, Z) 1= (Z, X).
The following holds.
1. The duality gap satisfies

gap(X, Z) :=(Z, X) = (C, X) + (Z, D) — (C, D), (4.12)
and the duality gap is nonnegative for feasible (X, Z).

2. The primal and dual objective functions are bounded from below on their respective
feasible sets, and optimal X* and Z* exist.

3. Optimal X* and Z* satisfy
(C, X*)+(Z*,D) — (C,D) =0.
In other words, (X*, Z*) isoptimal iff gap(X*, Z*) = 0.
4. For any feasible (X, Z) there holds

(Z,D) —gap(X, Z) = (Z%, D) = (Z, X).

2nonempty interior relativeto L 4+ D and L+ 4 C respectively.
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Proof. Theinner product is (X, Z) :=tr XZ.

1. By feadibility we havethat X € (L + D), Z e (L*+ + C) whichyields (4.12).

Further by feasibility X and Z are both nonnegative definite. Thereforegap(X, Z) :=
(X, Z) :=tr XZ = tr XY2Z X2 = 3" 0 (XY2ZXY?) > 0.

2. By assumption thereisafeasible Z. Then boundedness from below of (C, X) follows
from (4.12) and the fact that gap(X, Z) > 0. Thedua (Z, D) is bounded from below
for the same reasons.

By dtrict feasibility there is a positive definite feasible Z. Take one such Z > 0. Let
{X«} be a sequence of feasible elements such that (C, Xy) converges to the optimal
cost. Then from (4.12) it follows that (X, Z) is bounded from above, and as Z > 0,
this means that Xy remains bounded so it has a converging subsequence whose limit
isoptimal by construction. Similarly Z* exists.

3. Let S denote the set of symmetric matrices. Take an arbitrary o € R. Then

@< (C,X*) & BXePN(L+D), (CX) <a
& (X®(C, X): XeP}N{(L +D)® (—o0,a)} = ¥

This is an intersection of two convex sets of which the first is a cone and has a
non-empty interior (assuming nondegeneracy C # 0). By a separating hyper-plane
argument—in fact a variation of the geometric Hahn-Banach theorem (Luenberger
1969, page 133, Thm.3)—the intersection is empty iff there is a separating hyper-
plane, that is, iff afunctional (Y @ vy, -) exists that is non-positive on one convex set
and positive on the other:

a<(C, X" & IYPyeS®Rsuchtha
YOV, {(X®(C,X) : XeP}) >0
and (Y@ y {(L+D)® (—o0,)}) =<0
& 3Y e S, yeRsuchthat (Y, X) + y(C, X) >0
VX eP and (Y,L + D) + y(—00,a) < 0 (4.13)

We may scale (Y, y) with apositive constant to achievey € {—1, 0, 1}. Thecase y =
—1isimpossible asthat contradicts (4.13). If y = 0then (4.13) states that (Y, fp)>) >0

and (Y, L + D) < Obut that contradicts the strict feasibility assumption that ]13 N(L +
D) # 0. So only the case that y = 1 remains, and we can proceed as follows:

@< (C,X*) « 3YeSsuhtha (Y+C,P) >0 (4.14)
and (Y, L + D) + (—00, &) < 0. (4.15)
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Now we are almost there. The condition that (Y + C, ]13) > Oisequivaent tothat Y +
C e P, Y+ C+# 0 (thisiseasy to verify), and boundedness from above of (Y, L + D)
in the inequality (4.15) necessarily meansthat Y € L+. Therefore:

a<(C, X" & 3IYeS,Y+CeP,Y+C=#0, YeLt, (\,D)+a <0
& 3Z:=Y+CelP, Z#0, ZeL*+C, (Z-C,D)+a <0
& (ZF,D)—(C,D)+a<0.

Asa isarbitrary this proves that
(z*,D)—(C,D)+ (C, X*) <O.

In Item 2 we showed that (Z, D) — (C, D) + (C, X) > 0. Hence it must be equal to
zero for the optima (X*, Z*). Conversdly, if (Z, D) — (C, D) + (C, X) is zero then
from the fact that the duality gap isnonnegativeit followsthat (X, Z) must be optimal.

