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Abstract

Standard control charts are often seriously in error when the distributional form of the observations
differs from normality. Recently, control charts have been developed for larger parametric families. A
third possibility is to apply a suitable (modified version of a) nonparametric control chart. This paper
deals with the question when to switch from the control chart based on normality to a parametric control
chart, or even to a nonparametric one. This model selection problem is solved by using the estimated
model error as yardstick. It is shown that the new combined control chart asymptotically behaves
as each of the specific control charts in their own domain. Simulations exhibit that the combined
control chart performs very well under a great variety of distributions and hence it is recommended
as an omnibus control chart, nicely adapted to the distribution at hand. The combined control chart is
illustrated by an application on real data. The new modified nonparametric control chartis an attractive
alternative and can be recommended as well.
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1. Introduction

Classical control charts for monitoring the mean of a production process are based on the
assumption that the observations are normally distributed. This assumption is in practice
not always fulfilled and the control chart often is seriously in error when the distributional
form of the observations differs from normality, see €gan et al. (1988Pappanastos and
Adams (1996)Albers et al. (2002, 2004An obvious solution to the problem is to assume
a larger parametric model, containing normality as a submodel, and to produce a control
chart in this new setting. This step has been maddhers et al. (2002, 2004here the
merits of such an approach are comprehensively discussed.

It is clear that as long as we are (very) close to normality, the control chart based on
normality is preferable. The first reason is that in that case the performance of this control
chart is better, since it is matched to normality of the observations. The second reason is
that the normal control chart is easier and more familiar and hence people prefer this chart
as long as possible.

However, for distributions farther away from normality, but still close to the larger para-
metric family, the best choice is the parametric control chart. In that case we should no
longer stick to the normal control chart, but move towards the parametric chart.

Of course, there also are distributions so far outside the larger parametric family that the
parametric control chart is not satisfactory either and a nonparametric approach should be
applied. One may ask why not always apply a nonparametric control chart or a parametric
control chart in a very large parametric family. The point is that there are two types of error:
the model error (due to the distance between the true distribution and the most suitable
distribution in the supposed model) and the stochastic error (caused by estimating parameters
or, in the nonparametric case, an extreme quantile). The larger the parametric model, the
smaller the model error (with a vanishing model error in the nonparametric control chart),
but the larger the stochastic error. For instance, estimating the 0.999-quantile with 100
observations makes no sense in a nonparametric setting.

The theme of this paper is how to choose between the three control charts: the normal
control chart, the parametric control chart as developed for the normal power family, cf.
Albers et al. (2004and the nonparametric control chart,Albers and Kallenberg (2004c)

The idea is to let the data tell what control chart to use.

Afirstidea might be to execute a (standard) goodness of fit test to investigate normality. If
normality is not rejected, use the normal control chart. If we do reject, apply a goodness of
fit test for the normal power family. Again, when not rejecting, apply the parametric control
chart and otherwise use the nonparametric control chart (if this makes sense).

Although this way of thinking looks attractive, it has a serious drawback. Standard good-
ness of fit tests are looking at the majority of the data, and as such concentrate on the middle
of the distribution, while here we are not interested in this middle part, but in the (extreme)
tail. Therefore, standard goodness of fit tests are not appropriate for the situation at hand.
For the same reason, less formal methods like “a good look at the data” or “an inspection
of a histogram” are completely insufficient to judge the possible normality in the far tail.

The choice between the three control charts can be seen as a model selection problem.
Again, we cannot use standard selection rules, since the common selection rules are intended
for the bulk of the data and not for the extreme tail. The motivation to switch from the
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normal control chart to the parametric control chart or even to the nonparametric control
chart is provided by the model error. Ligbe the false alarm rate, that is the probability of
concluding that the process is out-of-control when in fact it is in-control. In this paper, we
restrict attention to (individual) control charts which provide an out-of-control signal when
the monitoring random variable (r.\Yis larger than a certain control limit. For the two-
sided case similar results hold. Llebe the distribution function of and writeF =1 — F.

Let Hy be the “most suitable” distribution in the supposed model. Then

F(Hy () -p &

is called the model error. IF = Hy, the model error is of course 0. F is outside the
supposed model, (1) describes the error involved. Indeed, it is seen at this point that not the
middle of the distribution is coming in, but, due to the (very) small valup, @ far tail.

This model error is the discriminating quantity in deciding which control chart to use.
Moreover, the data should tell us what the appropriate model is. Hence, it is natural to
base the decision between the three control charts on the estimated model error. We use the
(standardized) largest observation to choose between the control charts, thus really looking
at the tail of the distribution.

In Section 2, the three control charts are presented. Here also a modified version of the
nonparametric control chart is presented. Section 3 is devoted to the choice of the model.
The three control charts and the decision rule telling us which one to choose among them,
in fact together form a new control chart. An application of this combined control chart
on real data is performed in Section 4. It is shown in detail how to do the calculations.
In order to study the theoretical behavior of the combined control chart we need so called
large deviation results for our estimators of the parameters in the normal power family. In
Section 5, some large deviation results are presented, which may be of independent interest.
Theoretical results on the in-control and out-of-control behavior of the combined chart are
worked out in Section 6. In contrast to for instance the normal control chart, the combined
control chart is valid for all distributions. In each of the three situations (normality, normal
power family, outside the normal power family) its out-of-control behavior is asymptotically
as good as that of the specific corresponding control chart. In addition to the theoretical
results we present some simulation results on the new control chart in Section 7. It turns out
that the combined control chart behaves very well under a great variety of distributions and
therefore it is recommended as an omnibus control chart, nicely adapted to the distribution
at hand.

The new modified version of the nonparametric control chart shows good behavior in the
in-control situation (as might be expected from a chart close to a real nonparametric chart),
but has also a nice out-of-control performance in contrast to the standard nonparametric
control chart. However, under normality some loss has to be accepted w.r.t. the combined
control chart. Nevertheless, this modified nonparametric chart is an attractive alternative
omnibus control chart.
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2. Three types of control charts

Let Xy, ..., X, bei.i.d. r.v.’s with distribution functiofr and letX,,+1 be the monitoring
characteristic, having distribution functi@ In the in-control situation we havgé = F.
Ther.v.sXq, ..., X, are the data from Phase | on which the estimators of the unknown

parameters or the unknown quantile are based. The monitoring r.v. may in fact be based on
mobservations, but here we consider the situatiog 1 of individual measurements.

Due to estimation the probability of a false alarmis no longer a number, but a r®, bet
the observed alarm rate, i.e. the probability of an alarm, gkign . ., X,,. UnderG = F we
want P, to be close to the prescribed false alarm m@féo measure the closenessryfto p
we consider control charts aiming fée (P,) ~ g(p), for some suitable functiog. (If not
stated otherwise we consider in this section the in-control situation and Rgnefers to the
observed false alarmrate, thafis= F (UL ), where UL denotes the upper control limit.) The
most prominent one is simpp( p) = p. Due to estimation, dependence among the signaling
events occurs, see for examplaesenberry (1993jowever, conditionally otX 4, ..., X,
there is still independence and hence, gi¥an. . ., X,,, the average runlength (RL) equals
1/P,. Therefore, als@(p) = 1/p is of interest. A third choice which is sometimes used
(see e.gDoes and Schriever (1998) Roes (1995, pp. 102, 103)llows fromg(p) =1—

(1— p)* = P(RL<k), where typicallyk = [¢/p] (with [x] being the entier of) for some
small¢ like 0.1 or 0.2.

