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|. GAINS AND DIRECTIONS |All,, =@ "singular value norm”
The direction of a vectod is defined as;
1 MATLAB: norm m
dapr = 7=—d (1)
ld]
In order to express the amplification of a system as a Omax
scalar value, norms can be used. The maximum and minimum PR D ol Wil al i N
amplification of a matrix are the maximum and minimum H
singular value respectively; 05
A A 0
7(4) = max A2 gy g 1Az o) 0
a0 [[wll> w0 [wll> g
The condition numberof a matrix A is the ratio between
the maximum singular value and the minimum singular value, 1
v(A4) =7(A)/a(A) ) 0.5
and therefore gives an indication of the "change” of amplifi- g o
cation when a small change in direction is present. A matrix ol
with a large condition number is said to be ill-condition@éte 05
condition number is sensitive for diagonal scaling, theimai
condition number is theny*(A) = minp, p, v(D1AD-) for -1
arbitrary diagonal scaling;, D.
185 1 o5 o0 o5 1 15
Matrix Norms Wy Ay

Consider the following equation = Aw. Wherew is the
input vector and: is the output vector. We consider "ampIifi—F'@IJ- L wﬂ?gd Aw If?_f q: = _[0--;27r],bwhtﬁn the direction ofv equals theI

. » . - . columns o , amplification Is given py the maximum or minimum singular
cation of the. matrixA as dgflngd by the ra_t|¢z||./ [lw]|. The value of A. Here A — [0.26310.4638; 0.94330.4894]
maximum gain for all possible input directions is of partaru

interest. This is given by the induced norm which is defined )
MATLAB: ei gshow. m

as
Il = max Lol @)
w w#0 ||w||p
where |lw||, = (32—, |w,;|”)1/p denotes the vectop-norm. [l. EIGENVALUE DECOMPOSITION

In other words we are looking for a direction of the vector . _
w such that the ratid|z||,, / |wl|, is maximized. Thus, the ~FoOr a square matrixl we have the eigenvalue problem;
induced norm gives the largest possible "amplification péwe
of the matrix. Aty = \it; (5)
For the induced 1-, 290-norms the following identities hold:
where )\; is the eigenvalue and; is the eigenvector. We
[ All,; = max; (33, lai;|)  "maximum column sum” cQIIect the ei_genvecto_rs in a matrik = {t1,¢,...} and the
IA]l,.. = max; (Zj Iaij\> "maximum row sum” e|genvalue§ in a matrid = diag{\1, A\2,...A\,} When A is
2 x 2 the eigenvalues ofi can be found as;

Eindhoven University of Technology Faculty of Mechanicaigiheering,
Control Systems Technology Group P.O. Box 513, 5600 MB EindhpThe py—
Netherlands Email: m.l.g.boerlage@tue.nl, m.steinbuch@itue

[(a11 + ag2) + /4aisas; + (a1 — a)?)]  (6)
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Some tricks Some tricks:

tr(4) = Y A (7)
i o (A) = Xi(AHA) (15)
det(4) = [ ®) F(ATY) = 1/a(4) (16)
MA) = AAT) 9) A = USVP =3 ol 17)
MA+ecl) = MNA)+c (10) ) =1
1 _ 0 _
I+ — 11 o] { ] = max{d(A),7(B)} (18)
NI+D™Y = 5 (12) 0 B
A
Remarks E[ B ] < 7(A)+37(B) (19)
« When A is triangular, the eigenvalues of equal the 5(AB) < #(A)F(B) (20)
diagonal elements aAl. -
« WhenA is i x m and B is m x [, BA is m x m and o(A)a(B) < o(AB) (1)
AB is | x I. The nonzero eigenvalues ofB and BA
are the same. So if > m the matrix AB has the same
m eigenvalues ofB A plus! — m eigenvalues which are Remarks
identically equal to zero. « A matrix U which is orthogonal matrices is invertible and
« The eigenvalues of the openloop transfer function matrix -1 = y7T
L(jw) are called thecharacteristic loci « The columns ofU, V are orthogonal.

o If Aisn x n, the eigenvalues ofl lie in the union of « The pseudo inverse of a matrix is defined as
n circles in the complex plane, each with centgr and o o(A) < |N(A)] <TF(A)
radiusr; = 37, |a;;| (sum of off-diagonal elements in o For a non singularn x m matrix A holds thatA~! =
row ¢). The same can be done studying the columns. This yxy-1y#
is called theGershgorintheorema [10].