4. Easy.

4.4 A primal-dual IPM for SDPs

Under assumption 4.3.3 the relative boundary® points of the feasible set are those el ements of
thefeasible set that are nonnegative definite but not positive definite. In particular therelative
boundary points are singular. So a candidate barrier function on the feasible set could be

#(X) :=logdet X 1.
It has the properties of a barrier that we need:

Lemma4.4.1. The barrier function ¢(X) := logdet X"t isconvexon PN (L + D). Itis
well defined for strictly feasible X and growsto +-oco as X approaches the (relative) boundary
of the feasible set. Furthermore ¢ has a second order Taylor expansion on IP given as

P(X+A) = ¢(X) — (A, X+ (XTEAXTL, A) +o(A]2). (4.16)

Proof. Convexity follows from the fact that the second order term in the Taylor series is
nonnegative:
(XTAX LAY = trxiaxTia
= trX Y2Ax"tAx-Y2
= tr X_l/ZA X—l/2x—l/2A x—l/Z
IXH2AX Y22 = 0.

3Those are the points of the feasible set that are not in the relative interior.
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The only nontriviality is to show that (4.16) holds. Note that X and X + A both feasible
impliesthat A issymmetric.
d(X+A) = logdet(X+ A)
= logdet(X(l + X~ 1Ayt
— ¢(X) +logdet(l + XAyt
= ¢(X)+logdet(l — X~PA + XTTAXTIA +o(l|A )
= ) — (A, XTH) + (XTTAXT A) +o(AlP).

We summarize the main ingredients of an IPM for the combined primal and dual SDP

minimize (X, Z)
subjectto XePN(L+D), ZePn (Lt +C).

Aswith LPs, the use of acombined primal-dual SDPisthat weknow the optimal cost iszero.
For this SDP we define the primal-dual potentia function

G(X, Z) :=vy/nlog(Z, X) 4+ ¢(X) + ¢(Z) — nlogn.

Thefirst term, vi/nlog(X, Z), measures the duality gap: The more negative it is the closer
we are to optimal zero dudity gap. The second term, ¢(X) + ¢(Z) — nlogn, measures the
distance to the boundary of the feasible set: The more positive it is, the closer we are to the
boundary. The potential function thus exhibits atrade of between the size of the duality gap
and distance to the boundary.

Lemmad4.4.2. ¢(X)+ ¢(Z) —nlogn > 0.
Proof. Thereisan interesting proof in (Vandenberghe & Boyd 1995). m

This explains why we included a constant term —nlogn in the potentia function. A conse-
guence is that

G(X.2)

gap(X, Z):=(Z, X) <e wh ,

so to obtain a duality gap of less than ¢ it is sufficient to know that
G(X, Z) < vi/nloge.

The primal-dual IPM is a method to generate strictly feasible iterates (Xy, Zx) such that G
decreases each iteration by some fixed positive amount §. Then to achieve agap of at most
€ we need at most

G(Xo, Zo) — vy/filoge
1)

iterations. Vandenberghe & Boyd (1995) show that such iterates can indeed be found, and
that each iteration requires a polynomial humber of operations.
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Primal-dual IPM by Vandenberghe & Boyd (1995), based on results by
Nesterov & Nemirovsky (1993) and Ye (1991)

input: Strictly feasible (X, Z).
output: A feasible pair (X, Z) such that the duality gap isat most ¢.

begin
Takeany 6 € (0,0.35) and set § = 0 — log(1+ 6).
Setk=0, v=1.

repeat

1) Find suitable search direction
Let W=[%2]. ComputeaAy = [ 2 ]e[k ] suchthat

(Aw. VEW)
IW=22AWW-1/2||g =

2) Plane search
Findix, Az € R* such that X — AxAx eP, Z—xzAz € Pand

G(X—AxAx,Z—AizA7) < G(X,Z)-$§ (4.17)
3) Update
St X =X—-AxAxand Z:=7Z— AzA7.
until (Z, X) <e.