It is well known that simply plugging in estimators in control charts for the unknown
parameters is only accurate for very large sample sizes, se&hkagh et al. (198])
Quesenberry (1993Chen (1997)Woodall and Montgomery (1999, p. 379hakraborti
(2000) Nedumaran and Pignatiello (20Q0A)bers and Kallenberg (2004apdAlbers et al.
(2004) In the latter two papers correction terms are proposed that get the behavior of control
charts under control again, in the sense thatP,) ~ g(p), where the correction terms
depend on the functiagunder consideration. Instead of using expectations, alternatively an
approach based on exceedance probabilities can be performédbsesand Kallenberg
(2004b)andAlbers et al. (2002)But in the present paper the main interest is on how to
choose the right (class of) distribution(s) in order to apply the appropriate control chart, and
therefore we do not treat all the possible criteria and their corresponding (corrected) control
charts.

Leti=X=n"1YX; ando = § = +/S2with $2 = (n — 1)1 " (X; — X)2. Based on
the data we want to decide which of the following three control charts to choose.

2.1. Normal control chart

Letu, be the uppep-quantile of the standard normal distribution, that js= 5_1(p) =
@11 — p), where® denotes the standard normal distribution function éne 1 — @.
Furthermore, we writ@ for the standard normal density. The normal control limit devised
for Eg(P,) ~ g(p) is obtained from the plug-in control limjit+ « ,6 by adding a terna
to correct for the bias. That is, the normal control chart is given by

Xny1>U~+ (up+cn)o (2)

with cy as inTable 1
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Table 1
Correction terms according to the functign

g(p) cN

2

u up(up+2)

P 77 +
1 up u%+21 20(up)
> F iy el L »

2

+2 k—Doupy)

k u “p Qlup

e AT U=

For the derivation of this control chart and its properties we refatiers and Kallenberg
(20044a)

2.2. Parametric control chart

The parametric control chart is based on the normal power familyt-flo@antile in the
normal distribution is given by 4+ c®~1(¢). To embed the normal distributions in a larger
family with heavier or thinner tails we consider essentially powers of the standard normal
quantiles as the new quantiles. More precisely, repieick) by

KMo =@ oM signd 1)), €)

wherey > — 1 and where:(y) is a normalizing constant given (to make the variance equal
to one) bye(y) = {E|z|2M+0) =12 = g1/42-A+0/2 Py 4 3/2)~Y/2 with Z a r.v. having a
standard normal distribution. This larger parametric family, called the normal power family,
can also be defined by

X=u+0Z, with Z,=c()|Z|*" sign(z). (4)

The corresponding distribution function is denotediby It is immediately seen that=0
leads to the family of normal distributions.

Just adding an extra parameter actually makes it far more complicated to derive control
charts. Fortunately, the following recommended control chart in this family can be applied
quite straightforwardly. Le (1)< --- <X(,) be the order statistics ofy, ..., X,,. The
parametric control chart, which we use in this paper, is given by

== - - C3(y C4(y
Xn+1>u+a{K;l(m—cm)czw)— é”)ﬂ (”}, 5)

n

wherefgl(p) = K, (1 — p) = a7 /21y + 3/2)*1/2u,1,+" refers to the normal
power family, see (3), wheré = 1, —1,1 — ¢ according tog(p) = p, g(p) = 1/p,
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g(p)=1— (1 — p)k k=1[¢/p), respectively, and where

~ 1 X(0.95041)) — X
Y= — — log =] -1
log(®~(0.95)/9~(0.75)) X071 — X

1
( — — ~ 1.1218) ,
log(@~1(0.95)/#~1(0.75))
C1(y) = —1.23— 0.63y + 0.73)* 4 0.74u, — 0.08yu, — 0.14)°u ,,
1+y
o 1([0.951 + 1 1 :
copy = (2O W E D)) 5 g,
o~ H([0.751 + 1]/ (n + 1))
C3(y) = —10.86 — 27.77y — 22.36y% + 4.72u, + 9.98yu, + 7.29%u ,,
C4(y) = —87.23— 147.89) — 10429/ + 40.25,, + 63.69u, + 44.47)%u,,. (6)

For the derivation of this control chart and its properties we reféthers et al. (2004)In
particular, for the choice of the estimator see Remark 2.3 in that paper and its illustration
in Fig. 3in Section 7 of the present paper.

2.3. Nonparametric control charts

2.3.1. Standard nonparametric control chart

We start with a formal definition of the inverse of a distribution functiBn? (r) =inf {x :
F(x)>1).ForF=1— F we defineF "(p)=F~1(1— p)=inf{x : F(x)>1— p}=infx :
F(x)< p}. Applying this to the empirical distribution functiof, we get

Pl
T , r=0,...,n—1

— 1 7
Fn (p)=Xu-p for;<p<

(Hencer = [np].) Estimating the unknown quantiv_éfl(p) in a nonparametric way by its
empirical counterpart gives the uncorrected plug-in control chart

—1
Xn+1>Fn () = X(u—[np))-

This implies that we get unconditional false alarm probabilitigy, equal toj/(n + 1)
with j =14 [rp]>1. An obvious way to correct for the estimation error is to replabg
p(1 £ ) for some suitably choseh However, due to (a) the fact that we have always at
least a false alarm probability/ tz + 1) and (b) the discrete character of the possible false
alarm probabilities, we will not get satisfactory results uniess very large omp not too
small.

A possible solution is to make the false alarm probabilities continuous by adding a
randomization procedure as follows. LBty < --- <Ug,) be the order statistics of the
random samplé/y, ..., U, from a uniform distribution on (0,1) and defiigg) = 0 and
Un+1)=1. Letg be a monotone function. In particular, we are again interestgtjin=p,
g(p)=1/p, g(p) =1 — (1 — p)*. For a monotone increasingdefine the integer with
0<r=r(p)<nby

Eg(Uy)<g(p) <Eg(Ug1)- (7)
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LetV be ar.v. independent dfy, . .., X, 1 taking as values 0 or 1. Replace the control
chart by

Xn1>VXu—r)+ A =V)X0—r11)
8(p) — Eg(Uq))

with P(V =1) = ,
Eg(Upy1y) — Eg(Uwy)

®)

where in case=0 we defineX (. 1) =00. SinceF (X ,—,)) andF (X ,—,+1)) are distributed
asU(-41) andU,, respectively, obviously we obtain

Eg(P,) =g(p). (©)]

(Note thatpP, iinow defined as thgprobability of a false alarm, givén. .., X, andV,
thatisP, = VF(X(u—r)) + (1 = V)F (X(1—r+1))-)

In particular, forg(p) = p we getr = [p(n + 1)] and the nonparametric control chart
reads as

Xnt1> VX u-1parn) + =WV X (pertni+n
with P(V=0)=pn+1 —[pr+ D). (10)

Similarly, for a monotone decreasigglefine 0<r = r(p) <n by
Eg(Uiy) 2g(p) > Eg(Ug+1))- (11)

The control chart is again given by (8). In particular, fap) = 1/p we getr = [np] + 1
and provided that > 2 (that isnp > 1) the nonparametric control chart reads as

Xnt1> VX(n—[np]—l) + 1 V)X(n—[np])

with P(v = 1) = L1+ D@p = [nph)

np

Whenr =1 andg(p) = 1/ p the nonparametric control chart gives an out-of-control signal
if Xy+1> X(un—1) and henceP, = F(X(,—1)), implying E(1/P,) = E(1/U) =n <1/p.

