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1 American options,
Snell envelope,
Minimax duality

The main reference for this presentation is a July 2004 eersf a paper by the author entitled:

Numeraire-invariant option pricing & american, bermuckamg
trigger stream rollover.

| thank many participants at the Symposium on Optimal Stogppi Manchester University for

helpful comments and constructive criticism.
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Notation and a relevant result
We fix throughout dinite horizon stochastic basis

(Q7F7F7]P>)7 F:(]:t)ogtgm, 0<m < 0.

The following won'’t be used, but its relevance will be appdre

Theorem 1.1 A right-continuous adapted proce&sis of
class-D if and only if there exists a right-continuous nragale
M such that 7| < M.

(The infinite horizon case also holds witl explicitly specified as uniformly integrable.)

This follows readily from the supermatingale property o th
Snell envelope (as in Theorem 1.9 below) and its Doob-Meyer
decompositiomf |Z| < M, thenZ is trivially of class D. The converse (for which we
may assumeZ > 0) follows for right-continuous class-D supermartingalgddmob-Meyer
decomposition, and follows in general from this case comdbmvith Theorem 1.9 below.
Theorem 1.9 is evidently contained in the book of Dellachaed Meyer (1977), but our proof
approximates the Snell envelope by finite-period ones, aed dot assumg& has left limits.
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Financial terminology without financial context

In Part I, we use the following financially motivated termiogy:
A Claim C'Is a right continuous martingale. We wrife< C.
A Numeraire B is a positive claim. We writd3 € C.

A Payoff Process is a right-continuous, adapted, class-D
process.

To add financial context, introduce an arbitrary positiveceisst (called state price density and
embodying interest-rates and risk premia), and simplyaegl’, B, Z, V by their deflated values
£C,EB, £Z, £V in all formulae below. (But please simplif%% to %, etc.) Part Il and Il
contain a proper financial context. Part | corresponds tepleeial case of Part Il with = 1.
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Change of numeraire formula

A simple but useful formula related to choice of numeraire is

Proposition 1.2 Let Z be a payoff proces$; be a numeraire,
and7’ < m be a stopping time. Then

Z
E Zp = E(B,,—). (1)
By
Proof. Set Fpr:={A e F: An{T <t} € F Vt}. Then
ZT ZT : : :
E(Bm—) = E(E(Bm— | F71)) (iterating expectation)
Br Br
Z Z
= ]E(—TIEL‘,(Bm | Fr)) (since =L is Fr-measurable)
BT BT
Zr

= ]E(B—BT) =EZr. (by optional sampling theorem)
T
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Domineering claims and numeraires

We say a clainC’ Domineersa payoff process if

sup (Z; — Cy) = 0.

0<t<m
Obviously a numerairé domineers” if and only if

Ly .
sup — = 1.
ogtgpm B,

Proposition 1.3 A claimC domineers a payoff procegsif and
only if
cC>7Z and CO = sup E(ZT)

T<m

The supremum is taken over all stopping tindes T' < m.

- p.7/56



Proof of Prop. 1.3 and Linear Programming

Proof. AssumeC > Z and0 = supy<,, E(Z7) — Co. Then, using the optional sampling
theorem,

0= sup E(ZT - CT) S E sup (Zt - Ct)
T<m 0<t<m

SinceZ < C, this impliessupg<;<,, (4t — Ct) = 0 a.s.

Conversely, assum@ipy«,<.,,(Z: — Ct) = 0. ThenZ < C, soE Zr < ECr = Cp. Hence,
supr~go E Z7r < (. To_prave the reverse inequality, it suffices to show thatfoys > 0 there
IS asﬂ)pping tim&" < m such thatt(Z7) > Co — e. Lete > 0. The assumption implies that
(pathwise) the seft € [0, m] : Z — Cy > —e} is nonempty a.s. Define the stopping time
T:={te[0,m]: Z; — Cy > —e}. SinceZ — C'is right-continuous, we must have

Z1r — Cp > —e. ThereforeEZr > ECt — e = Cy — €, as desired. [

Domineering claims are the solutions dir@ear programmingproblem in the space of all claims:
Linear Programming. Let Z be a payoff process. Then a claim

C domineersZ if and only ifC' is a solution to the following L.P.
problem: MinimizeC|, subject toC' > Z.