end

A few words on this agorithm: The problem of maximizing the expression

(Aw, VG(W))
[W-2AWW-1/2||¢

is as aleast squares problem, and its maximum can be shown to exceed 6 which is all we
need in Step 1. The conditions in Step 2 can also be met. In fact for

0
Ax =Az =
T @4 0) W 2A W12
it can be shown that the update is strictly feasible and that it satisfies (4.17). In principle
then there is no need to include an approximate plane search, but including one dramatically
speeds up the algorithm.
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4.5 Back totheoriginal SDP

What can be derived for SDPs in conic form can aso be derived for SPDs in the original
form

minimize c'x
subjectto Fo+ > xF > 0.

(4.18)
In particular it can be shown that:

1. xisdtrictly feasible if F(x) := Fop+ > xFx > 0.

2. Thedud of (4.18) is

{ maximize, —trFyZ (4.19)

subjectto Z=Z">0, trFEZ=c, (i=1,...,n)

3. Zisdtrictly feasiblein the dud if it isfeasibleand Z > 0.

46 Phasel

So far we have assumed that we can always find an strict feasible point. For specific cases
finding an initial strict feasible point may be straightforward. For example, afeasible point
(t, x) of the SDP

min subject to thm— (Ao + Y % A)) > 0.

is(x=0,t=2||Agll). For general SDPsthereare sometricks. Vandenberghe & Boyd (1996)
review a“big-M” procedure. There are three versions:

1. We have a gtrict feasible x@ but no strict feasible Z© for the dual.
2. We have atrict feasible Z© for the dual but no strict feasible x for the primal.
3. We have no strict feasible x© and no strict feasible Z(©@ for the dual.

We will not go into much detail. Consider Item 1, that is, suppose we have an initia strict
feasible point x© for the SDP

minimize, c¢'x
subjectto  F(x) > 0,

To obtain adtrict feasible Z (some variation of it actually) we consider amodified SDP

minimize, c¢'x
subjectto F(x) >0, trF(x) < M.
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For M big enough, M > tr F(x(@), this SDP will be equivalent to the original because the
extra congtraint tr F(x) < M will beinactive. The dua of this modified SDP is easily seen
to be

{ maximize, —trFo(Z—zl)— Mz (4.20)

subjectto Z=27">0, z>0, rF(Z—2zl)=c, (i=1,...,n).

For this dual we can compute a strict feasible (Z, z). Let U be any matrix of the same di-
mension as Z suchthat tr KU = ¢; foral i = {1, ..., m}. Thisisalinear equationin U and
can hence be solved by standard techniques. Take any Z@ and 2@ such that

%(U +UTH =20 _29, z®50, 290

Such Z©@ and z© obviously exist, and they are strict feasible points for the dual (4.20). Note
that we do not derive a strict feasible Z for the dual of the original SDP, instead we derive
one for the dual of the modified SDP. The modified is equivalent to the original, so thisis
allowed.

For the other two cases something similar can be done (Vandenberghe & Boyd 1996).

4.7 Notesand references

The text of this chapter based mostly on (Vandenberghe & Boyd 1995) and a survey paper
by Vandenberghe & Boyd (1996).

The book by Nesterov & Nemirovsky (1993) contains a detailed treatment of SDP and
more general convex optimization.

Semidefinite programming became popular in the western control community under the
name eigenvalue problem (EVP). The book by Boyd, Ghaoui, Feron & Balakrishnan (1994)
islarge responsible for this. A variation of SDPswhich is advocated in that book iswhat is
called the generalized eigenvalue problem (GEVP). The GEVPistofindan x € R™and real
number y that solve the minimization problem

minimize y
subjectto yB(x) — A(x) > 0, B(x) >0, C(x) > 0.

Here A(x), B(x) and C(x) are symmetric matricesthat are affinein x (i.e, that have the same
form as F(x) in (4.2)). Thisisaquas convex problem and can be solved in polynomial
time (Boyd et a. 1994).

