
Ch. 6: Continuous distributions 

Uniform, exponential and normal distribution

Functions of a r.v., such as 𝑌 = 𝑋2
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The distribution of 𝑋 is defined now by the density 

function 𝒇: probabilities are areas 

under the graph of 𝑓

For a continuous random variable 𝑋 we have: 

𝑺𝑿 is an interval and 𝑷(𝑿 = 𝒙) = 𝟎

The density function 𝒇(𝒙) of a continuous r.v. 𝑋

𝑷 𝒂 < 𝑿 < 𝒃 =  
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

Requirements of 𝒇: 

𝟏. 𝒇 𝒙 ≥ 𝟎

𝟐. 
−∞

∞

𝒇 𝒙 𝒅𝒙 = 𝟏



Voorbeeld:

𝑋~ B(3, ½) 

𝑭(𝒙) = 𝑷(𝑿 ≤ 𝒙), e.g.: 𝐹 1 = 𝑃 𝑋 ≤ 1 =
1

8
+

3

8
=
1

2

and 𝐹 1.2 = 𝑃 𝑋 ≤ 1.2 = 𝑃 𝑋 ≤ 1 =
1

2

𝒙 0 1 2 3 som

𝑷(𝑿 = 𝒙) 1/8 3/8 3/8 1/8 1

The distribution function 𝑭 𝒙 of a discrete r.v. 𝑋

Note that 𝑭(𝒙), the 

cumulative 

probabilities 𝑷(𝑿 ≤ 𝒙)
of the 𝑩(𝒏, 𝒑)- and the 

Poisson distributions, 

are given in the tables. 



The distribution function is a probability: 

𝑭(𝒙) = 𝑷(𝑿 ≤ 𝒙)

For a continuous r.v. 𝑋 we have: 

𝑭 𝒙 =  
−∞

𝒙

𝒇(𝒖)𝒅𝒖 and reverse: 𝒇 𝒙 =
𝒅

𝒅𝒙
𝑭 𝒙

Properties of 𝐹(𝑥), discrete ànd continuous:

1. 𝐹 is a non-decreasing function

𝟐. lim
𝑥→∞

𝐹 𝑥 = 1 and lim
𝑥→−∞

𝐹 𝑥 = 0

3.  𝐹 is continuous from the right

for any continuous r.v. 𝑋
the distribution function 𝑭 continuous



All properties of 𝐸(𝑋) remain the same!

Expectation =

“Weighted average” 

𝒙 ∙ 𝒇(𝒙)𝒅𝒙

Expectation of a continuous r.v. 𝑋

If 𝑓(𝑥) is symmetrical about 𝑥 = 𝑐, then 𝐸(𝑋) = 𝑐

X E( X ) x f ( x )dx




   



Example: 𝑿 = “Random number between 0 en 1”

• 𝑓 𝑥 =  
1, if 0 ≤ 𝑥 ≤ 1
0, elsewhere

• Total area = 1

• 𝐹 𝑥 = 𝑃 𝑋 ≤ 𝑥 = 𝑥 ∙ 1, if 0 ≤ 𝑥 ≤ 1

Dus 𝐹 𝑥 =  
0 if 𝑥 < 0
𝑥 if 0 ≤ 𝑥 ≤ 1
1 if 𝑥 > 1

• 𝐸 𝑋 =  −∞
∞
𝑥𝑓(𝑥)𝑑𝑥 =  0

1
𝑥𝑑𝑥 =

1

2
𝑥2

0

1
=

1

2

Follows immediately from the symmetry of 𝑓!