Proof. The “only if” part follows because i€ > Z, then, as above&,y > sup E(Z7). The

“if” part is a direct consequence of the existence of domimeeclaims next. [l _ p.8/56



Existence of domineering claims

One of our main results, derived below, Is

Theorem 1.4 Let Z be a payoff process. Then there exists a
claim C' that domineers.

There are usually an infinite number of domineering claigs.
exception is wher¥ is a subclaim (submartingale) - then there is only orTEbleOl‘em 1.10
below gives an explicit construction of practically all bEm.

Basically, any numerairg gives rise to a domineering clai@i by the Doob-Meyer
decomposition of the Snell envelopeassociated t&, where the decomposition is taken under

the numeraire measuR’ defined bydfg = %”g . They admit an explicit representation in terms

of 8 and Doob-Meyer decomposition df underP.
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Additive minimax duality

The following formula is due to Rogers (2001) and in the
Bermudan case independently to Haugh and Kogan (2001).

Additive minimax duality . Let Z be a payoff process. Then

sup E(Zr) = min(Co + E sup (% — Cy)).

n
T<m ceC 0<t<m

The minimum Is attained at any clathat domineers.

Proof. For any claimC' and stopping tim&@" < m,

EZpr =Co+E(Zr —Cr) <Co+E sup (Z:— Ch).
0<t<m

Taking sup ovefl’, we see <" holds. LetC' be a claim that domineers, which exists by
Theorem 1.4. By Prop. 1.%upr<,,, EZr = Co = Co + Esupg<i<,, (4t — Ct), using the

definition of a domineering claim. Equality and the secormdeshent thus follow. [] _ p.10/56



Multiplicative minimax duality.

Multiplicative minimax duality . LetZ be a payoff process
such thatZ,,, > 0 a.s. Then

Zi
sup E(Z7) = min E(B,, sup —).
Tglr?z ( T) BeCt ( Ogtgpm Bt)

The minimum Is attained at any numerafsethat domineers.

Proof. For any numerairés, and stopping tim&" < m, we have using Proposition 1,

Z Z
E(Zr) = E(Bpm =) < E(Bm sup —2).
Bt 0<t<m DBt

Taking sup ovefl’, we see ¥" holds. LetB be a claim that domineers, which exists by
Theorem 1.4. The®s is a numeraire a®,, > Z,, > 0. Prop. 1.3 and the definition imply
SUpr<m EZ1 = Bo = E(Bm supg<i<m g—i). Equality and the second statement follovi]

So, whenz,,, > 0, bothminimax duality formulae hold.

—p.11/56



Nonnegative multiplicative minimax duality

Let Z be a payoff process such that, > 0 a.s. Then, applying
the above to the payoff proce&s+ =3, wheregs is any
numeraire, and letting — 0, we easily deduce

Zy
sup E(Z7) = inf E(B,, sup —).
ngz ( T) BeC+ ( ogtgpm Bt)
The difference is that we have “inf” instead of “min”. Unless
Z, > 0, the infimum is generally not attained at any numeraire
(e.g.,Z = (B — 1)* for some numerairg). However, the
Infimum is attained over a larger set aémipositive clainian a

sultable sense, as in Part Il.
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Optimal stopping times
A stopping timel™ < m Is Optimalfor a payoff process’ if

K Zpr« = sup K Zr.
T<m
Proposition 1.5 A stopping tim&™ is optimal forZ if and only

If Zr« = C'p- for some, hence all, claims that domineer”.

Proof. Assumé&rl™ is optimal forZ. By Theorem 1.4, there exist a claifhithat domineers..
By the optional sampling theorem, followed by Prop. 1.3 trogtimality of 7,

ECr+« = Co = sup E(Z1) =E Zp=.
T<m

SinceZ < C, this impliesZ1+ = Cp+. Conversely, ifC' is any claim that domineets and
satisfiesZT* = Cpx, thenE Zpx = ECp« = Cpy = SUPT<m E(ZT). []
This combined with the optional sampling theorem implies

Corollary 1.6 LetT™ be optimal forZ andT < T™. Then
Cr = C’. for any two domineering claims andC".

—p.13/56



Existence of optimal stopping times

Prop. 1.5 and the right-continuity of easily imply

Proposition 1.7 A payoff procesg has an optimal stopping
time if and only if for some, hence all, domineering claithdhe
set{0 <t <m: Zy(w) = Cy(w)} is nonempty for almost alb.
In this case,

T,:=inf{0 <t <m: Z =Cy}

IS an optimal stopping time too. Moreovéi, does not depend
onC andT, < T for all optimal stopping time§™.