Software is available, such as the Matlab toolbox LMI-LAB by Gahinet & Nemirovsky
(1993), and there is also some Matlab software available via anonymous ftp*.

‘Software for semidefinite programming by L. Vandenberghe and S. Boyd. (see
i sl.stanford. edu/ pub/boyd/)
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Exercise 4.7.1. Consider LMI F(x) > 0. Find an SDP, with easily computable strict feasi-
ble point, whose solution is less than or equal to zero iff the LMI isfeasible.

(The point of this exercise isthat since SDPs can be solved in polynomial time also fea-
sibility can be checked in polynomial time. We did not mention this in the notes.) O

Exercise 4.7.2.

1. Writeminy || A(X)|| asan SDP of theform (7.3). (Here || A|| denotes the spectral norm,
and A(x) isassumed affinein x € R".)

2. Derive the dual SDP of this SDP.

3. Show that strictly feasible x and Z exist. (Hence from Lemma 7.3.3 we know that
optimal solutions exist with zero duality gap. Good.)

4. Write Matlab code that will solve this SDP using sdpye. m (Thismacroislisted in
the appendix.) Note that sdpye. massumes you have strictly feasible (x©, Z©),
this you have to generate.

The macro r eshape. mmay be of use.
5. Try your macro on

A(x):[zax ﬂ



Appendix

This appendix contains some standard definitions and results that we use in the notes but did
not bother to explain. It isin telegram style.

A.1 Subspaces, hyper-planes, convex sets and cones

A subspace of R" is a subset of R" that is closed under addition and scalar multiplication.
Any subspace in R" can be expressed as {Cy : y € R™} for some C e R™™M, A set Q ¢ R"
is affine if 2 — dp isasubspace for some dy € R". An affine set (or affine subspace asit is
often called) is so to say a shifted, or trandated subspace.

An affine set in R" of dimension n — 1iscalled ahyper-plane of R". In other words, aset
Qisahyper-planeif-and-only if for somed e Randa e R"wehave Q2 = {x e R" : a'x=d}.

The set of points on one side of ahyper-plane is called a half-space. Closed half-spaces
include the hyper-plane and open half-spaces do not include the hyper-plane. In other words,
Q isaclosed half-space of R" if-and-only-if for somed e R anda € R"wehave Q = {x €
R": a'x > dJ.

A subset of R" is a convex polyhedron if it is the intersection of finitely many closed
half-spaces of R".

An element x of aconvex polyhedron is avertex or extreme point of the polyhedron if it
can not be written as the average of two other elements from the polyhedron.

A subset © of avector spaceis convex if for any two elements x, y in 2, we have that

AX+A—-A)ye
foral A € [0,1]. Qisaconeif x € Q impliesix e Q@ foral » > 0. A coneQ iscaled
pointed if N (—2) = 0or @. Subspaces are cones, but they are not pointed. Theice cream
coneispointed. A typical pointed, convex coneisthe set of positive definite matrices {P €

R™": P = PT > 0}

57
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A.2 Matrix formulae

This section contains acollection of some basic definitions, properties and results about con-
stant real-valued matrices.

Thetranspose of amatrix A € R™"isdenoted as AT. Aiscalled symmetricif A= AT,
A matrix U isunitary if itissquare, invertibleand U=1 = UT. A symmetric matrix Aissaid
to be nonnegative definite (denoted A > 0) if for al x € R"wehave x" Ax > 0. A symmetrict
A is called positive definite (denoted A > 0) if x" Ax > O for al nonzero x € R".

(a) Eigenvalue decomposition of symmetric matrices. If A = AT then A = VDV for
some unitary V and diagonal, real-valued D. In this case the columns of V are eigen-
vectors of A and the diagonal entries of D are the eigenvalues of A.

(b) A symmetric A isnonnegative definite iff al eigenvalues 1 (A) are nonnegative.
() A symmetric Ais positive definite iff all eigenvalues A;(A) are strictly positive.
(d) If Wisinvertiblethen A > 0iff WT AW > 0, and A > 0iff WT AW > 0.