• 𝐸 𝑋2 =  −∞
∞
𝑥2𝑓(𝑥)𝑑𝑥 =  0

1
𝑥2𝑑𝑥 =

1

3
𝑥3

0

1
=

1

3

𝑣𝑎𝑟 𝑋 = 𝐸 𝑋2 − 𝐸𝑋 2 =
1

3
−

1

2

2
=

1

12
. So 𝜎𝑋 =

1

12



Example: 𝑿 = “Life time of a smartphone screen”

• 𝑓 𝑥 =  
2𝑒−2𝑥 , 𝑥 ≥ 0
0 , 𝑥 < 0

•  −∞
∞
𝑓(𝑥)𝑑𝑥 =  0

∞
2𝑒−2𝑥𝑑𝑥

= −𝑒−2𝑥 0
∞ = 0 − −1 = 1

• 𝑃 0.5 < 𝑋 < 1 =  0.5
1
2𝑒−2𝑥𝑑𝑥 = −𝑒−2𝑥 0.5

1 = 𝑒−1 − 𝑒−2

• 𝑃 𝑋 > 𝑥 =  𝑥
∞
2𝑒−2𝑢𝑑𝑢 = −𝑒−2𝑢 𝑥

∞ = 𝑒−2𝑥 (𝑥 ≥ 0)

“The probability of survival decreases exponentially”

• 𝐹 𝑥 = 𝑃 𝑋 ≤ 𝑥
= 1 − 𝑃 𝑋 > 𝑥
= 1 − 𝑒−2𝑥 , als 𝑥 ≥ 0

En 𝐹 𝑥 = 0, als 𝑥 < 0



Continuation Ex.: 𝑿 = “Life time of a smartphone screen”

• Using the definition we find:

𝐸 𝑋 =  −∞
∞
𝑥𝑓(𝑥) 𝑑𝑥 =  0

∞
𝑥 ∙ 2𝑒−2𝑥 𝑑𝑥

• This integral can be determined using partial integration:

 𝒂
𝒃
𝒇 𝒙 𝒈′ 𝒙 𝒅𝒙 = 𝒇(𝒙)𝒈(𝒙) 𝒙=𝒂

𝒙=𝒃 −  𝒂
𝒃
𝒇′(𝒙)𝒈 𝒙 𝒅𝒙

(reverse of the product rule for derivatives: 𝒇𝒈 ′ = 𝒇′𝒈 + 𝒇𝒈′ )

• In the example we choose:  𝑓 𝑥 = 𝑥 and 𝑔′ 𝑥 = 2𝑒−2𝑥, 

for which the anti-derivative is 𝑔 𝑥 = −𝑒−2𝑥

•  0
∞
𝑥 ∙ 2𝑒−2𝑥 𝑑𝑥 = 𝑥 ∙ −𝑒−2𝑥|0

∞ +  0
∞
𝑒−2𝑥 𝑑𝑥

= 0 − 0 + −
1

2
𝑒−2𝑥

𝒙=𝟎

𝒙=→∞
= +

1

2

• 𝐸 𝑋2 =  0
∞
𝑥2 ∙ 2𝑒−2𝑥 𝑑𝑥:   (twice) partial integration



Applications: waiting / life / interarrival times 

Exponential distribution with parameter λ 

𝒇 𝒙 =  λ𝒆
−λ𝒙, 𝒙 ≥ 𝟎
𝟎, 𝒙 < 𝟎

𝑷 𝑿 > 𝒙 = 𝒆−λ𝒙, 𝒙 ≥ 𝟎
𝑭 𝒙 = 𝑷 𝑿 ≤ 𝒙

= 𝟏 − 𝒆−λ𝒙, 𝒙 ≥ 𝟎

𝑬 𝑿 =
𝟏

λ
𝑎𝑛𝑑 𝒗𝒂𝒓 𝑿 =

𝟏

λ𝟐
, 𝒔𝒐 𝝈𝑿 =

𝟏

λ
Intensity large  expected time small



𝒇 𝒙 =  
𝟏

𝒃−𝒂
, if 𝒂 ≤ 𝒙 ≤ 𝒃

𝟎, elsewhere

𝑬 𝑿 =
𝒂+𝒃

𝟐
(line of symmetry)