It is also the case that if an optimal stopping time existsnth, = inf{0 <t < m: Z; = V4 },

whereV is the Snell envelope df, defined belowWe show that

Theorem 1.8 A continuous payoff process has an optimal
stopping time(So, T, is optimal)

—p.14/56



Conjecture and unigueness of optimal stopping

We conjecture that the stopping tiriig is optimal if and only if
Z has no negative jumps on the accessible paf,of

The classical example with no stopping time is an Americdinopdion on a stock that pays a
single dividend before option expiration. In this cagehas a negative jump at a fixed time. This

example clearly generalizes to when the dividend is paidoaédictable time.

Usually, if an optimal stopping time exists, it Is unique. An
exception is wher¥ Is a numeraire - then any stopping time is
optimal by the optional sampling theorem.

If Z is a subclaim (submartingale), th&h= m is an optimal stopping time, and it is the only

one if Z is not a numeraire (e.g., an American call on a zero-dividsadk).

— p.15/56



The Snell envelope
The Snell Envelopeprocess of a payoff procegsis defined by

Vi :=ess.sup E(Zr|F).

t<T'<m

A Superclaimis a right-continuous class-D supermartingale.

Theorem 1.9 Let Z be a payoff process. Then its Snell envelope
V' Is a superclaim. Moreover, for all < ¢,

E(Vs | Fi) = ess. sup E(Zr|F). (2)

s<T<m

Furthermore,V is the smallest superclaim satisfyihg> ~.

Proof outline.Eq. (2) easily implieE (Vs | Ft) < V4, as well as class-D properiy using that of
Z. We show (2) by reducing to the Bermudan case and convergegaments. Specifically,

when the supremum il is taken over stopping times with finite number of values, we/e (2)
using induction. We then show the corresponding (bermusiagl) envelopes converge 10,

using uniform integrability properties. Right continuisyalso shown by convergence arguments.
The last statement now is an easy consequence of optionplisgrtheorem. [ —p.16/56



Invariant Doob-Meyer decomposition

Theorem 1.10 LetV be a superclaim an@d be a numeraire.
Then there exist a unique claigiwith Cy = V; and an
Increasing predictable proces$with Ay = 0 such that

V =C — BA. Moreover,

p
Ao 4
B_
c=vr [ Ads+ 14,5
whereV = V? + V™ V3" = 0 is the Doob-Meyer decomposition
of V, I.e.,V? Is the(decreasingyjcompensator of .

Theorem 1.4follows immediately from this and Theorem 1.9

Indeed, the” above domineer& sinceC >V > Z andCy = Vp := SUPT< E(Z71). _ p.17/56



Proof of Theorem 1.10 and remarks

Proof Define the numeraire measufé by df; = %7; . One can easily ShO\% is alP?

class-D supermartingale. The desired decompositica C' — 3 A follows by applying the
classical Doob-Meyer decomposition%) in the measur®’. As for the formula, set

A= — dBL_p andC’ = V™ 4 [ A’ dB + [A’, B]. Clearly, A’ predictable and increasing
andC’ is a local martingale. Simple It6 calculus yiel%s = %’ — A’. By the uniqueness

canonical decomposition undef, we conclude”’ = C andA’ = A. O

Remark.The Snell envelop& equals the essential infimum of
all claims that domineer its payoff procegs

Remark.Even when” is continuous, the Snell envelopemay
have JumpsSone can construct an American option on a stock with contisymice but a

volatility that jumps at a totally inaccessible tirfiieé causingV” to jump at7".
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Multiplicative Doob-Meyer decomposition

For a positive payoff process, there is a special domineering (local) numerdelt is obtained
by decomposing its (positive) Snell envelopgeuniquely as\ = %, whereA is increasing,
predictable Ag = 1, andB is a local numeraire. Thi8 has an intuitive financial interpretation,

especially in the Bermudan case, asa@lbver trading strategy (see Part Ill)

The following formula appears new.

Lemma 1.11 Let X andY be semimartingales with
1 + AX # 0 everywhere. Then

C C AX AY
E(X+Y)=e X YIgX)EY — 21+AX

where X ¢ is the continuous local martingale part &f.