For further discussion and results on this and similar nonparametric control charts we
refer toAlbers and Kallenberg (2004c)

2.3.2. Modified nonparametric control chart

The practical implementation of the nonparametric control chart is still questionable for
r = 0 (for example wherg(p) = p thenr = 0 corresponds te(n + 1) < 1), because it
implies that with positive probability we will never get an out-of-control signal! Therefore
we modify the nonparametric control chart somewhat in ease. We replace the definition
X(nt1) = 00 bY X(n41) = X(ny + S. For the in-control situatioX ,) is already rather far
in the tail of the distribution ofX,, .1 and addingS gives for most distributions a really
large value. However, a substantial shift in the out-of-control case can now be detected
with higher probability tharP (V = 1), which equals, for instance,Zb1 wheng(p) = p,
p =0.001 andz = 250. Moreover, it is now no longer decided to keep the process running
“for ever” whenV = 0.



916 W. Albers et al. / Journal of Statistical Planning and Inference 136 (2006) 909—-941

The modified nonparametric chart is defined by (8)3f1 and forr = 0 by

g(p) — g0

Xui1>Xop +@=V)S with POV =1) = 5 o

(12)

3. Choosing the model

When the observations are close to normality, we want to select the normal control chart.
If the departure from normality is too large, we apply the parametric control chart, unless
the parametric family also does not fit. In the latter case the (modified) nonparametric
control chart comes in. It is argued already in Section 1 (but see also below) that the model
error is the guide for choosing between the charts. In principle, the model error can be
defined both for the in-control and the out-of-control situation. However, because of the
validity of the control chart, our main concern lies in the model error for the in-control case.
Therefore, when developing rules for choosing between the three control charts we assume
thatXq, ..., X,, X,41 are i.i.d. r.v."s with common distribution functida

Denote the supposed model by a parametric family of distribution fundtiéns 0 € ©}.
As before, leF denote the true distribution of,, 1 (andX74, ..., X,,). If F equalsHy andf

is known, the control limit simply equaﬁgl(p). UsuallyF is unknown and two problems
arise: (i)F may be outside the supposed model and(i3 unknown. This leads to two
kinds of errors, the model error and the stochastic error. The latter is due to estimation of
in the control limit by its estimataf. Therefore, the total error when using the control limit

ﬁgl(p) can be split up in two parts,

PXuia =1y (o) — p = [F (Hy ") - 1}
+{F (73" ») - F (Hy" )} (13)

The first term on the right-hand side of (1?),(?51([9)) — p, is called the model error,
the second term is the stochastic error.

3.1. Normality

Let us start with considering the question whether to use the normal control chart or not.
The supposed distribution functidiy is that of + oZ (with Z having a standard normal
distribution). Therefore, the model error equBlg:+au ,)— p. To getinformation about that
we want to check (based on our observati&is. . ., X,,) the behavior of X — ) /o in the
far tail (pis small!). For instance, whem= 0.001 and: < 1000, the most obvious quantity
to look at is the standardized maximum of our observatiokig;) — %) /a. In principle we
can use for largep and/orn other order statistics, but to avoid technical complications and
to keep the combined control chart simple we restrict ourselvéX g — 71)/a. See also
Remark 3.1.

The next point is the determination of the cut-off points for staying at the normal chart.
If X1,..., X, arei.i.d. with a standard normal distribution afatdy (n)}, {don (n)} are se-
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quencesofpositive numbers satisfyingliny, diy (n) =00, diy (n) <n and lim,_, oo doy (1)
=0, then

lim P <X(,,) <ot (le("))> =0
n— 00 n

and

n—00 n

lim P <X(n) >5il <M>> =0.

Therefore, we will prefer the normal control chart when

31 (le(n)> < Xy — X <ot (dZN(n)> , (14)

n S n

The restrictions on the cut-off poin#gy (n) andday (n) so far are rather weak. Next we
will come to a specific recommendation. Distributions with heavier tails than the normal one
give problems with the in-control behavior, leading for common distributiod&Rg being
4 or even 12 times as large as it should be, Tad#e 1in Albers et al. (2004and hence the
control chartis invalid. Distributions with thinner tails are conservative in the in-control case
with as consequence a loss in the out-of-control. Because errors in the in-control are more
serious than those in the out-of-control case and since a positive model error as [aoge as
larger can easily occur, whereas the negative model error is atrposte take the selection
ruleunbalancedin particular, we will consideds y (n)=—0.7+0.5 log n, doy (n)=5//n,
leading to

__1/~07+0510
P (X(”) -3 1<M))
n

(1 —-0.7+0.5 Iogn)”

n
exp(0.7 — 0.5 logn)

Q

Q

Siv

and

(i (501 ) 2ol )

whenXjy, ..., X, are i.i.d. having a standard normal distribution. This choice is based on
both the theoretical results of Section 6 and our simulation experience, see Section 7.

3.2. Normal power family

Next we address the question how to choose between the parametric control chart and
the nonparametric one. Similarly as for the normal chart we prefer the parametric control
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chart when
Xw — X ¢ [5—1 (le(n)> e <d2N(n)>:| ,
S n n
_,A,l(d”’(”)) Ko _Ygﬂl(d”(")), (15)
/ n S Y n

where{d1p (n)}, {d2p(n)} are sequences of positive numbers satisfying lingy, d1p (n) =
o0, d1p(n) <n and lim,_, o, d2p(n) = 0. In particular, we will consided1p (n) = —0.2 +
0.5 log n, d2p (n) = 3/+/n, leading to

—1/-02+051I0 —-0.24+05 1o "
p (X(n) % (M)) _ <1_ M)

n n

12
~ exp(0.2 — 0.5 logn) ~ —
Jn

and

I C RS ond 1- (1= 2) 1o exp(=2 3

> ) =1 — _— I — —_— | —,

=% \Gon non &) A

when X1, ..., X,, are i.i.d. having a normal power family distribution with distribution
function K. Note that this specific range has somewhat larger probability of staying at the
parametric control chart than the corresponding one for the normal chart, because here the

model error is in general lower. The “unbalance-factor” is in both cases approximately the
same: 32 = 3/1.2.

3.3. Nonparametric

When neither (14) nor (15) hold, we choose the modified nonparametric control chart.
Moreover, wherp(n 4+ 1) > 1 we can make some simplifications by ignoring the correction
terms in the normal and parametric control chart (since they are rather small in that case) and
replacing in the nonparametric chart the stochastic ¥ its deterministic counterpart
EV.

3.4. Combined control chart

In order to avoid too much technicalities we restrict ourselves ngy0 = p (which is
considered in the simulation study). Note however, that with (some) more effortgisher
like g(p) =1 — (1 — p)* org(p) = 1/p can be analyzed as well.

Consequently, fog(p) = p the combined control chart is defined as follows. Let\JL
ULp, ULunp denote the upper limit of the normal, parametric and modified nonparametric
control chart (forr = 0), respectively, that is, cf.(2), (5) and (6), and (12),

ULN =74 (up 4 cn)T (16)
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with ¢y as inTable ],

+
n

ULmMnpe =Xy + (1= V)S with P(V=1)=pn+1)

[ o C3(7)  CAG
ULp=u+a{Kﬁ(p)—Cl(y)CZ(y)_ ’EV) (/)},

and let
. |:5—1 (le(n)> ot <d2N(”)>:| ’
n n
—_1/(d —1(d
IP=[K51< 1P(”)>’K:;l< 2P(n)>i|’ (17)
n n
then the combined control chart foe= 0 is given by
X — X Xuwy — X X — X
Xpn+1>ULNLI| ——— € IN )+ ULpl{ ————¢IN | 1| —— € IP
S S S
X — X X — X
+ ULmnpl (%qﬂN) l(%gélP) (18)

with 1(A) = 1 if A holds and 0 otherwise. Writing= p(n + 1) — r the combined control
chart forr >1 is given by

