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Abstract

This paper extends the Libor market model to general semimartingales. Appealing
simplifications occur for special semimartingales. The case where forward Libor
rates are driven by a Brownian motion and a general integer-valued random measure
is especially highlighted. Basically, from the existence of a state-price density, the
drift of the forward Libor system is determined in terms of the other two
characteristics, namely the covariation matrix of the continuous part and Levy
measure of the system. Necessary and sufficient conditions are established, and
formulae for forward Libor rates and deflated bond prices are derived in the actual,
forward, and spot-Libor measures. Several other topics, such as continuous
compounding as the limiting case and model construction, are discussed.
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1. Introduction

This paper extends to general semimartingales certain aspectd.gfdhearket model

developed for continuous processes in Brace et. al. (1997), Miltersen et. al. (1997), Musiela
and Rutkowski (1997), and Jamshidian (1997). Significant simplifications occur for special
semimartingales. This is then applied to models driven by a Brownian motion and a general
integer-valued random measure. We are primarily concerned with the dynamics of forward
Libor rates as implied by the existence of a state price density. Specifically, we show the

“drift” of the forward Libor rate system is determined by the other two characteristics, i.e., by
the covariation matrix of continuous part, and the Levy system (measure) of the purely
discontinuous part. The result is established through a statement about a general (or a special)
semimartingale system, which may be of independent interest.

An extension of the Libor market model to diffusion-marked point processes was arrived at by
Glasserman and Kou (1999). For continuously compounded interest rates — a more intricate
theory is developed in Bjk et. al. (1997a) for diffusion-multivariate point process, and in

Bjork et. al. (1997b) for general semimartingales. Dealing with trading strategies and
stochastic integration against a continuum of bond prices, theirs is essentially an infinite
dimensional theory, well suited to continuous compounding. But, for application to Libor

rates, which are simple compounded and depend only on a finite number of bonds, such
machinery is not necessary, nor necessarily the best approach. As other examples of literature
dealing with jumps in continuously compounded term structure of interest rates, Shirakawa
(1991) studies Gaussian diffusion and Poisson jumps, Duffie and Singelton (1996) analyse
jumps arising from bond default, Babbs and Webber (1997) relate jumps to actions of central
banks, Maghsoodi (1997) applies diffusion-marked point processes to exchange rates and two-
country term structure, and Jarrow and Madan (1999) consider the question of hedging jumps.

While continuous compounding may ultimately lead to more unified theories, simple
compounding has the of advantage of being grounded on standard finite-dimensional
semimartingale theory, which is better understood and more developed. Additionally, it
represents the interest-rate market more realistically. As such, it is arguably better suited for
practical modelling of certain Libor and swap derivatives, such as caps, European and
Bermudan swaptions. The Libor market model (and to somewhat lesser extent, the “swap
market model”) is receiving increasing theoretical attention, among which one may cite recent
papers of Carr and Yang (1997), Andersen and Andreasen (1998), Glasserman, P., Zhao
(1998), and Schoenmakers and Coffey (1999).

The paper closest to ours is Glasserman and Kou (1999), as it deals with both the Libor market
model and diffusion-jump. In addition to determining the drift restriction for diffusion-marked
point processes, they develop a concrete example of forward Libor rates following a mixed
lognormal diffusion and lognormal jump arriving at Poisson intervals, and derive a formula for
a cap, as an infinite sum of Black-Scholes terms, similar to that for stock options in Merton
(1976). (For more on stock options with jumps, see, e.g., Gerber and Shiu (1996) and Bellamy
and Jeanblanc (1997).) Otherwise (and aside from theirs being the first!), our paper differs in
two ways. First, ours is more general, and also more comprehensive in its range of results.



Secondly, we believe our derivation is more lucid and efficient. While our treatment here is
self-contained, Glasserman and Kou base their derivation on resuléérkf & al. (1997a).

But, as already mentioned, the latter's framework was adapted to continuous compounding and
a continuum of bonds. As such, Glasserman and Kou go through rather lengthy calculations
translating back and forth between simple and continuous compounding. It seems to us that
this obscures the idea behind their formula. However, in our approach, the basic idea becomes
apparent early on. A related difficulty is that, following)B, et. al., they concentrate on the
“risk-neutral measure” and its continuously compounded “money-market” numeraire. But, as
amply argued in Jamshidian (1997), these are not suitable for studying forward Libor rates.
Instead, we use an appropriate counterpart introduced there and termed “spot-Libor measure.”
(We also work in the “actual” and “forward” measures.)

In the next section we fix notation and review briefly some basic definitions and well-known
results about semimartingales, including their Levy system and integer-valued random
measures, which will be used throughout the paper.

Section 3 presents our main mathematical results. We have separated them from their
application to Libor rates later in Sec. 4. We think this makes the exposition clearer. It is also a
better organization for possible future reference. X=ei(Xy,..., %) be a positive

semimartingale system with characteristB, v). If Ilj> X are local martingales for all

then we shovB can beexplicitly calculated fronC andyv. The formulae are particularly

appealing in the case of special semimartingales, and are easily translatedisvdenen by

a Brownian motion and a general integer-valued random measure.