« When the eigenvalues ofrax n matrix are not repeated,
the corresponding eigenvectors are linear independent and
can be used to diagonalize the matrix As= T AT.

MATLAB: ei g. m IV. MIMO SYSTEMS

MATLAB: svd. m

I1l. SINGULAR VALUE DECOMPOSITION Notation

If the matrix of eigenvector$ of a given matrix4 is not a In state space form;
square matrix, the® cannot have a matrix inverse, and hence

A does not have an eigen decomposition. Howeved, i§ an = Az + Bu
m x n real matrix withm > n, then A can be written using y = Cx+ Du (22)
a so-called singular value decomposition of the form
A—-yUDpvT (12) or transfer function matrix form;
Here,U is anm xn matrix andV is ann x n square matrix, G(s)=C(sI — A)"'B+D (23)
both of which have orthogonal columns so that
vt =vvT =1 (13)

and D is an diagonal matrix. For a complex matrik, the Poles

singular value decomposition is a decomposition into thenfo  poles ofG(s), are the eigenvalues of in Equation 22.
A=U"DV (14)

whereU and V' are unitary matrices (A square matrix is
unitary if U7 = U~1), U is the conjugate transpose bf
, and D is a diagonal matrix whose elements are the singularz; is a zero ofG(s) is the rank ofG(z;) is smaller then
values of the original matrix. 14 is a complex matrix, then the normal rank of7(s). Note thatG(s) can also loose rank
there always exists such a decomposition with positiveldarg when the elements d@(z;) are non-zero. When this happens,
values. we call z; a transmission zero aF(s).

Zeros
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Fig. 2. Case 1 Fig. 3. Case 2

Transfer functions

u= —-KG(d;+u) po= —GK(d,+ po)

u= —(I+KG)'KGd; p,= —(I+GK)'GKd,

— —_—
Ti To
pPi = di—KGpj, —(dO+GK€)
pi= (I+KG)'d e= —(I+GK)'d,
S, S,

Note that in generab, # S;,T, # T; asGK # KG. All
transfer functions in Figure 4 are given in Equation 24.

F
1 %KT

u d; P P, do

141

Fig. 4. Transfer functions

V. MEASURES OF INTERACTION
Interaction coefficient
The interaction index of a matri& is defined as

Remarks

1) It is independent of input and output scaling
2) Its row and columns sum to one
3) The sum-norm of the RGAJA||,,,,.., iS very close to the
minimized condition numbet*. This means that plants
with Large RGA-elements are always ill-conditioned
(with a large value ofy(G)), but the reverse may not
hold (i.e. a plant with a large/(G) may have small
RGA-elements
4) A relative change in an element 6f equal to the neg-
ative inverse of its corresponding RGA-element yields
singularity
5) The RGA is the identity matrix if7 is upper or lower
triangular
The RGA can be used on frequency response data (per
frequency) to study two sided interaction. If the RGA is €los
to the identity matrix, the plant is decoupled. If not, iretion
is present.

V1. STABILITY

Stability of multivariable systems is governed by
the Generalized Nyquist Criterion [6]. We define
the characteristic loci \; of the transfer function

matrix G(s) to be the eigenvalues of7(jw;) plotted
per frequency w;. For these characteristic loci the
following theorem holds: Generalized Nyquist criterion
If G(s) haspy unstable (Smith-McMillan) poles, then the
closed-loop system with return rati@G(s) is stable if ang
only if the characteristic loci ok G(s), taken together, encircle
the point -1p, times anti-clockwise, assuming that there |are
no hidden modes.

120 -100
12921
= (2%) m
g11922 S 5ot
When ¢ is close to zero this means no interaction. §
.é —200F|
Relative Gain Array =
The Relative Gain Array (RGA) of a non-singular matrix  -250 1;)2 163

G, square matrix is defined as Frequency [Hz]

RGA(G) 2 G x (G™HT (26) - -
wherex denote element-by-element multiplication AM.AB : 83
RGA=G *pi nv(G ') For a2 x 2 matrix with elementsy;; g [ -- A,