_ X(n)—Y
Xn+1> (X+MPS)1 T € IN
v . -1 X =X Xy =X
+(X-|—KV (p)S)l( g ¢|N)1< L
X — X
+{0X (o) + (L= ) Xuoryp)L (% ¢ IN)
X — X
x 1 (% ¢ IP) . (19)

Returning to both the in- an out-of-control situation, thaXis . . . , X,, have distribution
functionF and X1 has distribution functiors with G = F for the in-control case, we
therefore get (witte referring to the expectation undey

oot <)}
EP,=FE{GULY1L TEIN
= [ Xoo =X X — X

+E {E(UL;‘,P)l (WQN) 1<X(LS_X¢IP)}, (20)
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where ULj; =ULy if r=0and ULy, =X +u,Sif r>1, UL =ULpif r =0and ULy =
X +K; (p)Sif r>1and Ulip=ULwnp if r=0and ULp =X (u—p) + (1= ) X (r—r11)
if r>1. Itis easily seen that due to location and scale invariance without loss of generality
we may takeu = EX1 = 0 ando? = var(X1) = 1.
We want to show the following results:

1. The combined procedure has good in-control behavior under normality ¢), the
normal power family { = K, for somey) and outside the normal power family (#
K, for all y).

2. During out-of-control there is a gain w.r.t. the nonparametric chafts# K, for some
y and hence in particular if = @. There is only a small loss w.r.t. the normal and
parametric chart if” = @, w.r.t. the parametric chart f = K, for somey, and also only
a small loss w.r.t. the nonparametric charfit4 K, for all .

From the theoretical point of view this will be shown by demonstrating that the combined
control chart in each of the three situations (normality, normal power family, outside the
normal power family) asymptotically behaves as the specific corresponding control chart. In
the simulations this is established by numerical comparison of the specific and the combined
control chart for several distributions.

The main point in the theoretical part is to show that the estimator$ and?y can
essentially be ignored in the selection part of the procedure. This requires a lot of effort,
including results on large deviations for these estimators, which are presented in the next
section. Simplifying things a little bit and takingyy (n) = —0.7 + 0.5 log n, doy (n) =
5//n, dip(n)=-0.24+0.5 log n, dop (n) =3/+/n , for instance, when normality holds the
procedure then looks as follows: choose the normal chart except for a probahifiy(8ue
to possible thinner tail}-5/./n (due to possible heavier tail); when not taking the normal
chart we choose with probability. & ./n + 2/./n the parametric chart and otherwise the
nonparametric chart. In general, the behavior of the combined chart is indeed a kind of
mixture of the three charts according to the weights of the selection rule, batsas et
al. (2003)for some refinement.

Remark 3.1. The selection procedure is based &, —X)/S.Inview of a possible outlier

it may be risky to use only the (standardized) largest observation. In fact, the problem is
not in the selection rule, but more in its combination with the nonparametric control chart.
In case of an outlier the selection rule will automatically choose the nonparametric chart.
When only one outlier is present apdn + 1) > 2, the outlier will not turn up in the chart

and there is in fact no problem. Otherwise, the control limit will be rather extreme and this
may lead to less powerful behavior under out-of-control. However, it should be remarked
that the observation¥, ..., X,, are authorized as being in-control and hence unexpected
outliers should have been detected before.

4. Application

We apply the new control chart on areal life example concerning the production of electric
shavers by Philips. In an electrochemical process razor heads are formed. The measurements
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Fig. 1. Histogram of the thickness of razor heads for the first sample of 835 measurements.

concern the thickness of the razor heads. There are two samples each of 835 measurements.
One sample will be used to settle the control chart and then this chart is applied on the
second sample. A histogram of the first sample is giverign 1

The control limit is obtained in the following steps

1. We calculat€X ) — X)/S. SinceX,) = 5166, X = 42366 S = 3.311, this leads to

X=X _ 5507

2. We calculate the cut-off points for choosing the normal chart. These values are

1 (—0.7 + 0.5 logn 5
0} - @ -
nﬁ

3. Because B07 ¢ [2.728 3.531] we choose the normal chart and therefore we calculate
the corresponding control limit. Itis given Byt (u , +cn )G With fi= X =42.366, u, =
3.090, cy=up/(4n)+ up(uf, +2)/(4n)=0.012 ands = S =3.311, see (2). As aresult
the control limit equals 5835 and an out-of-control signal is given for new observations
being larger than 5835.

):2.728 and 6l<
n

) =3.531
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Fig. 2. Control chart of the second sample of 835 measurements of the thickness of razor heads.

We apply the control chart on the second samplg. 2 shows the result, where the
horizontal line gives the control limit 52.635.

As is seen there is one observation among the 835 observations which gives an out-of-
control signal.

Note that we do not need to calculate the parametric or nonparametric control chart in
this case.

If one is interested in controlling the lower values in this example the calculations should
be modified in an obvious way. Essentially we considéf, . .., — X, calculate for these
r.v.’s the upper control limit and apply these control limit e1X,, 1. An out-of-control
signal is given whenr- X, 11 is larger than the obtained upper control limit, or, equivalently,
if X,+1 is smaller than minus the control limit based e1Xy, ..., —X,,. Here are the
details.

1. We calculatéX — X(1))/S. SinceX 1) = 25.45, X = 42.366, S = 3.311, this leads to

S .109.
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2. The cut-off points for choosing the normal chart are again
_1 (—O.7+O.5 log n S
[0} - @ @00
n nﬁ

3. Because 309¢ [2.728 3.531] we do not choose the normal chart. Next we calculate
the cut-off points for the parametric chart. We are dealing with the lower part and hence

~ 1 g [ X~ X095 | 4
~ log@10.05,9 1025) \%_ o
09(¢~+(0.05/97+(0.25)) X — X(n—-10.751])

) —2728 and & - ( ) — 3531

This givesy = 0.352. The upper cut-off point for the parametric chart equals
?771(3/01\/5)) = 4.957, implying that in this case the (modified) nonparametric chart
is chosen. Hence, an out-of-control signal is given if a new observation is smaller
than Xy — (1 — V)S, which equals 285 if V = 0 and 22139 if V = 1, where
P(V=1)=m+1)p=0.836.

The minimum of the second sample is.26 and therefore no out-of-control signal is
obtained.

5. Large deviations

The large deviation results of this section are used in the proofs of the basic LemmasA.2,
A.4 and A.5 in the Appendix. For details of the proofs of those lemmas we refdb&rs
et al. (2003)We start with a large deviation result on the behavior of the estimatensd
7, see (6), in the normal power family. The proof is non-standard due to non-existence of
the moment generating function.

