2 ()

(b)

parameters i, p. The result follows since starting
with an initial population of i s equivalem to
baving i independent Yole procsssss, each starting
with 2 single indvidual _
If the state is the number of individuals at time ¢,

we get 3 birth and death process with
IL,=nl+6 a<N |

A =nl 2N

By =tz

Iu.!’ibethelon:mwobabﬂitym:hesym
hhmt&ut&shahoth:mdﬂm
tbemhhm:,umhoﬁnghrl‘-’:s Py

We have lkPk = Fk‘*_lrk-l-l'

P -'--Po
P --,-p =§‘—+§l

s =53, -ﬁﬂ%’%ﬂ%.
Fork2>4,wepge

o




R -4
e § 7= § 45"
w1 U el ]
= 1 n=sff el -]

| 3 sl 347

FA+E) (2045
& U
Now g P, = 1 implies

Py= [1+’+5-‘:? -..59‘1*5;(2;-

Jesf] 237

And fizally,
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13.

_ au-a—e)m-n-a}] ,![: +§+9"—;:-§l

i a'1+e;[m+g
« fecfit] -3-387)

With the number of customsss in the shop as the state,
we get 2 birth and death process with

ln=.ll-=3 By =pp=4

Therefore

Py=iPPy=3P = [%]2?1:-

Andﬁnc:g?il:l,'egu

Po=[1+3+ BT -5

(a) Theavmgénmbeofmhthempis
1=1+21=2-=[§-+2{§-]2]1=‘3

XL 3L
Tg[l-l-z«]- [T] ] =

(b) The proportion of costomers that enter the shop is




14.

A(-F,) 9 16_2
T:]—Pzzl—nzwnn.

(c) Nowgp=8 andso

9 =
Pu=[1+§+ [%] } '?7‘

So the proportion of costomers who now eater the
- shop is

1-py=1- [ B 1o -8

Tha rate of added customers is thersfore

.1(%] -1[%] = 3{%‘;-%] = 45,

Tbe bminess be doss would improve by 045
customers per bour.

Lesting the number of cars in the station be the state we
bave a birth and death process with

10::11:12'-2&.13:5,352,;1.:;2:-.z

Henee,

=3P, Py=§P = [ﬂzpa'Patg g = E]SPE-

udu)%l’ia:l,wehave

““""............‘-.---_A..._._._._ —_——




-1
=3+ {01 -

(a) The fraction of the attendant’s time spent sarvicing
cars is equal to the fraction of time thers are cars in
the system and is therefore 1 — Py = 245/272.

(b) The fraction of potential customers that ares lost is
equal to the fraction of customers that arrive when
there are three cars in the station and is therefore
P3=[§]3P0=125;m

15. With the number of customers in the system as the state,
we get a birth and death process with

o\e=11=412=3 Ji=ﬂ.iai,;l =2 ﬂ2=ﬂ3="_
Therefore, the balance eqnmun.s reduce to

3 3 9 3 27
Pi=gPg Pp=3P =Py Py=3Py =533P,
And therefore, i
-y

3.9 32
P°=[1+§+E+ﬁ Em.

(2) The fraction of potential customers that enter the
system is




(b)

1(1-P,) 27 32 _ 116
r=l-Py=l-mam=13

With a server working twice as fast we would g=

16. Let the state be

C: an aceeptable molecnie is attachad
1: oo molecule attached
2: an unaceeptable molecule is attached

Then this is a birth and death process with balance

equations
B
P12=1Pp
A(1—2 1-2) P2
P2 = —“3—1?1 = L.?ng‘?n_

Si.nceI%?i=1,wege:
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-]
e PP L deny
Po= [1 ab 1 TRy
Pnisthepumugeufﬁm:heﬁuismpied by an
acceptable molecule.
T’hepmtageo{ﬁmem:iuisuczpiedbyu
upacceptable molecnle is

b A(1-e)p,
P2_= TE 0= Im1+ﬁl+ﬂ =k

17. Say the grate itoif:.b:u-.ii::i:n. 32y it is i when it
is dowz due to a type i failsrs, i=1,2. The balance egmatiens for
the limivieg probabilities are as follows.
o = 50y + 7y
5Py = dgty
mty = A0ty
PO - PI - '2 = 1.
These eguations are easily solved 2o give the resglzs
Po = (1< dp/n; + 2(1-p)/ny) !
P = dpPo/p., 2, = l(l-p}!‘ojr.: .

et Sottaaat 2 2 P AP P PR S SR R 0 C 0 8 £ 0 o

180




18. There are kel states; szate 0 megns the machize is workieg,

state i means thar it is iz repair phase i, i=l,....k. The
balasce eqmatices for the limiting probabilities are
l?o = Ft'k
;I?l = i?u
'1'1. = b ]Pi-l g - e 1
Pu"...okai.
To solve, mote tha:
) i = i et m e = 2R
Henge,
P;= (4fe;)2,,
and, spor sus=ing, .

k
1=Ppf1» if} (3/p5)]-

Teerefore, .
k .
Pox [1e T QML 1w (g, e,k

The azsver to part (a) isfiMmpa:r.(b) is?n.
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19. There are 4 states. Let state 0 sean that 2o machizes are
down, state 1 that machize oae is dows and two is mp, state 2
that machize oae is mwp and two is dowa, aad 3 thar bork machizes
are dovn. The balasce egmatices are as follows.

(4 200 = 22+ o2y

{5y + 4500 = ;0  5;05

(4) = 2g)Py = L2,

R SR

’O‘PI'PZ‘PS 1.
These equations are easily solved a=d the proportion of time
sackime 2 is down is PyePs. -

20. Letting the state be the scaber of down machimes, this is a
birth aad death process witk paramerers
J.i =J,i=0,1
BpE=pix=l, 2.
By the resslts of Example 3z, we have thar
Eftine to go from 0 20 2] = 2/1 » 522 .
Using the formula at the e2d of Section 3, we have that
Var(tise to go from 0 to 2)
= \'l.r(l'o) - l'n-{'fl}

=12, 1 c 2/ e B (271 . 5132
T =73 Eed




Using Equation (5.3) for the limizing probabilizies of a birtk
az2d death process, we bave thar
¥ 1+1
?0 . Pl = U
1o dfp - (Uﬁ}:

21. Kov we bave a birthk and deazk process wvitk parassters
Jj sd, i), 2
Bj=ig, i=1,2.
Therefore,
PD - '1 = 1«3/s '
—_—
1+ dfp+ ()2
and 30 the probability that at least cae machise is wp is bigher

in thiz case.

22. The zeaber in the systes is a birck azd deat: process with
parameters
o=d/(z+1),220
=R .021.
Froe Equatien (5.3),
1”0 z]e E (1;‘;}‘)’n! = oi/F
»sl

and

P, = Po(a/p)?el = _e“/’(u,)'m ,820.

111111111111Ili1111mmmmmmmmcl



23. Let the state denote the number of machines that are
down. This yields a birth and death process with

3 2 1 "
h=wh=wh=m4=0i23

1 2 2
hEph=nRk=E

The balance equations reduce to

Hence, using I3 P, = 1, yields

-1
12 _ 48 192]7F _ 250

(a) Average pumber not in nse
2136 _ 1088
=P+ + 3= ="r
(b) Proportion of time both repairmen are busy

672 _ 336
=P+ P3=m=Tr
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