(e) Thetrace, tr A, of asguare matrix A is defined as the sum of the diagona entries of
A. Wehavethattr A=Y Ai(A).

(f) If Aand B are square and have the same dimension then det AB = det Adet B.

(g) Caley Hamilton: For every square A and with characteristic polynomia y s defined
as xa()) :=det(Al — A) wehavethat xa(A) =0.

(h) Thetransformation A — TAT ! is called a similarity transformation. It leaves the
eigenvalues invariant, that is, xao = xta7-1-

Animplication of Item (a) isthat A > 0iff A= R" Rfor some R. Given A > 0 many matrices

R can be found such that A= RTR. A = RTRisa Cholesky factorization if R is square
upper triangular with nonnegative diagonal el ements, and such afactorization existsfor every
A > 0. Cholesky factors are unique and they are easy to compute if A > 0. Theoreticaly of
interest isthe fact that any A > 0 can be written as

A=R?°, R=R">0,

so with the factor R itself some nonnegative definite matrix. Such afactor R = RT > 0is
called the square root of A. The square root is denoted as Al/2, it is unique (see (Golub &
L oan 1983)) and can be constructed in the following manner from the eigenvalue decompo-
sition of A. Suppose

A=VDV', V unitary, D diagond,

LPositive definiteness and nonnegative definiteness is only defined for real symmetric (and Hermitian) ma-
trices.
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is an eigenvalue decomposition of A. All diagona entries of D are nonnegative if A > 0,
which means that D has a diagona square root D/2. Since VTV = | we can take A2 as
defined below.

A=VDYV2yT.yD¥2yT,
B e
AL/2 AL/2

Next we prove auseful formula. Supposethat Aand BT have the samedimensions m x n.
We form the square (n+ m) x (n+ m) matrix M depending on scalar A

_[ra B
w=[r P

The determinant of M can be found by examining

A B][ln —2B]_ [Aln 0
A In]l0 Im | [ A In—21AB|
e’

M
Thisreveasthat det M = A""Mdet(A 1, — AB). On the other hand we also have

Ay B lh O] ([Aln—BA B
A In||—=A Im| 0 Im|’
—_———

M
so that det M = det (A1, — BA). Combining the two formulae we see that

LemmaA.2.1. Let Aand BT be matrices of dimension m x n. Then
1. det(rlp — BA) = A""Mdet(A 1, — AB).
2. tr AB=1tr BA.
3. det(l, — AB) = det(l, — BA).

Proof. Item 3 is a specid case or Item 1. Item 1 is proved above. It shows in particular
that the nonzero eigenvalues of AB and BA are the same even if AB and BA have different
dimension. ThisimpliesItem 2. m

We end this section with one of the most useful matrix formulafor optimization (and control
and identification theory aswell). Theformulaisthe so-called Sherman-Morrison-Woodbury
formula

(A+UVHt=A1_Alug+Vviatu)yvTal

It is sometimes referred to as the matrix inversion lemma. It is readily confirmed by multi-
plying both sideswith (A+ UVT). For the rank-one case (the case that U and V are column
vectors) we get asimplified

UUT 1

—_—A
1+vTA1u
Thisisthe version that is most often used.

(A+wHt=A1_a"
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A.3 Euclidean, Frobenius and spectral norm
Definition A.3.1.
1. Let1l < p < oo. The p-norm of avector a € R" isdefined as

lallp= | V2imlailP if1=p<co
7l maxilal  if p=oo
The 2-norm is the familiar Euclidean norm.

2. The Frobenius norm, || A||g, of amatrix A € R™" isdefined as || Al = vtr ATA.

3. Thespectral norm, || A||, of amatrix is defined asthe largest singular value of A, i.e.,
Al = v/ Amac(ATA).

O

The Frobenius norm || A|| equals the square root of ) aﬁ

A.3.1 Least squaresin R"
LemmaA.3.2. If Ae R™™hasfull column rank then AT A is nonsingular.

