Continuous Time Markov Chains (CTMCs)

A continuous time, discrete state Markov process is a process
{X(t),t > 0} with values in {0,1,2,...}, such that

“given the present, the past and future are independent”, i.e.,
for all s, > 0 and all states i, j, x(u),

P(X(t+s)=7jX(s) =14, X(u)=x(u),0<u<s)) =
P(X(t+s)=jlX(s) =1)

stationary transition probability function (independent of s):

Pij(t) = P(X(t + 5) = j|X(s) = 1)

Compare:
A discrete time, discrete state Markov process is a process
{X,,n=0,1,2,...} with values in {0,1,2,...}, such that

P(Xn+m — ]’Xm - Z.aAXm—l - im—l? coe 7X0 - io) -
P(Xn+m = ]’Xm — Z)

n-step stationary transition probabilities: Pi(jn)

If initial distribution P(X(0) = %) and P;;(-) are known then
the distribution of X (¢) is known for all ¢:

P(X(t)=1i) =Y P(X(t)=iX(0) = k) - P(X(0) = k)

Compare: P(X, =i) =3, P - P(Xy = k).



How does it work?

Suppose process enters state ¢ at time 0. Let

T; = time till next transition, out of state ¢

= sojourn time / holding time in state ¢
Suppose X (u) =i for 0 < u < s, then due to definition:
P(T;>s+t|T; > s)=P(T;, > t)

So T; is memoryless, hence T; ~ exp(v;) for some v;.
At time T}, the process leaves state ¢ and jumps to a state j # ¢
with some probability F;; as in DTMC (independent of T;).

Hence alternative definition:
A CTMC is a process that...

(i) ...stays in state i for a time T; ~ exp(v;), after which it...

(ii) ...moves to some other state j with some probability P;;.

Here P, = 0 and Zj P;j =1 for all 4.
(Note that P;; and P;;(t) are not the same!)



Examples

e Poisson process (only i — 7 + 1)
State space {0,1,2,...}

T, ~ exp(A) sov; =X, 1=0,1,2,...
P; =1, j=i+l
=0, Jj#i+l

e Pure birth process:
Same Pj; as in Poisson process, but with v; = A;.
E.g. Yule process (linear birth process): \; = i\,

e Birth and death process (only i — i+ 1ori — 17— 1)
State space {0,1,...} or {0,1,..., N}
Time till next ‘birth’ i — i+ 1 is B; ~ exp(\;)
Time till next ‘death’ ¢ — i — 1 is D; ~ exp(u;)
Time till next transition is min(B;, D;) ~ exp(v;)
with v; = \; + 97

Ai
P..1 = P(B;<D;) =

i
P = P(Bi>D;)=
o ( ) Ai + 1

State 0 has o = 0, hence v9 = Agand Py ;1 =0, Fy; =1



First entrance times in birth-death process

Let 7;; be the time to reach j from 7. Then

1
Eliinn = —+ Piiv1- 0+ P BT 0
1
1 i
L
it i At

1 i
ET v = SV %Eﬂ—l,i

This can be solved, starting from ETj; = 1/\.

(ETi—1;+ ET;41)

‘Similar’ for Variance (see book), but also (not in book):

V; .
Ee sTiiv1 — L (Pz',z'+1 1+ _Pz.’z._lEe_STz—l,H—l)
v; + S
— Ai + Hi Ee $Ti-1i fe—sTiit
>\i+,ui—|—8 )\Z"I-MZ'—I—S
Ee sTiit1 — Ai

Ni + i s — piBei
This can be solved, starting from Ee 101 = \y/(X\g + s).

Finally, if © < j we have T} ; = T} ;41 +--- +T;_1, all terms
independent!



Transition probabilities

We did: starting from ¢, when does process reach (fixed) j?
Answer: expectation/distribution of first entrance time 7},

Now: starting from 7, where is process after (fixed) time t?
Answer: transition probability function

Fij(t) = P(X(t) = j|X(0) = 1)
Known for Poisson process with rate A (let j > i):
Py(t) = P(j i jumps in (0, X (0) = i)
= P(j — i jumps in (0,])
_ oM (A)"
(7 =1)!
More general, pure birth process (let 7 > i):
Pij(t) = P(X(t) = j|X(0) = 1)
— PUXO <510 =)= PO <5 11X0
= PX;+--+X,>t) —PXi+---+X,1 >1)
with X; ~ exp()\;) independent.
Rest is technical. Suppose \; are different, then

J
A
s(Xit+4X;) _ k
Ee™ H)\k+8 kz:;ak)\k—l—s

H)\ — Ak

r#k

with

So .
J
P(Xi—l—"‘—l—Xj >t> :Zozke_%t

:@')



But what if Pi,i+1 7& 17

In DTMC Pz(kn) were found from difference equations, based
on

e Chapman-Kolmogorov and

e ‘short-term behaviour’ Pl.g.l)

(n) (n—1) n n—
P =% PP = P =pprY
k

In CTMC, P;(t) are found similarly from differential equations.
So we need
e Chapman Kolmogorov: Pj;(t +s) = >, Pi(t)Py;(s)
(in matrix form: P(t+ s) = P(t)P(s))
Proof: ...

e Short-term behaviour for & | 0 (as in Poisson Process):
R(h) = 11— ’Ul'h + O(h),
Pj(h) = v;Pjh+o(h), j#1
Proof: ...