Proof. SetZ :=Y — Y, 528555 and use€(X)E(Z) = £(X + Z + [X, Z]) and

simplify the bracket.
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Multiplicative Doob-Meyer decomposition -

Corollary 1.12 Let X be a special semimartingale with
canonical decompositioX = X? + X™, X[ = 0. (S0,X? is the
compensator oX.) Assumd + AX # 0 everywhere. Then
£(X) has the multiplicative decomposition

AXgAX;”)
1+ AXP 7

E(X)=EXPEX™ =)

s<-

Proof. Apply the lemma withX equalX? andY = X", and simplify. []

D m
Note thatd _ __ Afis AA )‘;;S is a local martingale, because it equals the bracket of local

martingaleX ™ with predictable finite variation proce3s , . - X, (Of course, the sum is

+AXTD"

absolutely convergent). [
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Multiplicative Doob-Meyer decomposition -

The next formula (to our knowledge new) furnishes the localtiplicative Doob-Meyer

decomposition of a special semimartingale.

Theorem 1.13 LetY be a special semimartingale such that
Yy # 0 andY_ # 0 everywhere. Then,

de de AYPAY™
Y — Y S S

whereY =Y, + Y? + Y™ is the canonical decomposition bt

Proof. SetX = [ %, so thaty = Yp&(X). Since,Y # 0 everywherel + AX # 0

everywhere. Therefore Corollary 1.12 is applicable. Fynase X? = [ d}}/_p XM= %,
AXP = &Y and simplify the sum. [

The second stochastic exponential is always a local maitendy is of interest to know when it is

m d[Y]

an actual martingale. We show this is so wheis continuous ané exp( |/, >y
t

5) < oo.

—p.21/56



Hedging interpretation and option rollover

In order to hedge the sale of an American option with payadtpss”Z, the seller can buy any
domineering clainC', assuming such a claim is available in the market place obeaeplicated
by available instruments (e.g., assuming complete matKeten, if the buyer exercises
optimally at an optimal exercise timé*, then the option payout = that the seller pays equals
Cr+ by Prop. 1.5. So, the seller selsand with the proceeds pays the buyer. If the buyer
exercises suboptimally before an optimal stopping tifite then the payouZ -« will be less
thanCr= by Prop 1.7; so the seller liquidates and pockets the differelf the buyer does not
exercise at an optimal stopping tirfii&, then, the seller sell§’ at’T™* and buys a new
domineering claim hedge at an infinitesimally lower priae] aontinually repeats until the buyer
exercises, at which time he has pocketed a continuous streeash as profit. (This last case is
more evident in the Bermudan case.)

WhenZ is positive, the financial interpretation of the dominegnmumeraireB arising from the
multiplicativeDoob-Meyer decomposition is as follows. At timéuy Ag = 1 unit of the
American option with payoff process. Later, when exercise becomes optimal at some tinde
exercise, and with the proceeds = V; buy A; units of the American option with payout
exercise dates between- dt andm. As the unit price of this American option is infinitesimally
less tharl%, the number of shared; increases infinitesimally. This self-financing trading
strategy describeB. Continuing in the way, we seB = AV is the multiplicative
decomposition, agl is increasing. This is an instanceaftion stream rolloveof Part Ill.

—p.22/56



2 An Invariant option pricing
framework



A conceptual definition of an option

An Optionis a pair©O = (T, 0) consisting of arExpiry 7" and a
Payoff O (in base currency) paid &t. The expiryl’is a
stopping time (bounded by. > 0), and the payoff) is a random
variable known at tim€d’, i.e., measurable w.r. t@-algebraF
of events at or beforé’.

Fr={ANeF:An{T <t} € F}.

For a European option, the expifyis deterministic.

American and Bermudan options:is the optimal exercise
time.

Barrier options is the first passage time to the barrier.

Credit derivatives with recoveryZ' is the default time.

— p.24/56



A conceptual definition of an option -

The definition so far depends only on the filtratigh );”,.
To talk about the option price, a probability measirand
an integrability condition are required.

Think of aNumeraires as a claim which pays no dividend
and has a positive price > 0 at all timest < m, e.g., a
zero-dividend stock, or the-maturity zero-coupon bond.

To each numerairg, there is associatedNumeraire
MeasureP’, characterized by the property thatifis any
other numeraire, then the relative price proddss' ;) is a
(right-continuousP’-martingale.

