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Two classical martingale representation results

• MultidimensionalBrownian filtration, e.g., [D2], [E], [K-S], [Ø], [P].

• MultidimensionalPoisson filtration, e.g., [D2], [E].

A square-integrablemartingaleM can be represented as

M =
k∑

n=1

∫
HndNn,

whereHn are predictable processes satisfying (withT ≤ ∞)

k∑

n=1

E

∫ T

0

H2
n(t)d〈Nn〉t < ∞.

• 〈Nn〉t = σ2
nt if Nn are independentBrownian motions with volatilitiesσn.

• 〈Nn〉t = λnt if Nn are independent compensatedPoisson processes of intensitiesλn.

• Works even in infinite dimensions - simply letk = ∞!
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Other martingale representation results

• Davis (1976): Filtration generated by a general point

process.Representation as a convolution against a finite-variationrandom measure.

• Nualart-Schoutens (2000): Filtration generated by a Lévy

process.Representation as aseriesof stochastic integral ofTeugels martingales.

• Davis (2005): Nice, short exposition of results and ideas.

Contrasts methods based on Jacod-Yor Theorem with denseness arguments in [Ø], [N-S].

• Azéma martingales are also known to satisfy the

predictable representation property.

• Here: Extension of [N-S] where jump intensities are

adapted to a Brownian filtration(rather than just being deterministic).
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The main ideas of the approach

[N-S] ideas when the filtration is generated by a Lévy processX:

• The notion ofTeugels martingales X(n) ascompensated

“power jump processes”
∑

s≤t(∆Xs)
n.

• The set of multivariate polynomials inXti, ti ≤ T , is dense

in the spaceL2 of square-integrable random variables.

• Any such polynomial has a chaotic representation as a finite

sum of stochastic integrals of the Teugels martingales.

Suitably reformulated, the above continue to hold when all jump

intensities are continuous and adapted to Brownian filtration.

• An idea ofstrong orthogonalizationfrom Davis (2005)

helps to streamline the results in the general case.
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A simple example of Nualart-Schoutens result

Let P1, · · · , Pk be independent compensated Poisson processes.

Let a1, · · · , ak bedistinct real numbers. Let

X =
k∑

i=1

aiPi.

Then, theTeugels martingaleX(n) of ordern is given by

X(n) =
k∑

i=1

an
i Pn, n ∈ N.

Assume the filtration is generated byX or equivalently by

P1, · · · , Pk. Then, martingalesM can represented as

M =
∑k

n=1

∫
HndX(n). This follows from the classical Poisson case as eachPi is a

linear combination of theX(j) (since the Vandermonde matrix(an
i ) is nonsingular ).
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SpaceH2 of square-integrable martingales

Stochastic basis(Ω,F , F, P):

F = (Ft)t∈[0,T ], F = FT , T ≤ ∞.

Lp := space of random variablesξ such thatE |ξ|p < ∞.

M := set of uniformly integrable martingale vanishing att = 0.

H2 := Hilbert space of square integrable martingales:

H2 := {M ∈ M : MT ∈ L2} = {M ∈ Mloc : [M ]T ∈ L1}.

If M ∈ H2, thenX(2) := [X] − 〈X〉 is a martingale inM.

Hilbert Norm: ‖M‖2 := E M2
T = E [M ]T = E 〈M〉T .
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Stable subspaces ofH2

ForN ∈ H2, set

S(N) := {

∫
HdN : H a predictable process;

∫ T

0

H2d〈N〉 ∈ L1}.

ThenS(N) is astable subspace, i.e., aclosed subspace ofH2 that contains

S(M) for anyM ∈ S(N), or equivalently, is closed under stopping (c.f., [P], [E]).

Let (Mi)i∈I be a family of martingales inH2. Set

S(Mi)i∈I := closure of Span(S(Mi))i∈I .

(Given a family(Ki)i∈I of subspaces of a vector space, Span(Ki)i∈I denotes their linear span.)