Notation: let
qij = Vil for j # i
These g;;'s characterize the process:
q. .
vi=) q; and  Pj= = —
ji it i




Kolmogorov's equations for P,;(?)

Py(t+h) = Y Pu(h)Pyt)
k

= (L= vih+o(h))P(t) + Y (qich + o(h)) Py(t)
ki
= Kolmogorov's backward equation:
(always hold)

Pli(t) = —viPy(t) + Y ainPijt)
Kot
Also:

Py(t+h) = > Py(t)Py(h)

= Py(t)(1 —vih+o(h)) + Y Pu(t)(ah + o(h))
k#j
= Kolmogorov's forward equation:
(almost always hold)

Pli(t) = —P;(t)v; + > Pult)qr
oy

Initial conditions:



Generator matrix

Let generator matrix () be such that

Qi = —v
Qz’j — (ij, i#j
For finite-state Markov chain on {0, 1,... , N}:
( —Vo qor 4qo2 - 4oN \
qio —V1 qi2 - {IN
Q = q20 Q21 —U2 -+ (2N
\ dnNo T —UN /
Also let
P(t) = [F;(t))

Then Kolmogorov's equation in matrix form are

P'(t) = Q- P(t), (backward)
P'(t) = P(t)-Q, (forward)
I

and initial condition: P(0) = I.

Note: row sums of () are0
row sums of P(t) are 1 (stochastic matrix)



How to find @) or the (infinitesimal) transition rates?

Example birth-death process:

Vi = Ait i

Giiv1 = Uil

Qi1 = vl =

gi; = 0

= (\i + i)

Ai

i
(Ai + 1)

for all other j #£ 1

N+

Ai + 1 N
(since thenP;; = 0)

Hence, for a finite-state birth-death process, () is given by

( —Ao Ao
pr —(A 4 )
2

\ 0

In general situation:

A1
—(Aa+ 2 Ao

0

pn—1 —(An—1+ pnv-1) An—i

HN —HN

First determine state space S, then for all 7 € S:

[ ) Ui
[ ‘Plj
® qij

= @



Easy example: the two-state process (on-off source)

Often used, e.g. in telecommunications.

Some source alternates between off- and on-state.
Subsequent off- and on-times are independent, with
Off-time ~ exp(«), On-time ~ exp(/3)

Then {X ()} is a CTMC (birth-death process) with
state space {0, 1} (0=off, 1=0n), and

—a «
= (5 %)
Solution of P'(t) = P(t) - Q, Pi;(0) = d;;:

Poo(t) = —aPao(t) + 8P (1)
= —aPy(t) + B(1 — Pylt))

Q —
ipoo(t)zafﬂ+a+ﬁe (atB)t

= P()l(t), Plo(t), Pn(t) also known.

Limiting probabilities:

. . &

lim Py(t) = lim Py(t) =

A Folt) = Jim Pult) = 2773
8%

lim Py (t) = lim Pi(t) =

dm Polt) = Jim Pult) = 2773
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Less easy example: n identical on-off sources
Let X (t) = # active sources at time ¢.

How to find ()7
Suppose X (t) =i
e each source that is on turns off after time ~ exp(/3)

= time until the first turns off ~ exp(i3)

e each source that is off turns on after ~ exp(«)
= time until the first turns on ~ exp((n — 7))

So: {X(t)} is a birth-death process.

Next jump after time ~ exp(if5 + (n —i)a),

(n—i)a

to state ¢ + 1 w.p. —atis OF
to state v — 1 W.p. (TL—ZZ)—%—Hﬁ
Q — ...

Finding P,;(¢) is difficult, but for ¢ — co?
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Next example:

Two independent machines are on (1) or off (0).
Let X;(t) = state of machine i at time t. i = 1,2
and X (t) = (X1(t), Xs(1))

If {X1(t)} and {X5(t)} are CTMC's as before, with param-
eters («, ) and (A, u) respectively,

then also { X (¢)} is a continous time Markov chain.
E.g. in state (0,0),

e machine 1 turns on after time ~ exp(«), or

e machine 2 turns on after time ~ exp(\),
whichever happens first. Hence:

Vopp — « -+ )\
A
400,01 V000001 = (a0 + )a+ 3
and

00 —(a+ ) A o 0

0= 01 v —(a+ ) 0 o)

10 I&; 0 —(B+A) A
11 0 8 po —(B+p)
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Limiting behaviour

Accessibility, communicating states, communicating class,
irreducibility, transience, recurrence, ...

...are all defined similarly as in DTMCs, with transition proba-
bilities replaced by transition rates g;;.
or:

. are defined via the embedded Markov chain with transition
probabilities P;; = ¢;;/v;.