Theorem 1. LetXy, ..., X, bei.i.d. r.v.s with a normal power distribution with parameter
7. Then for eackk > 0
lim supn~MNL2/A+M jog P([X| > ) <O, (21)
n— o0
lim supn~ "N A4D) jog P(1S? — 1| >¢) <0 (22)
n—oo
and
lim supn~"NL2/A+M) jog P([7 — y| > &) < 0. (23)
n—0oo

Proof. Denote byX (1) < - - - <X, the order statistics of 1, ..., X, and letU) < - - - <
U, be the order statistics of the random sanipje. . ., U, from a uniform distribution on
(0,1). Let O< s < 1 be fixed and lej = j (n) satisfy lim,_.~ j/n =s. Then, for any > 0,

P(X(jy> Ky () +8) = P(U(j) > Ky (K5 () + 9))

n
=P (Z 1Ui>K~,7(K;71(s)+s) Zn—J ) (24)
i=1
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and by Chernoff’s theorem, see eBahadur (1971)we get
. -1 .
n||_>moo n~~log P (Z 1U,->K~,,.(K.;1(s)+s) >n — ]) <0.
i=1
Similarly, we have
lim n~t log P(X(j) < K},_l(s) —-¢) <0
n—oo
and hence
lim n~tlog P(1X(j — K, (s)| > &) <O. (25)
If 1 +y<2, application of Chernoff's theorem easily gives, for any0,
lim ntlog P(|X|>¢) <O. (26)
n—oo

For 1+ 7> 2, the moment generating function &f does not exist. However, dyagaev
(1969) see alsdNagaev (1979, formulas (2.31) and (2.32) on p. 764dllows that

lim supn=?I* Jog P(X > ¢)

n—o0

< lim n=23*) log P(X1 > ne/2)
n—oo

1(¢/2 2/(1+y)
= lim =% |og P(c(y)|Z|1+Vsign(Z)>ng/2)=——(—) . (27)
e 2\c()

By symmetry, we get
PX<—¢=PX>¢)
and hence we obtain for> 1

(28)

1/ ¢/2 2/(1+y)
n—00 2 C(V)) ’

lim supn=?* log P(|X|>e) < — —<—

In view of (26) and (28) we arrive at

lim supn~MNL2/A4) |og P(1X| > ¢) <0,

n—o0

thus proving (21).
Since

P(S?—1>e)<P(S? -1 >¢ [X|<e) + P(X|>¢)
n
<P<Z<X?—1)

i=1
it follows by a similar argument as in the proof of (21) that (22) holds true.

> — e —ne® — 1) + P(|X| > o),
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By continuity there exist for each> 0 constants; = ¢; (¢), i = 1, 2, 3 such that

P([7 71> &) < P(IXqogm+1) — K, 1(0.95)] > e1)
+ P(1X (07541 — K; H(0.75)| > £2) + P(IX| > ¢3).

The result now easily follows from (25) and (28)J

Theorem 1 concerns afixed deviation. In the next theorem we consider deviations tending
to 0, but at a slow rate. Its proof is givenAtbers et al. (2003)

Theorem 2. LetXy, ..., X, bei.i.d.r.v.s with a normal power distribution with parameter
7. Let{e,} be a sequence of positive numbers Wiith, _, ¢, = 0 andlim,,_, o n?,zl = 00.

(i) If y<1,then

lim sup(ne?)~ log P(|X| > ¢,) <O. (29)
n—oo
If y>1,then
lim sup 1og PUX] > &) (30)

< U
n— 00 min{na,%, (ngn)Z/(1+y)}

(i) If y<0,then

Ii;n%igp(nsg)_l log P(|S? — 1| >¢,) <O. (31)
If y> 0, then
I s ) @
(i) If y<1,then
li[lnﬁsogp(n%)*l log P (17 — 7| > &) <O. (33)
If y>1,then
lim sup 109 P(7 = 71> &) (34)

n—soo Min{ne2, (ne,)? )
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6. Theoretical behavior of the combined control chart

In this section we study both the in-control and the out-of-control behavior of the com-
bined control chart

X — X X — X X — X
X,41>ULSL (% e IN) +ULEL (% ¢ IN) 1 (% e IP)

Xy — X X — X
+ULpl <% ¢ IN) 1 (% ¢ IP) ,

where ULj, =ULy if r=0and UL, = X +u,Sif r >1, UL, = ULpif r =0 and UL, =

X +K; (p)Sif r>1and ULjp=ULunp if r =0and UL = X ) + (1 — )X (ur11)

if r>1, see also (16) and (17). We show that the behavior of the combined control chart
is asymptotically equivalent to the behavior of the specific control chart for the supposed
model. Hence the combined control chart is valid for all distributions and its out-of-control
behavior is asymptotically as good as the specific control chart in each of the three situations
(normality, normal power family, outside the normal power family).

6.1. Normality

Suppose thak, ..., X, have distribution functiorF’ = @ and thatX,, ;1 is distributed
asXi + 4 for somed > 0. The in-control situation refers = 0, while for control charts
with only an upper limit the out-of-control case correspondd te0.

In view of Lemmas A.1 and A.2 in the Appendix we get the following result, which
expresses that under normality the combined control chart given by (18) and (19) is asymp-
totically as good as the normal control chart givenin (2). The resultbefrs and Kallenberg
(2004a)on (corrected) normal control charts ensure Iﬁ@t(UL”,{l) is very close tq.

Theorem 3. LetXq, ..., X, bei.i.d.rv.swithanormaldistributionLet{diy (n)}, {don (n)}
be sequences of real numbers satisfying

im diy(m) =00, lim duy(n) =0,
n—0oo n—oo

im dox(n) =0, lim /109 d2n @l <d2N(”)> —0.
n—o00 n—o0 n n

|EP, — E{®(UL} — A)}|

din (n) log (dlzv(n)>
n n

Then

<{<1—@> +d2N(n)}(l+0(l)) as n — oo.
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In particular, for the choicegy (n) = —0.7 + 0.5 log n, don (n) = 5//n the conditions
of Theorem 3 are satisfied and we get

745

Jn

|EP, — E{®(ULY, — A)}| < ( ) (1+0(1) asn — oo.

6.2. Normal power family

Suppose thaky, ..., X, have distribution functiof = K, and thatX,,  ; is distributed
asXj + A for somed >0. If y=0, we are in the previous situation. Therefore, assume that

7y # 0.
In view of Lemmas A.3-A.5 in the Appendix we get the following result, which expresses

that within the normal power family the combined control chart given by (18) and (19) is
asymptotically as good as the parametric control chart for the normal power family given
in (5). The results oAlbers et al. (2004pn (corrected) parametric control charts ensure
that EK,(UL}) is very close tq.

Theorem 4. LetXjy, ..., X, bei.i.d. rviswith a distribution from the normal power family
Let{diy(n)}, {don (n)} be sequences of real numbers satisfying for sBme&, <y

im diy(n) =oc, lim diy(n) MI09<M)=O if y>0,
n—oo n—oo n n

. log d
im doy() =0, lim 099N _ g
n—0oo

n— (log n)1+y—41
and let{d1p(n)}, {d2p(n)} be sequences of real numbers satisfying for s&me0
lim dip(n) =
n— o0

. 1+
lim_dyp (), 222 llog (422) 7 =0 if y<0,
n—od

) 1+y 1+¢
I|m dlp(n)max<w,,/@)’Iog(d“’(”)>‘ =0 if >0,

lim dop(n) =

n— o0
) 1+{
lim_ |/ Heg der 10 (d””l(”)ﬂ =0 if y<0,
. 1+y .
lim_ max("ogdzz(”)' , /|Iogcfzzp<n>|)‘|og<d2p<n)>‘ —0 ify=0.

Then for some > 0

|EP, — E{K,(ULp — 4)}|
< {(1— @) +d2P(n)} (14 0(D))

1
+ [O (exp{—c(log n)FD if y<0] as n — oo.
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In particular, for the choicegiy (n) = —0.7 + 0.5 log n, doy (n) = 5//n, dip(n) =
—0.2+ 0.5 log n, d2p (n) = 3/+/n the conditions of Theorem 4 are satisfied and we get

243

|EP, — E{K,(ULs — M)}|< ( ) (14 o0(1)) asn — co.

6.3. Outside the normal power family

Suppose thak7y, ..., X, have distribution functior” # K, for all y and thatX,, ;1 is
distributed asX1 + 4 for some4 > 0. As before, we hav& X1 = 0 and varX, = 1.