Then,S(Mi)i∈I is thestable subspace generated by (Mi)i∈I ,

i.e., it is the smallest stable subspace that contains allMi.
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Power brackets and Teugels martingales

For a semimartingaleX, set[X](1) := X, [X](n+1) = [X, [X](n)]:

[X](2) := [X] = [Xc] +
∑

s≤·

(∆Xs)
2;

[X](n) :=
∑

s≤·

(∆Xs)
n, 3 ≤ n ∈ N.

AssumeX is special and[X]
(2n)
T is integrable,n ≥ 1. Denote

〈X〉(n) := compensator of[X](n), n ∈ N;

X(n) := [X](n) − 〈X〉(n).

TheTeugels martingales X(n) are always inM for n ≥ 2.

We will assume all〈X〉(n) are continuous. Then[X(n)] = [X](2n), implying X(n) ∈ H2.

[N-S] notion differs. Alternative notation for[X](n) is X[n] and for〈X〉(n) is X〈n〉. – p.9/20



Relationship between powers and power brackets

LetX be a special semimartingale withX0 = 0 andn ∈ N. Then

Xn =
n−1∑

i=0

(
n

i

) ∫
X i

−d[X](n−i).

Implies canonical decompositionXn = X̃n + X̂n, where

X̃n =
n−1∑

i=0

(
n

i

) ∫
X i

−dX(n−i) = X(n)+· · ·+n

∫
Xn−1

− dX(1) ∈ M;

X̂n =
n−1∑

i=0

(
n

i

) ∫
X i

−d〈X〉(n−i) = 〈X〉(n)+· · ·+n

∫
Xn−1

− d〈X〉(1).

So,S(X(n))k
n=1 = S(X̃n)k

n=1 for anyk ≤ ∞.
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Exponentially decaying laws andL2 denseness of

polynomials

Define

L∗ := {random variablesξ : E exp(a|ξ|) < ∞ for somea > 0}.

C∗ := {right continuous processesX: Xt ∈ L∗ for all t ∈ [0, T ]}.

Proposition. LetX ∈ C∗. AssumeF is generated byX. Then

Span{Xt1 · · ·Xtn}(t1,··· ,tn)∈[0,T ]n, n≥0 is dense inL2.

Remark: As ti need not be distinct, powersXn
t are included.

Remark: The above suffices for the (univariate) Lévy case. But,

our main result requires a similar multivariate version.
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Martingale representation in the Lévy case

Theorem. LetX be a Lévy process. AssumeX ∈ C∗. AssumeF

is generated byX. ThenH2 = S(X(n))∞n=1.

Remark: The above is valid more generally for a nonstationary

Lévy processX, i.e., one with〈X〉(n) deterministic and

continuous, alln ∈ N. For a standard Lévy process, each〈X〉(n) is a constant timest.

Remark: In the Brownian (resp. Poisson),X(n) equals 0 (resp.

X(1)) for n ≥ 2. So, in both cases,H2 = S(X(1)).

Remark: We also have the representationH2 = S(X̃n)∞n=1.

Multivariate Version: If F is generated by Lévy processes(Xi)i∈I in C∗ satisfying

[Xi, Xj ] = 0, i 6= j, thenH2 = S(X
(n)
i )n∈N,i∈I .
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Main result: Martingale representation for pro-

cesses with Brownian-adapted jump intensities

Let (Bi)i∈I denote a family ofBrownian martingalessuch that

[Bi, Bj] = 0 for i 6= j. So, eachBi is a continuous martingale with deterministic

quadratic variation, e.g., a Brownian motion.

Theorem. LetX ∈ M∩ C∗. Assume[X,Bi] = 0 for all i, and

〈X〉(n) is continuous and adapted to the filtration generated by

(Bi)i∈I for all n. AssumeF is generated byX and(Bi)i∈I .

Then,H2 = S(X(n), Bi)n∈N, i∈I.
Generalizes to a semimartingaleX, providedX and its compensator〈X〉(1) are both inC∗.

Remark: Lévy case follows by settingBi = 0, all i.

Remark: We also haveH2 = S(X̃n, Bi)n∈N,i∈I .