0
the RGA equals; g e )(‘32
11
A1 A2 A11 1= — G
A G = = —350L! 22 i
(@) { A21 Aao I=An An e
1 1 Frequency [Hz]
)\11 = __ 912921 = 1— ¢ (27)
gi11922
(28) Fig. 5. The characteristic loci and frequency responsetiomof the diagonal

terms for a two by two system. Due to coupled modes, it is diffituitelate

The RGA has a number of interesting algebraic properties, gee characteristic loci with the frequency response famcti
[8] for an extensive list, the most important are given below



e (I+GK)"Y(I-GF) —(I+GK)"'G  —(I+GK)™! —(I+GK)™

I+KG) Y K+F) -(I+KGKG —-(I+KG™ 'K —(I+KG K ;
pi | = (I+KG)"Y(K+F) (I+KG)™! —(I+KG)™! —(I+ KG)"'K dl (24)
Po (I + GK)"Y(GF + GK) (I +GK)'G ~(I+GK)"'GK —(I+GK)'GK °
y (I+GK)"Y(GF+GK) (I+GK)'G (I+GK)"' —(I+GK)"'GK "
VIl. SEQUENTIAL LOOPCLOSING IX. MECHANICAL SYSTEMS

The goal is to sequentially design SISO controllers (close Here, we focus on mechanical systems which dynamics can
loops) while recomputing (or measuring!) the openloop "d% described with the following differential equations;
seen by the controller” with the latter loops closed. If gver .. . _
loop is stabilized, stability of the whole system is guaesat M+ Dq+Kq = Fu (32)
There are no general rules to determine the sequence in which y = Hq (33)

loops should be closed. The plant with all former loops doseyhere A7, D, K denote the mass, damping and stiffness
is called theequivalent plantand can be calculated for a tWomatrix respectively.F, H are the actuator and sensor matrix.

by two system as; By solving the eigenvalue problerik — w?M)t = 0 the
e G12K95G91 eigenvalues); and eigenvectorg; of this system can be
o M oo Koy determined. The matrix with eigenvectdfscan be used to
eq Go1K11G12 decouple the differential equations of Equation 32. So that
Gy = G- (29)  usingq = T leads to;
]. + G11K11 g q 77 '
T . T . T _ T
VIIl. CONTROL LIMITATIONS w“QBT’”UT“ = T Fu (34)
. e Mgy Dy Kq
Some relations for control limitations are posed, see [2] fo y — HUp (35)

a detailed discussion information;
When we have proportional damping (e.g. Rayleigh damping,
D = aM + BK), Dy is diagonal. In this case, the differential
equations Equation 34 are decoupled in a seb dhdepen-
dent second order differential equations. Another natatb

A. At each frequency
For multivariable systems holds that;

Sy+Ty=1, S;i+T,=1 (30) Equation 34 is thenultiplicative modal form
— ; T
B. Frequency wise tradeoff (waterbed effect) Y(s) = @dmg { ma;is? + da;s + kai } T\A;EU(S) (36)
B

The multivariable sensitivity integral is stated as folkgw
For a closed loop stable rational multivariable systemhait
least relative degree two, the output sensitivity functiie) =
[I + G(s)K(s)]~! must satisfy;

with ¢ = 1, ..n the number of modesd, B are static input and

output transformations respectively andlenotes the number
of modes.my;, dq4; and kg; are the corresponding diagonal
terms of My, D, and K, respectively. We can also use the

/ loglhiSe(jw)|d0(w) = mlog|BL(2)hid (31) additive modal form
— 00 H Nrb u’j]"vj N UT’U‘
c € i t=1,...,0 P(s) = i Vi 37
x (s) Z 2 , Z (82 4+ 2Cw;s + w?) (37)
dd(w) = ——F——5dw Jj=1 i=Nyp+1 /
22+ (y — w) S—— .
¢ _ rigid body flexible body
Bits) = [] M, s=ux+jy WhereN,, denotes the number of rigid body mod@é;- N,
k=1 ®  Pik are the number of flexible modes with resonance frequency

and relative damping;. The corresponding eigenvectors are

h . .
and S.(s) the ¢*" column of S(s). And z is @ non-minimum denoted byu;. ;.

phase zero/(;S(z) = h;) with multiplicity v associated with

directionh,;,i = 1,...,v. H; is a set of integers corresponding X. MIMO M
. . ATH

to the non-zero columns of, defined as;H; = {r|h;, # . )

0}. Summarizing, the sensitivity integral for MIMO systems 1€ INverse of a two by two matrix can be calculated

equals the sensitivity integral for multiloop SISO system@gebraically:

when the direction of the zeros is canonical (a zero is lacate A1 1 { ass  —ajo } (38)

in one |00p). a11a22 — A12021 —a21 ail



det <[ P }) = det(Ay1)det(Agn A7y Ara)

Agr Agp
det(Agg)det(A19 Ay Agy)  (39)
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