The required integrability condition on optidh = (7, O)
is this: O/ 3y is P°-integrable for some numeraire

—p.25/56



Numeraire invariance of the option definition

The important aspect of this integrability condition isttHat
holds for some numeraire, then it holds & numeraires:

By g, O O B, _
—E EP change of numeraije

VP =" (chang v

— EP[E°| O B | Frl] (iterating expectation

BT 6m
= ]Eﬁ[ © [B | Frll (by Fr measurability ofg)
ﬁm BT
= E7| O &] (optional sampling theorem
Br br

p— EB [O/ﬁT] < . _ p.26/56



Price proces§); of an option

Consider investing the option paydif at expiry7' in a
numeraire5 and holding this position until the terminal date
We end up with a claim that pay$,0/6r at timem.
At a time and state before expiry (i.e.< T(w)), the option has
not yet been invested in the numeraire, so this claim is idaint
with the option itself. We are thus forced to define the option
price O, to be the price of this claim, i.e3,E°[O/5r | Fi].

After expiry, the option has ceased to exist and has no price
In this case it is convenient to define the option price to lve.ze
We thus arrive at the following definition of an option price:

O
Ot = 1t§TﬁtEﬁ[— ’Ft]

T

This definition Is independent of choice of numerairg.

—p.27/56



Price Transitivity Law

Using the optional sampling theorem, the option price at any
stopping timer (bounded byn) Is given by

O
O, = 1,3, E°[— | F.] as.

T

The pair(7, O, ) is aT-expiry option with payoffO,. Let .S be
another stopping time. What can we say about the thpeice
(1, O;)s Of this option? Whert < 7 < T', we simply have

(7', OT)S — OS.
That is, pricing to timer and then pricing to timé' is the same

as pricing directly to times.

— p.28/56



Indistinguishable options

Two options® and®’ Indistinguishablaf the price processes
(0;) and(O;) are indistinguishable, i.e., a®, = O; all t.

Theorem: OptionsO = (T,0) andO’ = (1", 0) are
Indistinguishable if and only i = O’ a.s. and

{T#1T'} Cc{O=0}a.s.

So,T andT” need not be the same, but they can differ only at zero payments

Notation We writeO < O'ifa.s.0; < O; all t.

—p.29/56



Nonnegative options and nonnegative arbitrage

An optionO = (T, O) is Nonnegativef O > 0 a.s. Itis
Positiveif O > 0 a.s.

(In practice, most options are nonnegative, but are notigesither, for they can have zero

payoff in some states (i.é?]O = 0] > 0) , e.g., call and put options and swaptions.)

Nonnegative Arbitrage. Once the price of a nonnegative option
becomes zero, it stays zero theregfiear., for aimost all paths,

if O (w) =0, thenO,(w) =0forall s > t.
if O(w) > 0, thenO;(w) > 0forallt < T(w).

— p.30/56



Semipositive options

A nonnegative optiold is Semipositivef its price Is positive
before expiryT’, i.e., at each time, O, > 0 a.s. on{t < T'}.

This then implies a.90; > 0on{t < T'} all ¢, i.e., for almost all paths,, O¢(w) > 0 at all

timest < T'(w).

A nonnegative option is indistinguishable from a semipogd
option: Let O = (T, O) be a nonnegative option. Then, there
exists a unigue semipositive option that is indistinguid@drom
O, namely the optiof7*, O), where

T° :=inf{t >0: O; = 0}.

(It turns out thatO is automaticallyF o -measurable - in fact) = O, o a.s.)

—p.31/56



Payoff processes and trigger options

A progressively measurable procéss= (7,) is aPayoff Process
if a.s.|Z;| < G, all t for some numerairg.
Example:Z; = (8 — K)™, K > 0.

Proposition: Let Z be a payoff process. Then for any numeraire
3, the 3-deflated processZ, /3,) is of P°-class D. In particular,
for any stopping timd’, the pair(T, Zr) is an option.

We call theT-expiry option(T', Zr) as aZ-Trigger Option

Examples of trigger options American and Bermudan options,
barrier options, credit derivatives with recovery process

—p.32/56



Dominated and trigger option convergence

Dominated option convergencé:et (O")°,, O" = (T,,, O™)

by a sequence of options such t@&t\, 7' a.s.,0™ — O a.s. to
some random varialég andO. Assume there exists a numeraire
A such thatO}| < 3, a.s. for allt andn. Then,O = (T, 0) is an
option, and a.sO; — O, all t.

When the dominating numerairecan be chosen continuous,
then the conditiol™ \, T' can be weakened t6" — T..

Trigger option convergencetet (Z;) be a right continuous
payoff process and,, ~\, 1'. The theorem implies that a.s.
(Tn7 ZTn)t — (T, ZT)t1 a” L.