Jump-diffusion Example: Xt =
∑Ct

i=1 ξi, whereC is aCox process andξi ∈ L∗ are iid.

Multivariate version: If (Xj)j∈J is like X above and satisfy[Xj , Xk] = 0, j 6= k, then

H2 = S(X
(n)
j , Bi)n∈N,j∈J,i∈I .
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Basic idea of the proof = Denseness + Expansion

By theL2-denseness of polynomials it suffices to show:

• Lévy case: products of formXt1 · · ·Xtk
can be represented by theX(n), n ≤ k.

• General case:Xt1 · · ·Xtk
Bi1 (s1) · · ·Bil

(sl) can be represented by theX(n), Bi.

We show this using aninductive chaotic expansion of products Xt1 · · ·Xtn .

Basically, we show thatsuch a product is a finite sum of products of formAT MT , where

M ∈ R + S(X(n))∞n=1, andA is an iterated (multiple) integral of the〈X〉(n). Using this,

• The Lévy case follows immediately asAT is deterministic (because〈X〉(n) are so).

• General case:A is Brownian adapted, since〈X〉(n) are so by assumption. Hence, by

Brownian representation,AT =
∑ ∫ T

0 HidBi, for some predictableHi. Thus,

AT MT =

∫ T

0
AdM +

∑

i

∫ T

0
Mi−HidBi.

(Above we used[Bi, M ] = 0, which follows from[Bi, X
(n)] = 0: for n = 1 by assumption

[Bi, X] = 0, and forn ≥ 2 becauseBi are continuous whileX(n) are purely discontinuous.)
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Example: inductive chaotic expansion of powers

X2 = 〈X〉 + X(2) + 2

∫
X−dX, X ∈ Mloc.

ForX ∈ Mloc, X3 = X̂3 + X̃3, whereX̃3 = X(3) + 3
∫

X−dX(2) + 3
∫

X2
−dX,

X̂3 = 〈X〉(3) + 3

∫
X−d〈X〉 = 〈X〉(3) + 3〈X〉X − 3

∫
〈X〉dX.

Let X be a semimartingale,X0 = 0. Assume all〈X〉(n) are continuous. We claimXn is a sum

of formsAM , whereM ∈ R + S(X(i))n
i=1, andA is an iterated integral of〈X〉(j), j ≤ n.

Indeed, recallXn = X̃n + X̂n, whereX̂n =
∑n−1

i=0

(
n
i

) ∫
Xi

−d〈X〉(n−i), and by a similar

formula,X̃n ∈ S(X(i))n
i=1. By inductionXi is a sum of formAM , with M ∈ S(X(j))i

j=1

andA an iterated integral of〈X〉(j), j ≤ i. Then,
∫

Xi
−d〈X〉(n−i) is a sum of the form∫

AM−d〈X〉(n−i). Integrating by parts,

∫
AM−d〈X〉(n−i) = M

∫
Ad〈X〉(n−i) −

∫
(

∫
Ad〈X〉(n−i))dM.

But,
∫

Ad〈X〉(n−i) is an iterated integral of the〈X〉(j) asA is so. The claim follows.
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Explicit chaotic expansion of powers

Set N
p
n := {I = (i1, · · · , ip) ∈ Np : i1 + · · · + ip = n}, 1 ≤ p ≤ n ∈ N.

LetX be a semimartingale withX0 = 0 andn ∈ N. Then

Xn =
n∑

p=1

∑

I∈N
p
n

n!

i1! · · · ip!

∫ ∫ −

· · ·

∫ −

d[X](i1) · · · d[X](ip−1)d[X](ip).

LetM , A1, · · · , An be semimartingales,Ai(0) = 0. AssumeAi

are continuous and of finite variation. Then
∫

· · ·

∫
M−dA1 · · · dAn =

n∑

p=0

∑

0=i0<i1<···<ip≤n

(−1)p(

∫
Ai0,i1 · · ·Aip−1,ip dM) Aip,n,

whereAi,i = 1, Ai,j :=
∫
· · ·

∫
dAi+1 · · · dAj, 0 ≤ i < j ≤ n.