In Sec. 4, we provide necessary and sufficient conditions for the existence of a state-price
density for a general price system, in terms of dynamics of the associated forward Libor
system. Basically, the forward Libor drift is determined in terms of the other two
characteristics. For special semimartingales, no truncation is necessary, and the formula
simplifies nicely. Formulae for deflated bond prices in terms of forward Libor characteristics
are also given. The case of diffusion-random measure is then highlighted. We provide
formulae for three measures, the “actual”, the “forward” (or “terminal’), and the “spot-Libor”
measures. We try to minimize repetition by omitting substantially similar formulae. Yet cases
with unique features are fully presented, at the risk of apparent repetition.

In Sec 5, we discuss several issues, including positivity of Libor rates, a heuristic derivation
of an intriguing formula for continuous compounding as the limiting case, market prices of
risk, and model construction.

In conclusion, we think this paper helps to demonstrate that simple compounding of interest
entails basic and interesting mathematics that is overlooked in the continuously compounded
framework. Further, as the former converges to the latter, it may be fruitful to investigate
further the interplay between the two theories.

The body and statements in Sec. 4 are for the most part self-contained, only proofs referring to
previous sections. So it should be possible to proceed directly to Sec. 4 from here.



2. Notation and Mathematical Background

This section introduces standard notation and briefly reviews some basic definitions and
properties which will be used in the sequel. As reference, we refer the reader to Sections 1.3,
1.4, 11.1, and 11.2 of Jacod and Shiryaev (1987), and to various sections from Chapters 7, 10,
11, 12, 13, and 15 of Elliott (1982) and Chapters | and Il of Protter (1990).

LetT>0. LetQ,7,%,P), O<t=< T, ¥ =%7, be acomplete, right-continuously filtered
probability space, fixed throughout. The stochastic integral, as a process, will be denoted
J'H dX. We use the convention that the values=aD ofIH dX, [X)Y], andAX are 0. Ito’s

product rule for semimartingales then stat€¥ = XOYO+IX_dY+.fY_dX +[X,Y]. In what

follows, an expression such Bsq (AX)? stands for the proce&s (AXe)?.

If Yis a semimartingale, its stochastic exponetial&(Y) is defined as the unique solution to
the equationX = exp(Y;) +_[X7dY. ThenAX = X_AY. Also, X> 0 iff AY> -1. Ito’s product

rule implies E(Y)E(W) = E(Y+WH[Y,W]). The stochastic logarithm of a semimartingéle 0
is defined byZL(X) = log(X,) +IdX | X_. The two operations are inverses of each other. By

the product rule,£(X2) = L(X) + L(Z) + [L(X) , L(Z)]. Also, AL(X) =AX/ X_.

The set of all finite variation processes whose total variation is locally integrable is denoted by
Ae. (Here, finite variation means adapted, corlol, and with paths of finite variationTgn [O,

A finite variation local martingale belongs#i@.; so does a finite variation predictable process.

A semimartingaleX is called a special semimartingale (or simply specia)3N + A for some

A € A and local martingalBl. In this case, there is a unique such decomposition, called the
canonical decomposition, such tiais predictable anéy, = 0. This uniqueA is called the
compensator ak and denoteX®. Note, a finite variation procesgsis special iffA € Apc,

A semimartingaleX is called purely discontinuous X[X] = Z<<(AX)?. A finite variation
process is purely discontinuous. For any semimartingaieere exists a unique continuous
local martingalexX® such thaX § = X, andX - X° is purely discontinuous. One haX,Y] =

[XY] + Z «t AXAY . In particularA[X,Y] = AXAY. It also follows thatX,Y] = 0 if (a) X is
continuous and has finite variation or fjs continuous andf is purely discontinuous. Note
also [X°, Y = [XS,Y]. If Xis special, a purely discontinuous local martingdlés defined by

X9 =X -X°=XP. If XandY are special semimartingales, th&f Y]’ = 0, and further.X ,Y] €
Ao iff [X?,Y] € A, and in this caspX,Y]? =[X°,YT+[ X, YIP+> " AXPAYP.



Let E be Lusin space (e.d5,=R% or E =Rx{1,...,d}). For any non-negative random measure
1 onRxE, and any optional functiod=H (w,t,x) on QxR xE, one sets

H o p = I[WEH(w,s,x)y(w,dsdx) if j[me|H(w,s,x)|ﬂ(a),ds,dx)<oo.

Letu be an integer-valued random measur®ef. Then there exists an optional progéss
and a sequence of stopping timigsvith disjoint graphs (meaning iif+ m thenTy(w) # T(w)
for all w) such that: = anma»:t O s 0y » Wheres, , is the Dirac measure at poit]. Also,

the compensator of u is characterized as the unique predictable non-negative random
measure ofRxE with the property that for any predictable functldw,t,x) satisfying
|H|*v <o, the proceg#t |+ 1 (hence alséi * 1) belongs ta7ie, and (H * )P = H *v .