In particular:
{X(t)} is irreducible < P;;(t) > 0foralli,j €S
(note: positive/null recurrence cannot be defined as in DTMCs)

Theorem (no proof):
If CTMC is irreducible and positive recurrent, then

Pj= lim Fj(t) >0
exists, independent of .
Interpretations of {P,;}:
e Limiting distribution
e Long run fraction of time spent in j

e Stationary distribution

Last bullet: If P(X(0) =1)= P, foralli €S,
then P(X(t) =j) = P;forall j € S and all t > 0.
Proof: on board

Note 1: no periodicity issue.
Note 2: P, P;; and P;(t) are all different.
Other notation for P; = lim;_., P;;(t) is 7; (as in DTMC).
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Balance equations

To find the limiting distribution, take limit ¢ — oo in forward

equations:
/ —_—
tlggop tlggo Z% i(t) — v P (t)
k7]
becomes

0=> P —vP;

k)
so limiting distribution satisfies

viP; = i Wi L (balance equations)
ZJP =1 (normalization)

Interpretation 'rate out = rate in’:

Balance equation for set A (summing above over i € A):

ZPjZQﬂIZB’Z%

JeEA i¢A i¢A jeA
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Balance equations in matrix form

Balance equations can also be found in matrix form from for-
ward equation:

Let t — in P'(t) = P(t)Q:

P, P P
Y
"=1p pr P ¢

where P, = limy_, o, :sz(t) for all &

Hence, with P = (P, Py, .. .) solve

PQ =0 (balance equations)
2P =1 (normalization)

Compare with DTMC:

TP =1 (balance equations)
> =1 (normalization)

Birth death process:
—XoFPy+ P =0
NPy — (A1 + ) P+ P = 0
MP— (Ao 4+ )P+ pusPs = 0

or
APy = P

(M 4+ p) Pt = MNPy + paPs

(A2 4+ p2) Py = M Py + pusPs
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Summing first ¢ equations (or applying balance equations to set

A=10,1,...i—1}):

Nie1Pi1 = i B
Recursively:

Aie AiciAis2 e A
p=""p = =202 Ap
i Hifbi—1 -+ K1

Two cases:

e Normalization > ", P, = 1 is possible:

O -1
)\i— >\i— R \

o Mili-1- Ha

Positive recurrent process

e Normalization > .~ P, = 1 is not possible:

o0

PVIRD VIR TEED
Z 1Ai—2 02007 P =0
0 Milbi—1 - 1

Transient or null-recurrent process; no limiting distribution.
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Embedded Markov chain

Let {X(¢),t > 0} be some irreducible and positive recurrent
CTMC with parameters v; and P;; = g;;/v;.
Let Y,, be the state of X (¢) after n transitions.

Then {Y,,n =0,1,...} is DTMC with transition probs. P;;:
Embedded chain. (Note: P;; = 0).

Now let P; satisfy
» Pi=1 and Puw;=)Y Pg;
J 7]
and let 7; satisfy
Z’]‘(‘j =1 and ;= ZmPM
J i#]
Is T = Pj?

No, not in general
Yes, if v; = v for all 7.

Example: on board
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Uniformization

ldea:
o if CTMC has different v;'s, choose a uniform v > sup;.q v;

e Compensate by adding 'self-transitions’ i — i

e [hen define 'embedded’ Markov chain

Suppose process is in state ¢. Then:

e Stay in i for X ~ exp(v)

e Then either leave 7 w.p. 7%, or 'return’ to ¢ w.p. 1 — .

Consequences:
e Jumps occur according to Poisson Proces, rate v

e Sojourn time in i is S = >, X; with N ~ geom(v;/v)
and X; i.i.d. ~ exp(v)
So (e.g. by considering LST ¢g(s) = gn(ox(s))), we have
S ~ exp(v;)!

New DTMC has
Py =1-2

(% ) )
P = EPU (J # 1)
Again an embedded process, but at event times of a Poisson
process rate v, with self transitions.

In this way almost (!) any CTMC (with parameters v;, ;)
can be viewed as a combination of a PP (with rate v) and a

DTMC (with transition probabs. P3)

]
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Properties of uniformized Markov chain

Uniformizing DTMC has same stationary distribution as the
original CTMC:

T = g i P

€S
V; V;
= (1= _|_§ p..
j 7TJ( v) . .7Tz i,

i#]
VT = g v; P
i#]
Ujﬂ']' = E qzjm
i#]

Same set of equations as for P;; result follows by uniqueness.

Relation between transition probabilities:

Let N(¢) be the Poisson process, at rate v, then:
Pyj(t) = P(X(t) = j|X(0) = 1)

= ) P(X(t) = j|X(0) =i, N(t) = n) P(N(t) = n| X (0) = i)

n=0
_ . *(n) —vt@

See example 6.21 for uniformization of two-state CTMC
(parameters \ and p) at rate A+ to find Py(t), etcetera.

Other numerical applications: see Section 6.8
(but not for the exam!)
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