—p.33/56



Doob-Meyer decomposition of superclaims

A Superclaimis a right-continuous payoff proce§g;) such that
Vi > (s, V) a.s. forallt < s. A Supernumerairés a positive
superclaim. As we saw, the Snell envelope is a superclaim.

Proposition: A right-continuous payoff proces$;) is a
superclaim if and only if the proces¥; /3, ) is a right-continuous
PP-supermartingale for soméégnce al) numeraires.

Doob-Meyer decomposition Let (V;) be a supernumeraire and
5 be a numeraire. Then there exist a unigue numerawvath

By = Vp and a decreasing predictable process such that a.s.
V, = ;A + B, all t.

— p.34/56



The Snell envelope

The Snell Envelop@rocess of a right continuous payoff process
7 = (Z;) is defined by

W .— sup (T7 ZT)t7

T>t

where supremum is taken over the set all stopping tifes
satisfyingt < T' < m.

Theorem. (V}) is a right continuous payoff process, and

(s,Vs)e =sup (T, Z7)s.  (t < s)

T>s

Corollary. (V;) is a superclaim. Indeed, for< s,

‘/t L= SU.p(T, ZT)t > Sup(T7 ZT)t — (87 ‘/S)t

T>t T>s —p.35/56



The american option in the continuous case

Simple examples show that the supremuump -~ o (7', Z1)o in definition of Snell envelope is
not necessarily attained at any stopping tilhen continuous case we show the supremam

attained (and suspect this to be the case when jumgsawé totally inaccessible). Set
T :=inf{s € [t,m] : Z, = V,}.

Theorem. Let Z be a continuous payoff process that is
dominated by a continuous numeraire. Thgn = V- and

‘/;f — (Tt*a ZTt*)t'
Further for all timeg ands, we have

(Ts*azT;)tzltSTs sup (T, Zr)s.

T>max(t,s)

In particular, A; = 1,<7:V;, all t, where A := (1§, Zrx).

— p.36/56



Multiplicative minimax duality

Let (Z;) be apositiveright-continuous payoff process. The Snell
envelopg V) is then a supernumeraire, and Doob-Meyer
decomposition implies there are madgmineering Numeraire
l.e., numeraires®’ such thatB, = V;, andB; > V, for all ¢.

Proposition: Let B be a domineering numeraire. Then

Zy
sup(

= 1.
>0 Bt)

Multiplicative minimax duality formula: a.s., allt,

V, = Bmf ﬁtEﬁ[Sup(Z ) | Fil.

s>t S

—p.37/56



Multiplicative minimax duality- - -

In particular,Vy = infg GoE” [sup,~(Z:/5:)].
The infimum is attained at any domineering numeraire.

So, GoE’ [sup,~o(Z:/5:)] is anupper boundor the
American option pricd/, for any numeraire;.

Such an upper bound can be computed by Monte-Carlo
simulation. An suitable numeraire must first be chosen.

These results extend to nonnegative payoff procesges (

An “additive version” of minimax duality was previously
derived by Rogers (2001) and Haugh & Kogan (2001), and
further studied in Andersen & Broadie (2001), Joshi &
Thelis (2002), and Kolodko & Schoenmakers (2003).
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Multiplicative Doob-Meyer decomposition

A Local Numerairas an adapted, right continuous, positive
process B,) such that B,/ 3,) is alP’-local martingale for some
(hence al) numeraires.

Theorem: Let (V) be a supernumeraire. Then there exists a
unique decompositiol; = D, B;, where(D,) is a decreasing
predictable process and, ) is a local numeraire witli3, = V5.

A supernumerairé¢V;) Multiplicative, if the local numerair¢ B;)
In the multiplicative decompositiol, = D, B; is actually the
price process of a numeraife We then refer to this numeraire
B as theRollover Numerairessociated toV; ). It is clearly a
domineering numeraire, and as such relevant to minimaxtgual
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An application of multiplicative decomposition

Corollary: Assume that discount factors satigky 1), < 1 for all
t < s. Then there exists a unigue increasing, predictable, local
numerairg B;) with By = 1.

The assumption is equivalent to the identically one probesw
a supernumeraire. Applying the multiplicative Doob-Meyer
decomposition, we obtain a decompositioa D, B;. The
resulting local numerairéB;) is increasing, as it equals/D;).

