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Probability Theory
Chapter 6

Ch. 6: Continuous distributions
Uniform, exponential and normal distribution
Functions of ar.v,, suchas Y = X



The density function f(x) of a continuous r.v. X

For a continuous random variable X we have:
Syisanintervaland P(X =x) =0
The distribution of X iIs defined now by the density
function f: probabilities are areas
under the graph of f

b
Pla< X < b) =J f(x)dx

I

i Requirements of f:
: ~L 1.f(x) > 0
d

P Z.foof(x)dx =1




The distribution function F(x) of adiscrete r.v. X

~ourbeeld: PXx— 1(/)8 3:}-8 3?8 1:/))8 S(?I.m
X~ B(3, %) (X =)

F(X)=P(X<x) eg:F(1) =P(X<1)=- +==
andF(lZ)—P(X<12)—P(X<1)—

1
2
1
2

The distribution function of the B(3,1/2)-distribution

?;;- .................. —— Note tha}t F(x), the
cumulative

probabilities P(X < x)

5 of the B(n, p)- and the

> P(x=1) Poisson distributions,

: are given in the tables.

F(x) 1/2-

1/8 :
-= P(X=0)




The distribution function Is a probability:
F(x) =P(X <x)

For a continuous r.v. X we have:

F(x) = Jx f(u)du and reverse: f(x) = %F(x)

Properties of F(x), discrete and continuous:

1. F Is a non-decreasing function
2.llm F(x) =1 and Ilim F(x) =0

X—00 X——00

3. F iIs continuous from the right

for any continuous r.v. X
the distribution function F continuous




Expectation of a continuous r.v. X

Probability = f(x) +dx

[ m— - Expectation =
o “Weighted average”
- x - f(x)dx
||
x,

ny =E(X)= Ojo X - F(X)dx

—Q0

All properties of E(X) remain the same!

If £(x) I1s symmetrical about x = c,then E(X) =




Example: X = “Random number between 0 en 1”

1, if0<x<1
flx) = {O, elsewhere
e Totalarea=1

e F(x)=PX<x)=x-:1,if0<x<1 1 i i
(0 ifx <0 | l |

Dus F(x) =4x if0<x<1 | ®
1 ifx > 1 S

X |

« () = [, xf(x)dx = [} xdx = [2x?]
—0 0 2 0 2
Follows immediately from the symmetry of f!

1

2y — [ .2 1.2 1 1
s EX*)=]__x f(x)dxzfo x%dx = [§x310 =
var(x) = EX?) - (EX)? =2 - (2) = L. so 0X=\/%

3



Example: X = “Life time of a smartphone screen”

The exponential density function
2

_{2e7%*, x>0
f(x)—{ 0 ,x<0 )

[ f)dx = [ 2e72*dx T

= [—e~2]® =0 — (=1) = 1 .
P(05<X<1) = fol_s 2e % dx = [—e | =e 1 —e?
P(X >x) = fxoo 2e 2Udy = [—e U]® = e72% (x > 0)

“The probability of survival decreasgs exponentially”

F(x) =P(X <x)
=1-P(X > x) 15
=1—e%*alsx >0 F9) |
EnF(x) =0, alsx <0 0  x




Continuation EX.: X = “Life time of a smartphone screen”

 Using the definition we find:
EX) = [ xf(x)dx = fooox . 2e %" dx

. This Integral can be determined using partial Integration:

[P f(0g 0dx = [f(0)g(O1ED — [7 f(x)g(x)dx

(reverse of the product rule for derivatives: (fg)' = f'g+fg’)
* In the example we choose: f(x) = x and g'(x) = 2e~%*,
for which the anti-derivative is g(x) = —e™2%*
. fo x-2e **dx =x- —e"2x|8° + fo e %X dx

“0-0 4[]

e E(X?) = [ x2-2e 2Xdx: (twice) partial integration
0




Exponential distribution with parameter A

Applications: waiting / life / interarrival times

The exponential density function

A 4
e Mx x>0
f(x) xX) = ¢ —
k flx) =+ 0 <0

0

X

Distribution function F P (X > x) — e—}\x; X = O
T F(x) =P(X <x)
i =1—-e™ x>0
0
E(X) = = and var(X) = - !
= — =— ,S00y = —
- and var v ox =7

Intensity large = expected time small




U(a, b): Uniform distribution on the interval [a, b]

f(x) =

1

— ifa<x<b

b—a
0,

elsewhere 1)

E(X) = %b (line of symmetry)

var(X) =

F(x) =«

f

\

(b—a)?