𝒗𝒂𝒓 𝑿 =
𝒃−𝒂 𝟐

𝟏𝟐

𝑭 𝒙 =

𝟎, 𝒙 < 𝒂
𝒙 − 𝒂

𝒃 − 𝒂
, 𝒂 ≤ 𝒙 ≤ 𝒃

𝟏, 𝒙 > 𝒂

Application: random numbers, drawn from an

interval, usually [0, 1],  often used in simulations

𝑼(𝒂, 𝒃): Uniform distribution on the interval [a, b] 



1. 𝑭𝒀 𝒚 = 𝑷 𝒀 ≤ 𝒚 = 𝑷 𝟑𝑿 + 𝟒 ≤ 𝒚

= 𝑷 𝑿 ≤
𝒚−𝟒

𝟑
= 𝑭𝑿

𝒚−𝟒

𝟑

𝑭𝒀 expressed in 𝑭𝑿

2. 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦),  apply the chain rule (!):

𝑓𝑌(𝑦) = 𝒇𝑿
𝒚−𝟒

𝟑
∙
𝟏

𝟑
𝒇𝒀 expressed in 𝒇𝑿

3. Since  𝑓𝑋(𝑥) = 1, for 0 ≤ 𝑥 ≤ 1, we have:

𝑓𝑌(𝑦) = 1 ∙
1

3
,  if 0 ≤

𝑦−4

3
≤ 1, so if 4 ≤ 𝑦 ≤ 7

Conclusion: 𝒀 = 𝟑𝑿 + 𝟒 ~ 𝑼(𝟒, 𝟕)

𝑿~ 𝑼(𝟎, 𝟏): what is the distribution of 𝒀 = 𝟑𝑿 + 𝟒?



E.g. 𝑌 = ln(𝑋), 𝑌 = 𝑒𝑋, 𝑌 = |𝑋| or  𝑌 = 𝑋2, 

for a given distribution ( 𝑓𝑋(𝑥) ) of 𝑋

We derive 𝑓𝑌(𝑦) in three steps:

1. Express the distribution function 𝑭𝒀(𝒚) in 𝑭𝑿:

use 𝑭𝒀(𝒚) = 𝑷(𝒀 ≤ 𝒚) = 𝑷(𝒈(𝑿) ≤ 𝒚) = …

2. Express 𝒇𝒀(𝒚)in 𝒇𝑿, using the derivative of 𝐹𝑌(𝑦)

3. Apply the given 𝒇𝑿(𝒙) to determine 𝑓𝑌(𝑦).

If 𝑔 is a linear function: 𝒀 = 𝒈 𝑿 = 𝒂𝑿 + 𝒃

then 𝒇𝒀 𝒚 =
𝟏

𝒂
𝒇𝑿

𝒚−𝒃

𝒂

Functions of a continuous r.v.  𝑿 : 𝒀 = 𝒈(𝑿)



1. 𝑭𝒀 𝒚 = 𝑃 −
𝑙𝑛 𝑋

2
≤ 𝑦 = 𝑃 𝑙𝑛(𝑋) ≥ −2𝑦

= 𝑃 𝑋 ≥ 𝑒−2𝑦 = 𝟏 − 𝑭𝑿 𝒆−𝟐𝒚

2. 𝒇𝒀 𝒚 =
𝑑

𝑑𝑦
𝐹𝑌 𝑦 = +2𝑒−2𝑦 ∙ 𝒇𝑿 𝒆−𝟐𝒚

3. Since  𝑓𝑋(𝑥) = 1 for 0 ≤ 𝑥 ≤ 1, we have:

𝑓𝑌(𝑦) = 2𝑒−2𝑦, if 0 ≤ 𝑒−2𝑦 ≤ 1, so if 𝑦 ≥ 0.