This increasing local numerai(és;) can be interpreted as the
“continuous money market accounft it is further assumed to
be absolutely continuous, then, taking its logarithmiawdtive,
we obtain the thstantaneous interest-rate procéss, which is
nonnegative and satisfiés = exp( f(f reds). ~p.40/56



3 Bermudan options, stream
rollover, minimax duality
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Option streams
A (Finite) Option Streanfor simply aStrean) is a finite
sequenc€ = (0O")k_, of optionsO™ = (T,,, O™) with
Increasing expirieg; < --- <7Tj. Stream?' Is called:

Positiveif O™ > 0 a.s., alln. Ditto, Nonnegative

Decreasingf 077! < O™ a.s., alln, or equivalently, if a.s.,
Li<T, O;’;Hrl < Op all t, n. 1talso equivalent to the condition that for some
(hence all) numerairg, the discrete deflated envelope proc@d% /3r, )k_, isa

supermartingale under the finite filtratiofr, )~ _, .

aTrigger Streamf O"(w) = O"*!(w) whenever

1, (w) = Tn+1 (w) (Equivalently,1 7, -1, O* = 11,—7, 07, all 4, j).
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Bermudan option stream

Henceforth, we take as given a payoff process.

e.g.,Zt = (K — St)+.
Letr. = (71, -+ ,7) be aTenor i.e., sequence of increasing

stopping times; < --- < 7,.. Define the trigger stream
E = (EM_,, &= (1,,7,).

We view&' as ‘the underlying european option stream

(In practice, the expiries,, are deterministic, such as annually or daily.)

Define theAssociated Bermudan Streasn:= (B")*_, by
B" := (T}, Zr-), where theOptimal Exercise Tenor
T .= (17, --- ,T7) is defined by either of the followingyvo

equivalent definitions
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The optimal exercise tenor

Backward inductive definition: Set7}; := 7. Forn < k,
define inductively detting 87+ := (7, 41, ZTn+1))’

Snell envelope definition:Define

T :=min{t € {7, - , 7%} : 2, = sup (T,27),, }.

n
TG{Tn, 77-’{3}

The well-known equivalence is easily proved by induction.
Recall, the bermudan stream is defined as

B = (B")r_,, B":= (T, Zr:).

n=1"
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Bermudan pricing formula and consguences

Bermudan option pricing formula

By = li<r: SUup (T, Zr)s-

tSTE{TTM 7Tk}

Corollaries:

Time-0 Pricing By = suprey,, ... -1 (15 Z1)o-

.. ,Tk}
Snell envelope formula: B! = supreqy, .. 73(15 Z1)s,.
Principle of Dynamic Programming B! = max(Z,,, B:t).

Bermudan strean is decreasing BZ. > B
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Rolling an option over a positive option

Let© = (T,0) be an option and’ = (7", O’) be apositive
option withT' < T". DefineRollover OptionO I O’ by

00

rO = (T :

We interpretO r O’ as the option obtained by investing at time
T the payoffO in option’.

The rollover operator is associativeon positiveoptions:
(O'r O r O =0'r (O*r 09).

We denote this by)! r O r O3, etc.
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Rolling an option over a nonnegative option

Let O = (T,0) be an option and®’ = (7", O’) be anonnegative
option withT' < T". DefineRollover OptionO I O’ by

or O, = (1(9%:07—7 -+ 10%>0T/, 1(9 O + OQ/O/)
Pricing is given by

O
/ /
(O |_> O )t — Ot —|— 1t>T—O/ O
The rollover operator iaot associative in general. A few propertiesrodire :

(OVO/)S =Q0g, S<T.

Oro=0;, orOro)y=0ro, etc.
orO +0"<oro +oro".

lin%(O P (O +e0"))e = (E7 O)¢.  (by dominated option convergence)
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Minimax duality of nonnegative payoff processes
Henceforth, we assumeZ > 0 (i.e., a.s.Z; > 0, all t.)
Let O (resp.O" ") denote the set of all nonnegative (resp.
positive) optiongT’, O) with T' > 7.

Multiplicative minimax duality formula:

B(-l) = inf ( max ("7 O))g

O€O++ TI,Zl, 7k

= min ( max (" T O))o.

O€O—|— n:l’ ,k

Bi= min ( max (E"PrO)) if Z > 0.