12
0,
X—a

b —
1,

x<a

as<x<b
a

X >a

b-a-

I

|
|
|
|
|
. |
a b

Application: random numbers, drawn from an

Interval, usually [0, 1], often used In simulations




X~ U(0,1): what is the distribution of Y = 3X 4+ 4?

1.F,(3) =P(Y<y)=P(3X+4<Yy)
(x50 = ()

F, expressed in Fx

2. £, (y) = dinY(y), apply the chain rule (1):

fr) =fx(57) 3 frexpressedin fy

3.Since fy(x)=1,for0 <x< 1, we have:
fy(y):1'§,|f0< <1l,s0if4<y<7

Conclusion: Y =3X+4 ~U(4,7)




Functions of a continuous r.v. X : ¥ = g(X)

Eg.Y=In(X),Y =eX,Y =|X| or Y =X~
for a given distribution ( f,(x) ) of X
We derive f,(y) Inthree steps:

1. Express the distribution function F,(y) In F:
use F,(y) =PY <y)=P(gX)<y)=...

2. Express fy(y)in f,, using the derivative of F,(y)

3. Apply the given f,(x) to determine f,(y).

If g is alinear function: Y = g(X) =aX +b
b
then fy(y) = — fx (2°)




What is the distribution of ¥ = —™%2, if X~U(0,1)?

In(X)

1. Fy(y) =P ( <y) = P(In(X) = —2y)
=PX=e )=1-Fx(e %)

2. fY(y) — %Fy(y) — 4274V . fX (e—Zy)

3.SInce fy(x)=1for0 <x <1, we have:
fr(y) =2e %Y, if0<e Y <1,s0if y = 0.

In(X)

Conclusion: Y = "~ Exp(A=2)
Generalization: Y = lnix) ~Exp(}A)

(Application: simulation of Exp(2)-distributed times).




The density function of the normal distribution
with expectation g and variance 62

flx) = 1 e-%(%)z Yy R Brief notation:

V2mo? X ~ N(y,0%)

The normal density function
axis of symmetry

inflection point

Jx)

I
I
I
I I

I I

I I

| | .

il u+o w+2c

X
Special case: the standard normal distribution of Z~ N(0,1)

Applications: “natural” quantities in nature, physics,
economy, etc., such as: weights, lengths, times, 1Q's, profits.




Standard normal distribution: Z ~ N(0, 1)

: _ 1 _1.2
N(0, 1)-density function @(z) = e 2 forall z
| o Sop=0
The standard normal density function and P(Z < 1.2) (Symmetry
o(x) about z = 0)
And o =1
d(1.2) |
|
3 2 1 0 1.2 2 3
X z
Distribution function ®(z) = P(Z < z) = f(p(z)dz

The probabilities ®(z) = P(Z < z) are numerically approximated and
presented in the standard normal table, for positive values of z.




Numerical approximation of the N(0, 1)-distr.

probabilities P(Z < z) = ®(z): in the N(0,1)-table for z > 0.

Probabilities for X ~ N(p, 0%) can be computed
by standardization: Z = IR N(0,1)

1

Example for X ~ N(20,4),sou=20and g = 2.

P(X <22.3)=P (% < 22'32‘2") — P(Z <1.15)
— ®(1.15)
— 0.8749

Linear transformation of X:
X ~N(p,0?) = aX+b ~N(au+ b,a*c?)




Overview common continuous distributions

Name +

Darameters Density function |E(X)| var(X)
Uniform 1 a+b | (b—a)?
U, by X =35 x€labli— =

' 1 1

e f@ =exz0 | 5 o
Standard '
normal @ (z) = Ee —2° 0 1
N(0,1)

Normal 1 _lax—py? 5
N(w o2) f(x) = 21T0% ° 27 3 ?