Whenv(w,{t}x E) = 0 identically (or equivalently all,, are totally inaccessible), 1&jc(w)
denote the set of all predictable functidhsuch thatmin(H?,|H[)* v <o a.s.Then,

H *(u—v)is defined to be the unique purely discontinuous local martingalech thanX is
indistinguishable from the procegnlmw):t H(w,t, g, (). If H, Ke Goc(u), then A=
[H*(u—v),K*(u—v)] = (HK)* . If |[HK|*v <o, then Ae Ao, and AP = (HK) *v .
When v(w,dt,dX is notdt-absolutely continuou$3ic(2) andH * (1 —v) can still be defined,

but the definitions and the formula fAf are more complicated. In generalKi Go(1) and
H is a locally bounded predictable process, g'Hemi(K *(u—v))=(HK)*(u—-v).

Let X = (Xy,...,Xn) be am-dimensional semimartingale. AssociateXtis an integer-valued
random measure, onRxR" defined byu, = > 1000 axiay - ONE haszSgt AX AX, =
(%X;)* uy . Letv, denote the compensatorof. Then min(]x|2,1)>=<vX <oo. Also,
[Xi, X,] € A iff |xixj|>x=vX <oo, in which casg X;, X;]° = [ X7, X{]+(xx;) *v, . If Xis
(component-wise) predictable, then =, . The semimartingale vectris special iff
(LaX)* v <o . Inthis caseX = x *(uy —v), and if further,|x x|+ v, < oo, then

(%X;) *vy = (%X;)* (1, +v,4) . If Xis alocal martingale of finite variation, thepxv, is

continuous, andd__ AX; =X * i, = X; +% *#v, —X;(0).

Let u be an integer-valued random measur®eg such thav(w,{t} x E) = O identically. Let
Hi € Gioc(u), i = 1,...n,and se; = H, *(x—v). Then, for any optional functid on
QxRxR", K, =(KoH)*u (provided either side is defined), aldsv, =(KoH)*v.
Further, ifKe Ge(#2y ), thenK s (uy, —vy ) =(KoH)*(u—-v )



3. Preliminary Results

Lemma 1 LetX; > 0 be semimartingalesz= 1,...m. The following equations hold for all

® Az(f[xj)=f[(1+§(—><])—x
j=i j=i =
d[ Xy,
@ o6 D=3 [ s ax (a7 -
j=i+1 j=i+l s<t j=i+1 J
m m d[x J k
3) LATX) =2 (LX;+ ZJ ([Ta+229-1).
J=1 J=l k=j+1 _ s<t -, k=j+1 k
Proof.
ALTX; _[Ia+ax)-1_m
AL(| | X)) = ’
(0= =, e
This gives (1). Next, for any semimartingale Y, we have,

d[Ye, X
[y, L(HX)] =Y, L(HX)]+ZAYA£(HX)] ZI Y", X} ZAY(H(1+—) 1),

j=i+l j=i+1 j=i+1 j=i+l s<t j=i+1

where for the last equality we used (1) and also the fact‘t’lﬁaﬂH X1= Z [Y®, £LX]]
(Indeed,[Y®, L(ZW)] =[Y*, LZ+ LW +[LZ,LW]]. But, [Y*,[£Z, LW]] =0, becaus&®

is continuous anflL Z, £ W] has finite variation.) This gives Eq. (2). Eq. (2), substituted in
the following equation, which can easily be established by induction, yields Eq. (3).

L(HX ) Z(L(X )HL(X;), £(ka)]) O

k=j+1

In our applicationsX; will represent (essentially) forward Libor rates, and their products
represent deflated bond prices. The above result is then relevant to the relationship between
bond prices and Libor rates. The peculiar order of the sums and products has to do with
applicability to the “terminal measure”. For the “spot measure”, we need the following result.

Lemma 2 LetX; > 0 be semimartingalesz= 1,...m. The following equations hold for all

@ AL(H—_) —H(l -

J

d[x

ZAX (H (1+ Y1-1);

s<t J

AX, AXy s
! (H(l ).

©) X £ 50 = Z [RaRat
]

©  Llly)--Xex DY it



Proof. ForX> 0, we haveA(l/ X) =—-AX/(X_X ) or written differently,
AX - ;
=1+ —)

Hence,

! X AX,
AL(HX;l)_ A(]gxl) H(l J) 1=]Ja+ _’)’1—1

Eq (5) now follows too, usinfy®, L] | X;] :Z[YC,LXJ-] and[Y®, £(1/2)]=—-[Y¢, £Z].

Substituted in the following equation, which can easily be established by induction, yields (6).
L(ijl) =—§(£(xj)+u:(xj),£(1jxkl)]).

Alternatively, first establish (6) far= 1. Then use (3), with a reversed order and substitute.

