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1. INTRODUCTION

1.1. Known results. (For continuous semimartingales)
e Relation between the powers X" and iterated integrals

X(”):/---/dX---dX

of a continuous semimartingale X with X, = 0.
o [t0’s (1951) formula for X for a Brownian motion.
e Revuz and Yor (1991) generalization to continuous case:

(n) _ (=1 it
Xt= ) z‘!j!sz[X]'

1,7>0;14+25=n

e Coeflicients above are those of Hermite Polynomials.
e The stochastic exponential as sum of iterated integrals:

E(X) = f: X,
n=0



1.2. This paper. We derive

e A formula for X for general semimartingales.
e It uses a recursion, e.g., in the continuous case:

nX® = xx0=D _[X]x "2,
e Derive a formula for X", e.g., in the continuous case,
n! - -
no_ 7 x @)
X'= 3 j!QjX XV
1,7>0; 1+25=n
e Prove £(X) = S22, X" in general, with the sum
absolutely convergent a.s.

e Uses a new exponential formula £(X).
e Uses a result for the iterated integral of sum.



XM=Y AX, - AX,,

e Show, for a counting (e.g., Poisson or Cox) process N:

N
N(n) — 1N2n< )5
n

n

N" = "¢, NV,
1=1
Cni = i(—m”’ (2)3”
j=0 J

Cn.i/t! are the Stirling numbers of second kind.
e An application to chaotic martingale representation.

and

where,



2. RESULTS FOR GENERAL SEMIMARTINGALES
Below, X = (X}):2, is a semimartingale with Xy = 0.

2.1. Inductive definition of iterated integral:
XO =1, X = [ X Vax

Thus,

X=X,
X@ = / X dX = / / dXdX,
X® = / x%Wax = / / / AXdXdX.
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2.2. Definition of power jump processes X!":
xW.=x,  xbl=[xr1 X

Thus,
X .= ‘ Z (AX,)?

Xt[n] = Z(AXS) for n > 3.
s<t

2.3. Recursion formula:

1=1

Proof: Induction, Ito’s product rule, properties of the bracket.



2.4. Formula for X .

x ) — Z

i1, in >0 i +2ig i =n
iotigte+ig),
(—1)2t 9 /?] X“(X[Q])i? - <X[n]>in.

Proof: Substitute for each X% in the recursion 2.3 by
induction, and rearrange using index manipulation.

2.5. Continuous case. Then, X =0 for n > 3, so

(n) _ (=1 irvmy
X0= 2, z'!j!sz[X]'
1,7>0;1+27=n
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2.6. Examples, n < 5:

2X® = X% _[X].
6XB) = X3 — 3[X]|X 42X,
AXW = x* —6[X] X2+ 33X+ 8x X8 — 6x1

5IX0) = X5 — 10X3X] + 20X 2 X8+ 15X [X]?
— 30X X W — 20 X)X B 4+ 41 P,

6!X 15 contains the term —120X[X] X, etc.



2.7. Stochastic exponential: £(X) =Y X

The continuous case simply follows using 2.5:
. X o GV
E(X) = X 1X1/2 = | _ x ()
D= T T4

For the general case, we first show:
IfIAX| < 1, then Y oo | XM /k| < 00, and

E(X) = exp(> %XW).

This and the formula 2.5 for X are employed to show

E(X) = i X
n=>0

when |AX| < 1, with the series absolutely convergent.
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The argument further utlhzes the following:

0 o le
BZkZI Ll — H H _k
Z 2!
=2 > AR
- ( . . )7
Zl! s Zn!
n=0 i1, ,1p>0;11+219+-nip=n

with 2, = (=1)" ' X /E.

The general case follows easily from this case |[AX| < 1
and the results of Section 3 (by decomposing X into its
part with jump size less than 1 and its complement which
is the sum of jumps of absolute size > 1).
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2.8. The powers X". “Inverting’ 2.5 yields,

X" = >

il,--- ,inZO; ir{—%g—f—---—l—ninzn

. _x ) x @y xlnlyin,
1ol - 1,1202 .. pin ( ) ( )

For the case |[AX| < 1, we can also derive this using

©.¢)

Y NXU =gAX) =exp(d (1) NXW/E).
5=0 k=1

2.9. The continuous case. Simplifies to

V . .
xt= Y XUy

5127
i,j>0, i+2j=n
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2.10. Examples, n < 6, continuous case.

X% = 2X< )+ [X].
X3 =6X8) +3[X]X.
Xt =24XW £ 12[X]X® + 3[X 7%
X° =120X% +60[X]X® +15[X]2X.
X0 =720X0 4+ 360[X]X™ 4+ 90[ X’ X® + 15[X]%.

2.11. An application. Let X be a Brownian motion.
Then, for T' > 0, we get a chaotic representation of X

T 4
[C——
X" = n E: ]'ZJXT
i,j>0, i+2j=n
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3. RELATED RESULTS

To complete the proof of £(X) = 3720/ X in Sec. 2.7
for the general case, we use the following two results.

3.1. Sum of jump processes. Suppose X has finite
variation and Xy = ) AX,. Then

XM= 3 AX,--AX,,

§51<--<sp <t
Moreover,
EX)=]]r+ax)=>Y X",
s< n=0



14

3.2. Iterated integrals of a sum. Let X and Y be
semimartingales with Xg = Yy = 0 and [ X, Y] = 0.
Then

(X +Y)b Z X0
(This easily implies that if £(X) = Y00 XMW and £(Y) = >0, Y,
then E(X +Y)=> " 0(X+Y) "))

Another version is: Let X and Y be continuous semai-
martingales with Xog =Yy, =0. Then,

(X +Y) = > (_DkX(i)Y(j)[X YTF.

k! ’
1,7,k>0;1+742k=n
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4. THE CASE OF A COUNTING PROCESS

We call a semimartingale N with Ny = 0 a counting
process if [N] = N.
Equivalently, NV is the sum of its jumps all which equal 1.

Examples are Poisson , or more generally, Cox processes.

If N is a counting process, then for A,a € R we have,

(14+ NV Z)\"N
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Further, forn € N, we have,

N
N(n) — 1N2n< >;
n

n

N" =Y e, NV,

i=1
where for n,2=0,1,2---,

The numbers ¢, ;/i! are the Stirling numbers of the second kind,

i.e., the number of partitions of {1,--- ,n} into i nonempty subsets.
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4.1. An application. For a Poisson process N with in-
tensity A, and 1" > 0, we get the chaotic representation

n
Nt = Z anﬂ',T<N — At)??
i=0
where a,, ; 7 are constants given by
n—i k+1

(k+4)ly"
_ k+z -9 )\k:Tk
aniz =), ) (-1 (k+i— )l

k=0 j7=1

A similar chaotic expansion holds for Cox processes.
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