OcO++ n=1,---,k

(The “<” part is easy.) More generally, for anly< ¢ < k and stopping time < r;,

BL = inf m E" T O))r = mi ma E™ P O)),.
! Oelg++(n:i,a-}-<,k( ) oegl+(n:z',--}-<,k( )
—p.48/56



Domineering options and minimax duality

A Domineeringoption is a nonnegative optiafl such that
O, > 7, andO, = B;.

A nonnegative optior© is domineering if and only if

O = max ("7 O).

n=1,- k

Corollary. A domineering optiorQ satisfies

Bl = ( max (E" " O)).

n=1,- .k

So, in the minimax formul#j = min, o+ (maxp—1,... x(E™ " O))o, the minimum is
attained aeverydomineering optior®.

Our next goal is to construct a domineering option dendtéd
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Rollover of nonnegative option stream

Rollover optionO" of apositivestream® = (O™)%_, is

k—1

0" :=0'r...r 0" = (T, 0" ||

For a nonnegative option streams we definelibik and Right
Associative Rollover Optiongspectively by

O =(--(0'rOHro3...r O Hr o~

Of =0rr (O*r (O*--. P (OF 1 OF)...).

Of course, for positive stream®™ = O .
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Stream rollover associativity and pricing formula

We call a nonnegative streaf¥ is Associativeéf O™ = O and
this holds for all “substreams” @ too.

Proposition. Decreasing and increasing streams are associative.
Semipositive trigger streams are associative.

Rollover pricing formula For a nonnegative stream, a.s.tall

k n—1 Oz
0f = 0L+ 3 1n . ][ 50
t — Mt Tn—1<t (9”1 ¢t
n=2 i=1 — 1;

(A similar but more complex formula can be written 16 *.)
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Some consequences of rollover pricing formula

Oy =0y = 0.
Denote®" also by® " . Ditto forn < k. Then
O =0, S<T,.

(Ditto O%). For positive streams we have,

n—1 ;
QL
O =O" —

orr O =0"p...r OF

Proposition. If O Is a decreasing nonnegative stream then
OF <OT, andO™r O < OT for all n.
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The bermudan rollover optio”"

SinceB is decreasingB3; > (B"r B"),, =B > Z. .
As B! = B!, it follows B is a domineering option Hence,

B" = max ("1 B");

n=1,---,k
and
Bl = ( max (£" P B")),.

n=1,-k
The minimax duality formuld3) = miny, g+ (max,—1.... x(E™ " O))o now easily follows.

The bermudan streal (is associative and) satisfies the “stream
rollover strategy” formula:

B" = (r,BL)r---r (7%, By,).
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Regenerative tenors and streams

AtenorT" = (T,)"_, is Regenerative aft tenorr = (7,,)%_, if
T, = Ty, and forn < k, 7, <T,andl, .+ T, =1, -7 T,1.
Last condition can also be written @y = 1, —7 7o + 1, <71, Th+1, Or, if preferred,

1Tn<Tn — 17'n<Tn:Tn—|—1'

ThenT,, € {7,,--- , 7}, all n. By induction one shows
k—1
1t>’7'n (Tna Zn)t — Z 1T¢_1<t§TrL’/\Tn (E) Z’L)t
1=n—+1

Define the associatdgfegenerative Streai. by

Zy = (21 )nr, 27 = (Tn, Zr,).

Jn=1>

Example: The optimal exercise terigtr, and the bermudan
streamB’ = Z. are regenerative.
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Primal-dual bounds for regenerative streams

For any regenerative stream, we havanal-dual bounds:

(ThZTl)O S Bé S ( 1mMax (gn |_> ij))o

n=1,-k

Various examples of regenerative streams in the literatumeat
a tight (additive) primal-dual bounds (or a tight “dualitgyy).

A regenerative stream satisfies

7 < max (E"r Z7).

n=1,-k

If Z. < (ZF). foralln,thisimpliesZ; is domineering, hence
equallty holds andT}, Zr, )y = B} = (max,—1.. ;. (E" T Z]))o.
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Stream rollover strategies

A Stream Rollover Strategy a pair(7., O'), wherer. is a tenor
andO Is a stream such that its expiry tenor is regenerative, at
andl, .7 O" =1, .7 O™t foralln < k.

Examples arér., Z ), whereZr is a regenerative trigger stream
as above, e.g(r., B)

The “strategy” is to rollove® at the tenor:.:
Theorem. Let (7, O") be a stream rollover strategy such tliat
IS nonnegative and associative. Then

O" = (n,0L)r -1 (1%, O;.).
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