Remark 1. SettingY, = £(X, )in Eq. (3) and (6) above, we obtain

HS(Y) S(Z(Y + Z[YC,Y ]+ZAY(H(1+AY) 1));

k=j+1 s<t k=j+1

Hs(v )E (- Z(Y Z[YC,Y 1+ DAY, (H(1+AY Y'-1)) =1.
s<t
Although simpler and more general — they do not requi(¢) > 0 - the form given earlier is

actually more convenient for our purposes. (Same comment applies to other formulae below.)
We can also write these equations in the more symmetric form

f[S(Y,»)=8 (Zm:Yj+ > Y°,Y]+Z(H(1+AY) ZAY ~1);

I<j<k<m

ﬁawj)S(—in+ > ,Y]+Z(H(1+AY)‘1+ZAY ~1))=1. O

I<j<k<m sst j=1

We wish to draw conclusion about the dynamics of the (essentially) forward LiboKyates

from the postulate that deflated bond prices are local martingales. The following results yield
a “drift” restriction on the forward Libor systelr= (Xy,..., %) in terms of continuous

volatility and the size and intensity of the jumps. First we need a simple Lemma.

Lemma 3. LetY be a semimartingale arti> 0 be a local martingale. Thé&fZ is a local
martingale if and only i + [Y, £(Z)] is a local martingale.

Proof. Write A ~B if A-Bis a local martingale. SBt=Y + [Y, £(2)] andM =] ZdY+ [Y, Z].
Note,N =] ZdM + Yo andM = [ dN/Z. So,N =0 iff M ~0. But, sinceZ ~0, by Ito’s
product ruleYZ~M. SoYZ~0 iff N ~0. m



Theorem 1. LetX; > 0 be semimartingalesz 1,...m. The following three conditions are

equivalent. (i)]_[xj are local martingales for all (ii) For alli, Eq. (7) and (8) below hold.

j=i

(7) X‘>1XI H (1+ X_)

j=i+l

*Vy <00,

d[ X¢ ,X
@ x--3 Xl (e T

j=i+l j=i+l

(]M>1X| H(1+ _)) *Vy t X + (]"x\<1)§) (/UX Vx)+ Zl‘Ax‘MAX

j=i+1

(i) For alli, the following equation holds.

—Vy).

(9) L(H v (0)

Proof.  SetF; :H'; X; . WriteA ~Bif A-Bis a local martingale.
(iii) =(i). (iii) implies all L(F;) ~ 0, hence allF;

(i) =(ii). Assume allF; ~ 0. SetM, = X, +[X,, LF,,
(2), [X;, LF,;]1=C + g * ux, where

—x([]a~ X (t e Y c =Y [Fns

j=i+1 j=i+l J

]. By lemma 3,M,~ 0. Now, by Eq.
d[XI , XS ]

S0, X +Ci+gi*ux~0. The canonlcal representationXoftates (cf, Jacod and Shiryaev
(1987), Theorem 11.2.34)

(10) Xi = B| + XiC +(11x\<1xi)*(/ux _Vx)+zl1Ax\zlAXi ! B| = (Xi _ijAx\zlAXi )p'

s<t
Hence,B, +(1,.,%) *u + Ci+ i * px ~ 0. BUt g * px = (1,1, 9.) * ity +(1,9)) * vy, since
= O(x*) nearx=0. HenceB +C, + (s (X +9))* 1y + (1, 9)*vy = 0. This equation
furnishes a canonical decomposition (Q;‘ZI(Xi +0,))* 1y, Showing it is a special

semimartingale, and since it already is of finite variation, that it has locally integrable variation.
Thus (7) holds. It now further follows +C, + (L (5 +9))*vy + (1, 9) *vy =0.

Substituting from this foB; into (10) yields at once Eq. (8).

(i) =(iii). CalculateL(X;),] = i from (8), and substitute it into (3). The integral appearing in
(3) cancels. The discontinuous sum in (3) combines with that in (8) and the two terms in (8)
involving “* vx” turning these into two terms involving(ux -vx)”, which combine with the

term in (8) involving *(ux -vx)” to produce a single such term. With this substitution, we get



L(H < (0)> zq (¢ H(1+—) —D)* (x —vy)).-

j— k=j+1
Now the algebraic identity (11) below gives (9).

mo X m m X
(11) > L+ ) = [ @+ —)-1 -

j=i J k=j+1 ka j=i xj,
Eqg. (8), while general, looks rather convoluted. Moreover, it does not quite furnish a “drift”, as
a sum of jumps appears in it. To obtain a proper drift, in the sense of a predictable, finite
variation process; must be special semimartingales, i@, x)*v, <. With this, the
discontinuous sum in (8) which {8, ., x) * 1, can be written agl, ., x ) *v, +
(Lgon %) * (ptx —vx) - Each term then combines with other terms in (8) to yield the simpler and

more appealing Eq (13) below (for which an alternative, direct derivation will be given).