Proof. If not, then AT Ax = 0 for some0 # x € R". But then also || Ax||3 = X" (AT Ax) = 0,
which implies Ax = 0. That isimpossible because A has full column rank. m

LemmaA.3.3 (Least squares). Given A e R™" of full column rank, and a vector b € R™,
there isa unique x that minimizes

| AX — bll2,
and it is given by
x= (ATA)"1ATD. (A.1)

Ifinstead A hasfull row rank there are many solutions x of Ax = b, but thereisa unique
x that solves

min|x|l, subjectto Ax=Db
and it isgiven by
x= AT(AAT)1h. (A.2)

Proof. (A.1) follows directly by solving the linear equation V|| Ax — b||§ = 0. To prove
(A.2), definey as y = AT(AAT)~1b — x. The condition Ax = b impliesthat Ay = 0, but
then [[x||3 = (AT(AAT) b — y)T(AT(AAT)"tb — y) = [|AT(AAT) 1|3 + [|y|3, and 0
IX]|2 isthe smallest for y = 0. m
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A.4 Matlab macros

A4l LPs

function [xb, sh, Ap] =ye(A, b, c, xb, sbh, yb)
%
% [ xb, sb]=ye(A b, c, xb, sh)
%
% Ye's 1991 interior point algorithmfor |inear programmng
%
% Finds an xb in { x : Ax=b, x>=0 } such that
% c'*xb < le-7+ min{ ¢’ *x : Ax=b, x>=0 }.
%
% No error handlings are included.
%
m=si ze(A) ;
m=m( 1) ;
n=m(2);
epsy=le-7,
E=eye(n);
g=n+sqrt(n);
t el =0;
while ((sb’ *xb)>epsy) & (tel <500)
T=di ag(xb);
sp=T*sb;
Ap=A*T;
xp=T\ xb;
e=xp;
g=q/ (sp’ *xp) *sp-e;
d=(E-Ap’ / (Ap*Ap’ ) * Ap) *g;
dnormesqrt (d’ *d);
if (dnorm <0. 4)
sp=(sp’ *e)/ g*(d+e);
el se
xp=e- (1/ 4/ dnorm *d;
end
sb=T\ sp;
xb=T*xp;
tel =tel +1;
end

Thisis Ye'sIPM agorithm for LPs as discussed in Chapter 3. For example:

i

[1210;, 100 1];
[4;, 2]";
[-1-1200]";
[1111];
[1111];

X, ss]=ye(A b, c, X, s)

— X 0w O T

X0
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(Thats=[1 1 1 1]T isfeasible is easy to verify.) The output is

. 0000
. 0000
. 0000
. 0000

OO FrN

. 0000
. 0000
. 5000
. 5000

[oNeoNeNe)

A.42 SDPs

Lieven Vandenberghe emailed a Matlab macro for SDP. The input of the LMI Fy +
Zﬂzl Xk Fn isabit awkward and may require the use of the Matlab function r eshape.

function [x, Z ul] = sdp_ye(F,c, x0, Z0, nu, tol, maxi ters)
%

%

%[x,Zul] = sdp_ye(F,c, x0, Z0,nu,tol, maxiters);

%

% Ye's potential reduction algorithmw th plane search.
%

% Sol ves semi definite program

%

% m nimze c'*X

% subject to F O + x 1*F 1 + ... + x_mF.m >=0
%

% and its dual

%

% maxi m ze -Tr F_0*Z
% subject to Tr Fi*Z=c_i, i=1,..., m
% Z>=0

%
% | nputs argunents:

% - F: matrix with ml col ums

% F=1[] FO(:) F.1(:) ... F_m(:) 1,

% F1, ..., Fmnust be linearly independent.
%- c: m vector, specifies primal objective.

% - xO0: mvector, strictly prinal feasible.

% - Z0: Z0(:). must be strictly dual feasible.