Example:n = 12+1, p = 4, and(i1, i2, i3, i4) = (2, 6, 7, 10). Then the corresponding term is

∫
(

∫
A1dA2(

∫ ∫ ∫
A3dA4dA5dA6)A7

∫ ∫
A8dA9dA10) dM (

∫ ∫
A11dA12dA13).
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Strong orthogonalization

If M,N ∈ H2 are strongly orthogonal, i.e,〈M,N〉 = 0, then

S(M) ⊥ S(M), henceS(M) + S(N) is closed, so equals

S(M,N). More generally, given a sequence(Ni)i∈N of mutually

strongly orthogonal martingales inH2, we have

S(Ni)i∈N =
∞⊕

i=1

S(Ni) := {
∞∑

i=1

Xi : Xi ∈ S(Ni);
∞∑

i=1

‖Xi‖
2 < ∞}.

Given any sequence(Mi)i∈N of martingales inH2, define its

strong orthogonalization(Ni)i∈N by Ni = orthogonal projection

of Mi on orthogonal complement ofS(Mj)
i−1
j=1, N1 := M1.

Then,S(Mi)
k
i=1 =

⊕k

i=1 S(Ni), for all k ≤ ∞.

Davis (2005): If sequence(Mi) is dense thenH2 =
⊕∞

i=1 S(Ni).

Proof: ThenS(Mi)
∞
i=1 is dense inH2. Hence,H2 = S(Mi)

∞
i=1 =

⊕∞
i=1 S(Ni).
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A technical issue of integrability: spacesH∗, A∗

SetL∗ :=
⋂∞

n=1 Ln = {random variables of finite moments};

H⋆ := {M ∈ H2 : MT ∈ L∗} = {M ∈ Mloc : [M ]T ∈ L∗};

The equality follows from Burkholder-Davis-Gundy inequalities.

M,N ∈ H⋆ ⇒
∫

M−dN ∈ H⋆ by BDG, Doob’s maximal, Schwartz inequalities.

If M ∈ H⋆, then[M ]
(n)
T , 〈M〉

(n)
T ∈ L∗, andM (n) ∈ H⋆, all n.

SetH∗ := {M ∈ H⋆ : 〈M〉(n) is continuous for alln ≥ 2}.

If M,N ∈ H∗, then
∫

M−dN,M (n) ∈ H∗, all n.

SetA∗ := A∗+ ⊖A∗+, where

A∗+ := {increasing continuous semimartingalesA : AT ∈ L∗}.

If M ∈ H∗, then〈M〉(n) ∈ A∗ for all n.

If A,B ∈ A thenAB ∈ A∗. If M ∈ H∗ then
∫

AdM ∈ H∗.
– p.18/20



More on denseness of polynomials inL2 andH2

Using Schwartz inequality,L∗ is a linear space. (It is a subspace ofL∗.)

If F is generated byξ1, · · · , ξn ∈ L∗, then the linear span

Span{ξi1 · · · ξim}1≤i1,··· ,im≤n, m≥0 is a dense subspace ofL2.

Proof uses denseness of{f(ξ1, · · · , ξn) : f ∈ C∞
0 (Rn)} in L2 and a Paley-Weiner argument

for holomorphic extension toCn of the Fourier transform of a distribution.

WhenF is generated by a countableξi ∈ L∗, a similar result

follows by theL2-version of martingale convergence theorem.

This in turn implies the result for processes by right continuity.

Clearly, the mappingξ (E(ξ |F) , E ξ) is an isometry ofL2 ontoH2 × R, where

E(ξ |F) := (E(ξ | Ft))t∈[0,T ] − E ξ ∈ H2.

AssumeF is generated byXi ∈ C∗, i = 1, 2, · · · . Then subspace

Span{E(Xi1(t1) · · ·Xin(tn)|F)}(t1,··· ,tn)∈[0,T ]n, (i1,··· ,in)∈Nn, n∈N

is dense inH2. – p.19/20
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