Theorem 2. Let X; > 0 be semimartingales= 1,...m. The following five conditions are
equivalent.

(1) H X, are local martingales and are special semimartingales for ak 1,...m.
j=i
(i) The two equations below hold for al 1,...m.

*y, <o a.s.

(12) ‘X (H(1+ X—) D

j=i+1 j-

d[ X¢ ,X
(13) 3 ]—( (H(1+X—) D) #vy + XS 4% % (it ~1).

j=i+1 j=i+1

(i) Foralli=1,...m, Xare special semimartingalasd

—Vy).

14
(14) L(H < (0)) Z
(i) The two equations below hold for af 1,...m.

*de < 00 a.s.

(12f ‘K (H(1+ X—) -1)

j=i+1 =

d[ X", X
(13f xi=—zj%—( KT+ ~0)# v+ X4 (1 —7,0).

j=i+l = j=i+1 j—
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(i) Foralli=1,...m, X are special semimartingalaad

_de) .

14y L(H < (0)

Moreover, if these conditions are satlsﬁed theh_ —[xI ,L(H X)1P.

j=i+l
Proof.  We show (iii)=(i) =(ii) =(iii) and (ii)? = (iii)® =() =(ii)".
Set F =Hrjn:i X;. WriteA ~Bif A-Bis a local martingale.

(iii) =(i). (iii) implies all L(F;) ~ 0, hence allF; ~ 0
(i) =(ii). Assume allF; ~ 0. SetM, =X, +[X;,LF,; ] ByLemma3M,=0. SinceXis a
special semimartingale, it followsX., L F ;] is special andX” =-[X,, LF, ,]?. But by (2),
[Xi, LF.,]=C +gi * ux, where

=x([a~ X a 2 c =y [

j=i+l j=i+l

d[X X1

It follows thatlgil* vx <co and X" ={X,, LF ,]’=-C, —g, *v,, i.e. (12) and (13) hold.
(i)=(iii). (i) clearly exhibits X; as special. Now, calculating(X;) from (13), and
substituting it into (3) and using the identity (11) simplifies to (14).

(i) *=(iii) ¢. This follows by an argument identical to that in 4iiii).

(iii) Y = (i) . (14 shows all£(F;) = 0, hence allF; ~ 0

(i) =(ii)®. By induction, (iif holds forj > i; so the argument (f3s(iii) ® above implies (14)
holds withi replaced by +1. This implies[Xid,LFM] =0 *fya, sinceX® = x * (Uya —Vya)-
Proceeding as in (i (i), we haveX ={X,, £LF ,]?. But,[X,,£LF ,]° =C +[X  £LF,]°
becausel(Fi+1) = 0. Thus, X =-C —g;*v, ., as desired. O

Remark 2. The formulae in the above Theorems can also be expressed irviterHeX).
For example, condition (ii) clearly becomes

y([Ta+y,)-1

j=i+1

*V, <00 a.s.

= _Zm:[Yiclec] —(y; (ﬁ(1+ yj)_l)) *vy Y Y x (s —vy). o

j=i+1 j=i+1

Note, if X * has finite variation, or equivalenthyl* vx < oo, then we may rewrite (13) as

m d[x m
Zj —( H(1+X

J j=i+1

N *vy + XX % gy, X |*vy <o,



11

We will apply Theorems 1 and 2 in the “terminal measure” and in the actual measure, but with
view to the “terminal numeraire.” For the “spot measure” and “spot numeraire”, we need to
apply Lemma 2. For the sake of brevity, we forgo the analogue of Theorem 1, and provide
only the special semimartingale result. Once this is done, the omitted case will be amply clear.

Theorem 3. Let X; > 0 be semimartingaless= 1,...m. The following five conditions are
equivalent.

(1) ]__11/ X, are local martingales and are special semimartingales foriall
J=
(i) The two equations below hold for al 1,...m.

*y, <o  a.s.

(15) ‘x(ﬁ(u)f—j)l—l)

j,

| dx,x | o .
1o X=X O (B s e S ]

j—
(i) Foralli=1,...m, Xare special semimartingaad

X (0)

(17) L(H Zj _ (H<1+ J>-1—1> (a1 =) -

(i) The two equations below hold for &l 1,...m.

*de < oo a.s.

(1Y ‘&(f[ @+
j=1 -

d[ X", X
(16f xi=ZI%—( (H(1+x‘) D)%y XK (o~

j=1 i- i-
(i)® Foralli=1,...m, X are special semimartingaded

17y L(H %) (0)

L dXS

X
— ) -D (e —v,a)
Xj, X X

Moreover, if these conditions are satisfied, thgh=—[X; ,L(Hijzll/ X)1P.