% (the code does not check feasibility of x0 and Z0)
% - nu: nu >=1.0. Controls rate of convergence.
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% - tol: quit if duality gap is less than tol

% - nmaxiters: maxi mum nunber of iterations

%

% Qut put argunents:

% - Xx,Z: | ast primal and dual iterate

% - ul: ul (1) is ¢ *x; ul(2) is -Tr F_0*Z

n = sqgrt(size(F,1)); nrlength(c);

if (size(c,2) > size(c,1)), ¢ =c¢'; end;

X =x0; Z=2Z0; q = n+nu*sqgrt(n);

X = F[1;x]; % X=FO+x1*F1+. .. +xmFm

dg = X *Z; %duality gap is Tr X*Z

ul (1) =c *x; ul(2) =-F:,1)" *z % primal and dual objective
FF=zeros(n*n, m; %to store scaled F_i's

disp([’ Primal obj Dual obj Duality gap’']l);

for iters=1:.maxiters,

disp([sprintf(’%19.5e’,ul (1)), sprintf(’%17.5e", ul(2)),
sprintf(’ % 16.5e’,dg)]);

[V,sig] = eig(reshape(X, n,n)); % X=V*si g*V

% | east - squar es probl em

% dx = argmn_v \| rhs - sum{i=1}"mFsc_i*v_i \|_F
%wth

%- Fsc_i =sig{-1/2}*V *F_i*Vsig {-1/2},

%- rhs =1 - (g/dg)*sig {1/2}*V *Z*V*sig {1/ 2}

sqrtsig = sqrt(diag(sig)); invsgrtsig = ones(n,1)./sqrtsig;
for i=1:m % Fsc_i =sig{-1/2}*V *F_i*Vsig {-1/2}
FF(:,i) = reshape( invsqgrtsig(:,ones(1,n))’ .* ...
( V*reshape(F(:,i+1),n,n)*V ) .* invsqrtsig(:,ones(1,n)),
n*n, 1);
end;
dx = FF \ reshape( eye(n) - (qg/dg)* sqrtsig(:,ones(1,n))’ ...
.* (V *reshape(Z,n,n)*V) .*sqgrtsig(:,ones(1,n)), n*n, 1);
dX = F(:,2: mtl) *dx;

%dual direction dZ = (dg/q) * (X {-1} - X {-1}*dx*X°{-1}) - Z

Xinv = Wdiag(ones(n,1)./diag(sig))*V; % i nverse of X
dZ = (dg/q) * reshape(Xinv - Xinv*reshape(dX n,n)*Xinv, n*n, 1)
- Z % dual search direction

% pl ane search: mninze
% phi (al pha) = g*l og(dg + al phax*ZdX + al phaz*XdZz)
% - sumi(log(1l + al phax*sigx_i)) - sum.i (|l og(1l+al phaz*sigz_i))
sigxz = real ([ eig(reshape(dX, n,n), reshape(X n,n)),
ei g(reshape(dz,n,n), reshape(Z,n,n)) 1);
ddg=[c’ *dx, F(:,1)’*dZ];
lam = 1; al pha=zeros(1,2);

63



Appendix A. Appendix

while (lam > le-4) & (dg > tol)
grad = (g/dg)*ddg -
sun(si gxz./ (ones(n, 2) +al pha(ones(n, 1),:).*sigxz));
hess = sum((sigxz./(ones(n, 2)+al pha(ones(n, 1),:).*sigxz))."2);
lam = sqrt(sun((grad.”2)./hess)); dalpha = -(grad./hess)/(1+l am;
al pha = al pha+dal pha; dg = dg+dal pha*ddg’ ;
end

x=x+al pha( 1) *dx; X=X+al pha(1)*dX; Z=Z+al pha(2)*dz;
ul (1) =c¢ *x; ul(2) =-F(:,1) *z

if (dg < tol)
disp([sprintf(’'%19.5e’,ul (1)), sprintf(’%17.5e’, ul(2)),
sprintf(’ % 16.5e’,dg)]);
return;
end;

end;

disp([sprintf(’'%19.5e’, ul (1)), sprintf(’%17.5e’, ul(2)),

sprintf(’%16.5e ,dg)]);

di sp(’ max. nunber of iterations exceeded');
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