The following result, see also Lemma A.6 in the Appendix, expresses that outside the
normal power family the combined control chart given by (18) and (19) is asymptotically
as good as the (modified) nonparametric control chart given by (8} if and forr =0 by
(12) (with g(p) = p). The proof of Theorem 5 is given Albers et al. (2003)

Theorem 5. Let X4, ..., X,, be i.i.d. rv.s with distribution function FLet {d1y(n)},
{doy (m)}, {d1p(n)}, {d2p (n)} be sequences of real numbers satisfying

log d
lim diy(n) =00, lim log d1n (m) —0,
n—00 n—oo logn
. . log d
lim doy(n) =0, lim Ilog doy (m)| —0,
11— 00 n—>00 log n
|
M dip(n) =oo, fim 2990 _ o
n—00 n—00 |og n
. . log d
lim dop(n) =0, lim He9d2r@l_ o (35)
1n—00 n—>00 log n

Lety be defined as the limit of the estimafounder F, that is by

_ log(F~(0.95)/F~1(0.75)) B
"= Jog(#~1(0.95) /& 1(0.75))

Then for eache;, n;, {; >0i=1,...,4,with {3, {4 <1+ 7, we have for sufficiently large
n

|EP, — E{F(UL}p — M)} < min{my, mo} + min{m3, m4},

where
m1=F((/T+e+0y2Togn) + P (%> n) + P (152~ 1 =),
my=1-F((/1=e2 - &)y2logn) + P (X =n) + P (IS = 1> z2),
m = F((/log m*+%5) 4 P (1X| = 13) +P(IS?1] > e9)+P (771 > ),

ma=1— F((w/log n)1+"f—2’54)n + P(IX|>1ny)
+ P(IS? = 1| > e2) + P([T — 7] > Lg).
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Theorem 5 makes only sensd-ifliffers from the normal power family in the sense that
for somee > 0

lim [F(@+oy2iogn)| =0

(heavier tail than the normal distribution) or

i [ (a-ovzwmn)] =1

(thinner tail than the normal distribution) akdis outside the normal power family in the
sense that for some> 0

i, [ (g =

(heavier tail thark’,) or

i [ ()] =1

(thinner tail thank’,).
Note that for the choicegiy (n) = —0.7+ 0.5 log n, doy (n) =5//n, d1p(n) = —0.2+
0.5 log n, d2p (n) = 3/+/n the conditions (35) are satisfied.

7. Simulation

In this section we show by means of simulation the performance for finite sample size of
the new control chart, given in (16)—(19) withy (n) =—0.7+0.5 log n, doy (n) =5/+/n,
dip(n)=—0.2+0.5 log n andd,p (n) = 3/+/n. We takeg (p) = p and hence comparepP,,
topin the in-control situation, while also in the out-of-control c&se,, is our criterion. We
choosep = 0.001 and fom we take 250500, 100Q 150Q 2000. The number of repetitions
in the simulation study equals 100 000.

The theoretical results from Sections 5 and 6 show that the behavior of the new control
chart is asymptotically the same as that of the specific control chart adjusted for the distribu-
tion at hand. In a simulation study the behavior of the new control chart is investigated to see
how well this property continues to hold in the finite sample case. Therefore, we compare
the combined (C) control chart with the normal (N) control chart, the parametric (P) chart
(both charts with correction for=0 and without correction for> 1) and the nonparametric
(NP) control chart, in its modified version fee= 0 and forr > 1 with the stochastic terivi
replaced by its deterministic counterpgd, all of this just as in composing the combined
control chart, see (16)—(19).

All procedures are location and scale invariant and hence we take for all distributions
involved in the simulation the expectation equal to 0 and the variance equal to 1. The
distributions can be classified as follows.

1. The standard normal distributio(®): For this distribution the control chart based on
normality will obviously be the favorite one. It is expected that the in-control behavior
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Fig. 3. Density of the normal inverse Gaussian (2,1.5) and the corresponding density of the normal power family
with y =0.77.

of all control charts under consideration is sufficiently good. We want to see how much
we loose in the out-of-control case when applying the parametric, the nonparametric
and, in particular, the combined control chart.

2. Distributions from the normal power fami(k,) with y = —0.5, 0.5, 1: It is seen from
Table 2of Albers et al. (2004)hat the normal control chart behaves very badly for these
distributions, in the sense that for the in-control situattbR,, differs much fromp. In
contrast, the parametric, the nonparametric and the combined control chart are expected
to behave well when the observations are in-control. With respect to the out-of-control
behavior, the interest is in the loss of the nonparametric and especially the combined
control chart compared to the parametric control chart.

3. Distributions outside the normal power family/e take the Student distribution with 6
degrees of freedom and standardized to unit variance and denote its distribution function
byT. Its model error, see (1), when the supposed model is the normal power family, equals
2.08p. Furthermore, we consider the random mixtRg=1/2 ¢+1/2 T with model er-
ror 1L.16p. The normal inverse Gaussian (25, 0, 1) distribution, cfBarndorff-Nielsen
(1996) (shortly denoted by NI@, 1.5)) shows that the member of the normal power
family chosen by our estimator does not fit the distribution globally, but it does at the
right tail and that is exactly what we want; 9eig. 3. Nevertheless, its model error w.r.t.



Table 2

In-control behavior of the normal (N), parametric (P) and nonparametric (NP) control charts and the combined control chart (C)

F 250

500 1000 1500 2000

N P NP C N P NP P NP C N P NP C N P NP C
D 100 105 112 097 100 1.02 1.03 097 103 113 101 103 102 1.09 090 101 1.02 1.07 1.00
K_o5 0.00 094 100 0.75 0.00 097 100 086 000 121 100 114 000 114 091 108 0.00 1.10 1.00
Kos 6.63 1.05 167 151 6.61 102 121 125 6.69 1.12 099 117 666 1.08 089 112 6.64 1.06 1.00
K1 10.67 106 220 121 1052 102 139 101 1053 111 1.00 1.08 1047 1.08 089 1.04 1045 1.06 1.00
T 460 3.02 181 219 459 304 132 179 464 323 103 148 462 319 088 128 460 3.16 1.00
RM 280 214 158 181 279 215 124 160 283 229 100 140 282 225 087 129 281 223 1.00
NIG(2,1.5) 16.09 298 232 192 1588 295 144 171 1592 317 101 189 1582 3.08 0.88 188 1578 3.04 1.00
NIG(0.5,0) 791 334 210 228 784 331 138 172 786 348 100 145 783 343 089 133 7.81 340 1.00
B(3,3.75) 0.01 016 100 031 001 008 100 046 0.00 0.06 1.00 0.70 0.00 0.04 092 0.72 000 0.03 1.00

Presented is the simulated expected observed false alarm rate, i.e. the siAlatddr n» = 250, 500, 100Q 150Q 2000. The unit in the table is@01.
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the normal power family still equals43p. Note that the model error w.r.t. the normal
distribution is 1465p! So, the normal power family gives a great improvement for this
distribution.

The normal inverse Gaussian%00, 0, 1) distribution (shortly denoted by NI@.5, 0))
has model error 31p w.r.t. the normal power family. As an example of a (very) negative
model error we take the (standardized) Beta3(35) distribution B(3, 3.75)). Its model
error w.r.t. the normal power family equal€.996p.

Itis already known fronTable 2in Albers et al. (20043hat the normal control chart may
behave very badly for several of the distributions involved hEable 4in Albers et al. (2004)
shows that the parametric control chart gives reasonable total error for these distributions,
thus improving the normal control chart tremendously, but still the model errors are not
vanishing and considerable deviances remain. It is expected that the nonparametric and the
combined control chart behave better when the observations are in-control. Especially for
the combined control chart it is of interest to compare the out-of-control results with those
of the nonparametric chart for the distributions in this class.

Table 2presents the simulation results for the in-control situation.