Proof. We show (iii)=>(i) =(ii) =(iii), (ii) "= (i) "= (i), (i)&(iii) ¢ =(i)", and (ii=(ii) *
SetF; :H'jzlll X; . WriteA ~Bif A-Bis a local martingale.
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(iii) =(i). (iii) implies all L(F;) ~ 0, hence allF; ~ 0.
(i) =(ii). Assume alF; ~ 0. SetM, =X, +[X,, LF ] ByLemma3M,~0. SinceXis a
special semimartingale, it followsX;, LF, i$ special andX,”" = X,, LE]". But by (5),
[X,,LF]=-C + g * ux, where

' d[XI , X ]

—x([Ta+ X (t o) Y G- ZI

i=1 i=1
It follows thatlgil* vx < oo, and X = X., LE]"=C —g, *v,, i.e. (15) and (16) hold.

(iy=(iii). (i) clearly exhibits X; as special. Now, calculating(X;) from (15), and
substituting it into (6) and using the identity below (which follows from 11) simplifies to (17).

i Xj j Xy i XJ -1
;?H(uw) _1_1,»_!(“?) :
(i) *=(iii) ¢. This follows by an argument identical to that in $ifii).

(i) @ = (i) . (16)d shows all£(F;) ~ 0, hence allF; ~ 0.

(i) &(iii) @ =(ii)". (ii) showsg, *v, = [X,,LFE]”+C,. Observe[X,,LF]"+C, _[XI ,LF]°
becausel(F;) ~ 0. But, using (iiif we have] Xi ,LF]"=g *v 4. Hence,g *v, =g *v .
Furthery * (1y —vy) =% * (1,0 —Vv,s) . Making these two substitutions in (16) gives {16)
(iif) =(iii) * In general iHEGiodux) thenH * (1, —vy) = H * (1. —v,.). Hence (17(17)'0

Note, the integrability conditions (12) and (15) are restrictions only on intengéggefjumps
(as is the condition of being a special semimartingale). As for the counterpart of Theorem 1, it

is now clear that aIHij:11/ X; are local martingales iff

L edlXF, i _
X=X =" )] (¥x<1>9(1:!(1+xx—f_)‘1—1))*vx—

j=1 '_

i X.
(]jx\zlxi 1_! (1+ X_J)A) *Vy + Xic + (]-1x\<1xi ) * (,ux —Vx ) + ijAx\zlAX
j= j- s<t

A satisfactory feature of these results is that we may replaceby”v, ." , namely, the

version (iif' of Theorems 2 and 3 hold. This means that the local martingale part of the system
X completely determines its dri¥ . It is therefore possible to specify the local martingale part
exogenously, and then simply “read” the drift, as now done below.

Assume the positive semimartingale systeém(Xy,...,Xn) > 0 is driven by a multidimensional

(column-vector) Brownian motiow, and an integer-valued random meaguonRxE, Ea
Lusin space. So,

X =xi(0)+A+jﬂidvv+¢i w(u—v), i=1..m,
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wherev is the compensator pf A is a predictable, finite variation procegs,is a predictable

(row) vector process Wit}j]|,8i|2dt <wa.s.,and ¢; € Gp(u). Assume/(w{t}x E) =0
identically, or equivalently(w,dt,dX is dt-absolutely continuous. Then, by the equivalence
between (i) and (iifjin Theorem 2,1_[:_“=i X; are local martingales for alliff

*Y <00 a.s,

‘¢ (H(1+ X—) D

j=i+1

X, = X,(0)— Zjﬂﬂuﬁ(¢q]a+l) —D)*v+ [ B AW+ * (u—v).

j=i+l j j=i+1

Note, our assumption annow implies that this impliegy = X.” is in fact continuous, and
is quasi-left continuous.Eq. (149 translates to

L(HX (0)) ZI +(H(1+—) D (u-v).

Similar equations can be written for the “spot” case, i.e., Eqf &) (17§ of Theorem 3.

The property of being a special semimartingale is not necessarily preserved under change of
measure. We will need a condition under which it is preserved.

Proposition 1. Let Q be a measure equivalentR@and Z, = dQ|¢t /dP|T1 = E"[dQ/dP] be

its martingale density. Lef be any semimartingale. (i) Suppo¥e L (2)] is P-special. Then
Xis P-special if and only iX is Q-special.

(i) If Xis bothP andQ special, thenX , £(2)] is P-special. (Also, of course X[, L(Z)] is P-
special iff X, Z] is P-special, becausg is locally bounded.)

Proof. WriteA "B (A =°B) if A-Bis aP-local (Q-local) martingale. Not& < 0. As is well-
known,Y R0 iff YZ<70. Hence by Lemma ¥,2R0iff Y + [Y,£ Z] &7 0. For anyQ-special
semimartingaley, let Yddenote the unique predictable process of finite variation such that
Y9(0)=0 andY® 2°Y. Now, assum& is aQ-special semimartingale, and ¥t X-X* . ThenY
0. Hence 05" Y+ [Y,£Z] £ Y + [X,.£ Z], since K%L Z] =~ 0. Hence & X-X9 +[ X, £ Z]
This impliesX is P-special iff [X , £Z] is P-special. Thus follow (ii) and the only if part of (i).
As for the if part, se¥ = X- X" - [X,£ Z]°. Note, ¥.£ (2)] & [X,£ Z]. HenceY <" -[Y £ Z].