Conclusion: 𝒀 = −
𝒍𝒏 𝑿

𝟐
~ 𝑬𝒙𝒑 λ = 𝟐

Generalization: 𝒀 = −
𝒍𝒏 𝑿

λ
~ 𝑬𝒙𝒑 λ

(Application: simulation of 𝑬𝒙𝒑 λ -distributed times).

What is the distribution of  𝒀 = −
𝒍𝒏 𝑿

𝟐
, if 𝑿~𝑼(𝟎, 𝟏)?



Brief notation: 

𝑿 ~𝑵(µ, 𝝈𝟐)

The density function of the normal distribution 

with expectation µ and variance σ2

Applications: “natural” quantities in nature, physics,  

economy, etc., such as: weights, lengths, times, IQ`s, profits.

𝑓 𝑥 =
1

2𝜋𝜎2
𝑒
−
1
2
𝑥−𝜇
𝜎

2

, 𝑥 ∈ ℝ

Special case: the standard normal distribution of 𝒁~ 𝑵(𝟎, 𝟏)



Standard normal distribution:  𝑍 ~ 𝑵(𝟎, 𝟏)

The probabilities Φ 𝒛 = 𝑷(𝒁 ≤ 𝒛) are numerically approximated and 

presented in the standard normal table, for positive values of 𝑧. 

𝑵(𝟎, 𝟏)-density function 𝝋 𝒛 =
𝟏

𝟐𝝅
𝒆−

𝟏

𝟐
𝒛𝟐

,  for all 𝒛

So 𝝁 = 𝟎
(symmetry  

about 𝑧 = 0)

And 𝝈𝟐 = 𝟏

𝐃𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐢𝐨𝐧 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝚽 𝒛 = 𝑷 𝒁 ≤ 𝒛 =  

−∞

𝒛

𝝋 𝒛 𝒅𝒛



probabilities 𝑷 𝒁 ≤ 𝒛 = 𝚽 𝒛 : in the 𝑁(0,1)-table for 𝑧 ≥ 0.

Example for 𝑋 ~ 𝑁 20,4 , so µ = 20 and 𝜎 = 2.

𝑷 𝑿 ≤ 𝟐𝟐. 𝟑 = 𝑷
𝑿−𝟐𝟎

𝟐
≤

𝟐𝟐.𝟑−𝟐𝟎

𝟐
= 𝑷 𝒁 ≤ 𝟏. 𝟏𝟓

= 𝚽 𝟏. 𝟏𝟓
= 𝟎. 𝟖𝟕𝟒𝟗

Linear transformation of 𝑿:

𝑿 ~𝑵 𝝁, 𝝈𝟐 ⟹ 𝒂𝑿+ 𝒃 ~𝑵 𝒂𝝁 + 𝒃, 𝒂𝟐𝝈𝟐

Numerical approximation of the 𝑵(𝟎, 𝟏)-distr.

Probabilities for 𝑋 ~ 𝑁 µ, σ2 can be computed 

by standardization: 𝒁 =
𝑿−𝝁

𝝈
~ 𝑵(𝟎, 𝟏)



Name +

parameters
Density function 𝑬(𝑿) var(X)

Uniform

𝑈(𝑎, 𝑏)
𝒇(𝒙) =

𝟏

𝒃−𝒂
, 𝒙 ∈ 𝒂, 𝒃

𝑎+𝑏

2

𝑏−𝑎 2

12

Exponential

Exp(𝜆)
𝒇(𝒙) = λ𝒆−λ𝒙, 𝒙 ≥ 𝟎

1

λ

1

λ2

Standard

normal  

𝑁(0,1)
𝝋(𝒛) =

𝟏

𝟐𝝅
𝒆−

𝟏

𝟐
𝒛𝟐 0 1

Normal  

𝑁 µ, 𝜎2
𝒇(𝒙) =

𝟏

𝟐𝝅𝝈𝟐
𝒆
−
𝟏
𝟐
𝒙−𝝁
𝝈

𝟐

µ 𝜎2

Overview common continuous distributions