It is seen inTable 2that indeed the combined control chart has good in-control behavior
under all distributions. The normal control chart cannot be used unless the distribution is
very close to normality. The parametric control chart is often a great improvement w.r.t. the
normal chart and gives reasonable results, while the nonparametric control chart behaves
very well under all distributions.

In the next two tables the out-of-control situation is presented. We consider shift alterna-
tives, thatisXy, .. ., X, have distribution functiod (x) andX, 1 has distribution function
F(x — 4). For each- we have selected two values 4fsuch that reasonable values of the
probability of an out-of-control signal result. When examiniraiple 3one should take into
account the results ifable 2 because a high value Trable 3may be caused by an unduly
high and thus incorrect value ifable 2 In case of a simulated expected observed false
alarm rate under in-control of at least twice as muclp age do not give the (simulated)
probability of an out-of-control signal. Such situations are denoted byrabie 3

The comparison of the out-of-control behavior of the several charts is obscured by the
differences in the in-control behavior. Indeed, when the in-control rate of chart.3ps 1
and that of chart 2 equafs we may expect also a higher out-of-control rate for chart 1.
Therefore, we have made a more “fair” comparison in the next table Eb&}, be the
in-control rate ofTable 2 The probability of detecting the shift with this in-control rate
when the distribution is completely known equals

. =1
pn=F(F “(EoP,) — 4).

This p,, serves as a bench mark of what can be obtained in the out-of-control case with
in-control rateEq P,. The out-of-control rate is related to the in-control rate by presenting

E P, of Table 3as a percentage @, . Firstly, this indicates how well the chart performs in

the out-of-control case on its own and secondly, it makes comparison between several charts
more fair. However, still we have to realize that at the first place the in-control behavior
should be controlled. Therefore, aga * is denoted when a simulated expected observed



Table 3
Out-of-control behavior of the corrected normal (N), parametric (P) and nonparametric (NP) control charts and the combined control chart (C)
F A 250 500 1000 1500 2000
N P NP C N P NP C N P NP C N P NP C N P NP C
(] 2 .133 .120 .090 .115 .135 .128 .096 .122 .139 .140 .121 .132 .138 .140 .120 .134 .138 .139 .129 .137
3 450 .410 .311 .396 .457 .436 .327 .417 .464 464 412 443 464 464 418 .451 464 464 437 .459
K_s5 1 .000 .191 .071 .145 .000 .208 .120 .179 .000 .227 .208 .218 .000 .227 .211 .222 .000 .227 .218 .225
2 157 .496 .330 .437 .164 .499 .370 .462 .172 501 .499 .500 .172 .501 .500 .500 .172 .501 .500 .501
K5 3 % .080 .115 .107 = .080 .088 .093 = .088 .077 .090 = .086 .071 .088 = .085 .079 .087
4 % 293 344 299 «x 305 294 294 338 .287 .321 « 328 272 318 322 .303 .320
K1 3 % 021 x 031 =x .020 .030 .021 =« .021 .020 .021 = .020 .017 .020 = .020 .019 .020
4 % 071 .082 .060 .110 .063 .062 .065 .065 = .059 .051 .059 =x .057 .058 .058
T 2 % * 039 =« * * 027 .040 = * 019 .032 =« * 016 .027 =« * .018 .027
3 % * 157 * * 119 170 x * .093 139 =« * 079 121 =« * .092 127
RM 2 % * .058 .076 =« * .048 .068 =« * .040 .060 =« * .034 054 =« * .040 .057
3 % * 219 285 * 190 262 * 180 .236 * 166 222 * 195 243
NIG(2,1.5) 4 =« * * .089 x * .063 .076 = * .040 .085 = * .033 .084 =« * .037 .087
5 x * * 237 % * 175 218« * 115 252 x * 094 251 =« * 107 .263
NIG(.500 3 =« * * * * * .050 .067 * .030 .053 =« * .098 .183 % * .027 .046
4 % * * * * * 176 232 « * 121 .204 =« * 327 .394 * 112 .188
B(3,3.75) 1 .016 .019 .023 .021 .017 .020 .033 .025 .017 .023 .052 .039 .017 .023 .052 .043 .017 .023 .053 .047
2 .148 .149 .140 .161 .151 .161 .174 174 155 .175 .257 .220 .154 174 259 .234 .154 174 .263

Presented is the simulated expected observed alarm rate, i.e. the sinfutetbr » = 250, 500, 100Q 150Q 2000 withX 1,
F(x) and X, distribution functionF (x — 4).

..., X, having distribution function
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false alarm rate under in-control is at least twice as mugh @éso when the simulated
in-control rateEq P, equals (exactlyO a * is denoted.

The limiting valuep,, indicates what out-of-control probability can be obtained for the
distribution at hand if the distribution is completely known. It is seeffable 4that as
a rule all charts and hence in particular the combined control chart and the (modified)
nonparametric control chart compare very well w.r.t. this bench mark. Tog&#taes 3
and 4 give an ample overview of the out-of-control behavior. They show that

1. if F = @, the combined control chart has a substantial gain w.r.t. the nonparametric
control chart and only a small loss w.r.t. the normal and parametric control chart;

2. if F =K, for somey, the combined control chart has for not too largendy a pretty
gain w.r.t. the nonparametric control chart and in general only a small loss w.r.t. the
parametric control chart; the normal control chart cannot be applied upliesgery
close to O; for positive’s this is due to its bad in-control behavior and for negafige
it has a very low alarm rate under out-of-control;

3. outside the normal power family, the combined control chart exhibits only a small loss
w.r.t. the nonparametric control chart, while the normal control chart cannot be applied
in this case due to its bad in-control behavior or its low alarm rate (unless the distribution
is very close to normality); the same holds for the parametric control chart, albeit to a
much smaller extent.

8. Conclusion

From the theory and the simulations presented in this paper as well as from additional
simulations that we have performed, we conclude that the new combined control chart can
be recommended as an omnibus control chart with a well-behaved performance under a
great variety of distributions, both for the in-control and for the out-of-control situation.
The modified nonparametric chart can be recommended as well, although under normality
a price has to be paid for its simpler form.
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Appendix A.

In this appendix we give some additional results leading to the theorems in Section 6.



Table 4 =
Out-of-control behavior of the corrected normal (N), parametric (P) and nonparametric (NP) control charts and the combined control chart (C). g
F A 250 500 1000 1500 2000 3
@

N P NP C N P NP C N P NP C N P NP C P NP C j;_’

(&

(] 2 96 85 62 85 98 92 69 90 99 96 87 94 99 97 91 97 100 98 93 98 g
3 97 87 65 86 99 93 70 91 99 97 89 95 100 98 93 97 100 98 94 98 3

K _o5 1 =x 85 31 67 x 92 53 81 =« 96 91 93 97 94 96 =« 98 96 97 9_..
2 % 99 66 87 % 100 74 92 % 100 100 100 = 100 100 100 = 100 100 100 %)

Kos 3 % 94 92 93 % 97 92 95 x 98 94 97 x 99 96 98 x 99 97 99 %.
4 % 94 65 68 100 83 81 = 103 96 93 % 103 100 96 102 101 98 =

K1 3 % 107 137  =x 103 113 114 =« 102 106 104 = 101 104 102 =« 101 103 101 2
4 x 126 =« 125 111 141 119 =« 104 124 112 =« 103 112 106 = 102 110 104 §

T 2 % * 108 % * * 113 111 =« * 112 113 % * 113 116 * 109 112 5
3 % * 82 % * * 92 90 = * 102 94 * 108 98 x * 104 98 a

RM 2 % * 82 92 % * 90 94 x * 100 97 * 103 97 % * 100 97 2
3 % * 68 80 * 72 81 * 83 80 = * 88 81 * 89 85 o