It follows Y =R0, implying X is Q-special, and

X = XP + [X, L. .
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4. Arbitrage-Free Forward Libor Dynamics

Consider a semimartingale syst&w (By,...,Bn+1) > 0, i.e., a vector of positive
semimartingale8; > 0. We interpret th8; as zero-coupon bond prices of increasing
maturities. (But, they can also be considered as zero-dividend stock pricesy-cAunt
fraction¢ is a sequencé = (03,...,0n) Of positive numbers; > 0. In practiceg; are usually
0.25 (quarterly) or 0.50 (semi-annually). Associated to such data is the systewent
Libor ratesL = (Ly,...,L,) defined by

(18) L :(éi_l)/ai, i=1..n

1+1

We do not insisL; > 0, as not to exclude Gaussian models. But in practice and concrete
examplesL; are normally positive. At any case, cledrly> -16;. Note

:li_[(1+§ij)’1.

j=1

B| n
5 =[]a+sL),
j=i

n+1

Therefore, Lemmas 1 and 2 provide

BB,.(0)) _ Z(I s,dL, mf 5,6,d[L5,LE] L3 9L §,AL, (lm[( SAL )
B(O) SV1+sL, A 1+6,L,)1+6L, ) S<t1+5|_ em 1+oL,

n+1

s,dL, f 5,6, d[LS, L] SAL, BAL 1 gy

|+1Bl(o) .
LG8 .0~ Z(Il+5L (1+0,L,)A+0, L) ;1+5L (lk_!( 1+5,L,

Bl 1+1 (O)

Definition.. LetB = (By,...,Bn+1) > 0 be a semimartingale system.state price densitfor B
is a semimartingalé > 0 such thaf(0) = 1 andB; /B;(0) is a martingale for eagh

Note, if B has a state price densitiien so doe&aB = (@B, ..., @Bq+1), for any semimartingale

a > 0. Hence, existence of a state price dersity a property only of the rati@ /B , i.e., of

the forward Libor systerh. It is well known that existence of a state price dersisyrelated

to absence of arbitrage. For example, the gief a “self-financing portfolio” will then be a
martingale. So, iCr > 0 andP{Cy > 0} > 0, thenC; = E[&Cq]/é > O fort < T. Similarly, the
unigueness of is related to “completeness”, i.e., that all payoffs can be replicated by self-
financing portfolios. Here though, we are primarily concerned with the implication of the
existence of a state price density on the dynamics of forward Libor slystem

In what follows, ifQ is a measure equivalent®we denote th®-compensator of:, by v,
and the continuou@-local martingale part df; by Li®. (Note,[L{°,L°]=[L{,L].)
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Theorem 4. Let B; > 0 be semimartingales= 1,...n+1. Define the systerh = (Ly,...,L,) as
in Eg. (18). Then, the following three conditions are equivalent.

() There exists a state price dengitipr B.

(i) There exists a measugeequivalent td® (called theerminal measuresuch that for all
=1,...n, EYBi(T)By+1(0)/(Bn+1(T)Bi(0))] = 1 and the following two equations hold.

(19) 1,1 H( T *vf <oo;

j=i+1

o,d[L,
@0 L=-3fo T qx\dx(nml S

j=i+1 j=i+l

(]jxplxl H( + )*VL + L+ Ly %) * (e, = vy )+Z]1AL\>1

j=i+1

(i) There exists a martingale> 0 such that(0) = 1, and for ali = 1,...n,
E[Bi(T)Z(T)Bn+1(0)/(B+1(T)Bi(0))] = 1 and, denotini =(L,L¢), the following two equations
hold.

(22) X (1+ X )||(1+ %) — )| * a.s
V <00 .S.
]TX‘>1 n+1 L 1 51' Lj_

d[L, ¢l Zj‘5d[Ll’ j YA+ X)) — 1))*V~_

(22) L= I ) T_(l‘x\dxl(n(l'i'

j=i+1 J j—

(]"x\>1x1 (1+ Xn+1) H (1+ )) Ve + LC + (]jx\<lxl) (luL VI ) + Z:HAL‘H i

j=i+1 s<t

Moreover, if these conditions hold, then BB,.1(0)/(Bn+1Bi(0)) areQ-martingales, and

n+1(0) 5dLCQ .
(23) B(O)BM) Zjl o (H( . 5L )-D*(p —v0);
B d o,dLS
(24) L(Ef(c'))) Iz = Zj oL (1}(1+ L, Y+ %, =D (i ey Vi )

and the following relationship exists between various quantities

gt n+1 (t) d_Q

(29) = B,..(0) ST RTS

=¢7s h*VL (h(1+ Xn+1))*V(L £e)
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for any predictable functioh(w,t,xa,...,%) such thath|xv, <o and|hx ;|* v .., <o
Proof. SetX, =(1+5L,), i=1...n. Note,J]" X;=B/B,,

(i) = (ii). Setg =¢B,,,/B,.,(0). DefineQ by dQ/dP =(T). By (i), {BiBn+1(0)/(Bn+1Bi(0)) is a
P-martingale, hencB;B,+1(0)/(B.+1Bi(0)) is aQ-martingale. So, the desired expectation
inequality holds with equality. Now, witlm = n, apply Theorem 1 in measu@e Condition
(i) there holds, so condition (ii) and (iii) there are valid, yielding (19) , (20) and (23).