NIG(2,1.5) 4 = * * 115 = * 117 114 =« * 113 113 % * 108 112 =« * 107 109 %
5 % * * 104« * 112 111 = * 117 113 % * 113 113 =« * 110 110 g

NIG(0.5,0) 3 = * * * * * 135 135 % * 124 134 =« * 116 131 = * 112 124 3
4 % * * * * * 114 105 =« * 132 122 =« * 127 126 * 121 121 bt

B(3,3.75) 1 66 53 42 51 74 64 59 56 83 78 87 81 96 86 86 84 96 902
2 81 69 52 69 87 78 65 71 92 87 96 86 93 90 97 91 93 91 98 94 §

Presented i$E P,)/pn (as percentage) for = 250, 500, 100Q 150Q 2000 with X1, ..., X, having distribution functionF (x) and X,,.1 distribution function %
F(x — A). =]
©

i
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A.1. Normality

LemmaA.l. LetXq,..., X,, X,+1 be independent r\g, X; with distribution function®
and X 41 distributed asX; + 4. Then

S * X — X
|EP, — E{®(UL}, — N}|<P — ¢IN|.
Proof. In view of (20) we have (with expectations and probabilities referring te @)
_ X — X
EP,=E {qb(UL;‘, — M1 (% € IN)

+E {E(UL;‘, — M (M ¢ IN) 1 (% e |P> }

S

+E {5(UL*,{,F, — M1 <¥ ¢ IN) 1 (u ¢ IP)}

= E{®UL}, — M)} — E :5(UL}§, - M (u ¢ IN) }

95}

S

+E {5(UL;; — M1 (M ¢ IN) 1 (% € IP)}
(i - (£ )£ )|
+E UL~ D1 == ¢ IN | 1| == ¢ 1P

=E{@UL} — D} +E {1 (X“—S_Y ¢ IN) v Xy, X, S)}
with
hn (X, X, S) = [@(UL} — 4) — d(ULY, — 4)]1 (# € IP)
+ [@(ULfp — 4) — (UL}, — MH]1 (# ¢ IP)
and hence, usinfhy (X, X, S)|<1,
|EP, — E{®@(UL}, — D}|<P (X(LS_YwN). O (36)

The following lemma gives asymptotic expressions for the probabilities of the right-hand
side of (36). Its proof is given iAlbers et al. (2003)
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LemmaA.2. LetXq, ..., X, bei.i.d.rv.swithanormaldistribution_et{diy (n)}, {don (1)}
be sequences of real numbers satisfying

M duy(n) = o0, i dyy (), T |Og(d1N(”))=o,
n—00 n—00 n n

/1
lim doy(n)=0, lim 1109 daw ()] log (dZN(n)> =0.
n—oo n—o00 n n

p (X(n) — X <5_1 (le(n))) _ <1_ le(n)>n(1+o(1))’
S n n
p (X(n) - X >5—1 (dzN(n)>) =doy(m)(1+0(1) asn— oo.

A.2. Normal power family

LemmaA.3. LetXy,..., X,, X, 1 beindependent r\g X; with distribution functionk,
and X,,;1 distributed asX; + 4. Then

_ X — X Xy — X
|EP, — E{K,(UL5 — 4)}| <P (% c IN) +P (% ¢|P) .

Proof. In view of (20) we have (with expectations and probabilities referring te K,)

_ X — X
EP,=E {KV(UL}Q — M1 (% c IN)}
_ X — X X — X
+E {KV(UL*,;— 4)1(% ¢ IN) 1 (% € IP)}
_ Xom— X X —X
+E{KV(UL;,P—A)l(%gN)1(%¢|P>}

= E{K,(ULE — D)} + Ehp(X(n), X, S)
with
_ _ _ X — X
hp (X, X, S) = [K,(ULY, — 4) — K,(ULE — M)]1 (% c IN)

+ [K,(ULyp K, (ULp —

oo oo
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and hence

_ Xom— X
|EPn—lHKﬂUL;—AHh§P(—ﬁ%r——elN)

+P<&%§£¢P) O (37)

The next two lemmas give the ingredients for the asymptotic expressions of the right-hand
side of (37). The proofs of these lemmas can be fourfdbers et al. (2003)

LemmaA.4. Let X1, ..., X, be ii.d. rvis with a distribution from the normal power
family. Let{d1p(n)}, {d2p(n)} be sequences of real numbers satisfying for som®

lim dip(n) = o0,
n—od

1+
og ()| =0 if <0

14y 1+¢
nimoo dlp(f’l) max<dll’n¢’ /%) ‘|Og (dllil&)’ =0 lf "/>O,
lim dop(n) =0,

n—o0

) 1+¢

lim /09 dzp () Iog("”l’q(”)ﬂ =0 if y<0,

n—0o0

, llog dop ™! [Tlog dap )] dr " s,
n|L>moo max< = , 2r log ( = =0 ify>0.

» (X(n) - X <Fi_l <le(n)>> _ (1_ le(")> 1+ o(1)),
S n n

p (X(n)S— X >E_l <d2P(n)>> =dop(n)(1+0(1)) asn— oo.
n

im dip(n),/ 222
n—oo

LemmaA.5. LetXy, ..., X, beiid. rv.s with distribution functiork’, from the normal
power family Lety > 0 and let{doy (n)} be a sequence of real numbers satisfying for some
O<{(<y

. . log d
lim doy(m) =0, lim Iog dan 1 _ o
n— 00 n—00 (|Og n)l+“/—C

Then for some > 0

Xy — X ——1(d ;
P (% <o l( ZN(n))) = O(eXp(—cnl/(l'”))) as n — oQ.
n
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Lety < 0and let{d1y (n)} be a sequence of real numbers satisfying
. . d d

lim diy(n) =00, Iim din(n) dav () log <1N—(n)> =0.

n— 00 n—00 n n
Then for some* > 0

X —X_ ——1/(d ,
P <% 2@ 1 <1N—(I’l)>> — O(exp[_c*(|og n)l/(l+/)}) as n — oo.
n

Note that

. . log d
lim doy(n)=0, |lim |9—W=
n—00 n— 00 (Iog n)l-H'—é

implies (cf. Theorem 3)

im doy(n) =0, lim /109 d2v(l o (dZN(”)> —0.
n—o00 n—o0 n n

Further note that

1+y
im max<"°g dap ()M [Tlog dzp(n)l)‘log<d2f>(n))
n—00 n n n

implies

144,
=0

1+y
im 1109 d2p@m)™7 _

n— 00 n

and hence

exp(—enY Iy = o(dap(n)) asn — oo.

A.3. Outside the normal power family

Lemma A.6. Let X1, ..., X,, X,,+1 be independent r’g, X; with distribution function F
and X1 distributed asX; + 4. Then

_ Xom— X X — X
|EP, — E{F(UL}p — A)}| <P (% c IN) +P (% c IP) .
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Proof. In view of (20) we have (with expectations and probabilities referrinig)to

_ X — X
EP,=E{FUL} - M1 %em
_ X — X —X
+E{FUL:— M1 %QN 1(%@3
1

_ X — X
+ E{FULp— M1 %

=E{F(UL{p— D} + Ehnp (X, X, S)

with
- = =1 Xw — X
hnp(X@y, X, S) = [F(ULY — 4) — F(UL{p — M1 —5 ¢ IN
= S Xo — X
+[F(ULE — 4) — F(UL{p — D] T¢|N
X — X
x1[=2_Z cip
S
and hence
_ X — X
|EP, — E {F(UL{p— A} I<P %em
X — X
+P %em . O (38)
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