(i) = (i). Sets, =E[dQ/dP] Withm = n, apply Theorem 1 in measu@® Eq. (19) and
(20) show condition (ii) in Theorem 1 holds; so condition (i) there is valid, stating all
BiBn+1(0)/(Bn+1 Bi(0)) are Q-local martingales. As they are positive, they@+guper
martingales. The assumed expectation inequality now implies th€yraaatingales. Hence
& = (Bn+1(0) By+1 is a state price density.

(i) < (iii)). Condition (iii) here is identical to condition (ii) in Theorem 1, with= n+1 and

Xw= ¢. But (ii) in Theorem 1 is equivalent to condition (i) there, staf8B,.1(0)/(Bn+1Bi(0))

are all local martingales. Further, as argued above, they will martingales iff the expectation
inequality in (iii) here holds. This completes the equivalence. In addition, Eq. (24) follows, as
this is the condition (iii) of Theorem 1.

There remains to show the very last statement in Eq. (25). By assumptiam+hotand
[h*u, L] = (hX,1)* 4 .., areP-special. Hence, by Propositionis x is Q-special, and
by the last equation in its proof, we havev®? = h=v +(hy)*v . O

As in the previous section, a substantial simplification results for the case of special
semimartingales, at the expense only of some mild local integrability assumptions.

Theorem 5. Let B > 0 be semimartingaless= 1,...n+1. Assumed.,; , as defined in (18), is a
special semimartingale for alk 1,...n. Then, the following five conditions are equivalent.

(i) There exists a state price dengitipr B, and L , L(£Bn+1)] is special for all.

(i) There exists a measugeequivalent tdP (called theerminal measuresuch that for all
=1,...n, EYBi(T)B1+1(0)/(Bn+2(T)B(0))] = 1 and the following two equations hold.

)= xR <o as.

(26) X(H( 1

j=i+1 JLJ_

o,d[L7,L]]
(27) ZI 1+ [5ILJ —(X (H( +1 é‘|l_ )— 1))*VL+LCQ+X|*(IUL_VL)

j=i+1 j=i+1
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(i) There exists a martingale> 0 such that(0) = 1, and, for ali = 1,...n, [Li, L] is
special E[Bi(T){(T)Bn+1(0)/(B.+1(T)Bi(0))] = 1, and the following two equations hold.

(28) x(H( + L — L) DA+ X )| * Vi < AS.

j=i+l j=j-

5 diL’, L]
@) L= Lep- 3% [5'L’ (T SR Vs
j=i+l j=i+l

+X*(u —v)).

(i) The same condition as (i) above, but withandv? in (26) and (27) replaced by
p. andvy respectively.

(i) The same condition as (i) above, but with v andv, ., in (28) and (29) replaced by

M,V andv respectively.

L£oh

Moreover, if these conditions hold, thBiB,.1(0)/ (Bn+1Bi(0)) areQ-martingales, and Eg. (23),
(24), and (25) hold, as does the following modification of Eq. (24).

(24 L(B(O)) LS+ Zj oL «H(1+ DX D e Vi)

Proof. SetX =(1+6L), i=1..n. Note,H?lej:B,/Bml

(i) = (ii). Setg =¢&B,,,/B,.,(0). DefineQ by dQ/dP =(T). By (i), {BiBn+1(0)/(Bn+1Bi(0)) is a
P-martingale, hencBiB,.1(0)/(Bn+1Bi(0)) is aQ-martingale. So, the desired expectation
inequality holds with equality. By Proposition 1, (i) also implies Q-special. SoL%? =

X * (g, —v?). Now, withm = n, apply Theorem 2 in measu@e Condition (i) there holds, so
condition (ii) and (iii) there are valid, yielding (26), (27), and (23).

(i) = (i). Sets, =E[dQ/dP] Withm = n, apply Theorem 2 in measu@e Eq. (26) and
(27) show condition (ii) in Theorem 2 holds; so (i) there is valid, statirgBil1(0)/(Bn+1
Bi(0)) are Q-local martingales. As they are positive, they@guper martingales. The
assumed expectation inequality now implies they(araartingales. Hencé= { B+1(0) /Bn+1
is a state price density. Proposition 1, part (i) impligs L(£Bn+1)] is special.

(i) < (iii). Eq. (28) and the assumption thiat [ £()] is special aIIow us to write
[Li L7 +(x (H 1+ 1+ ) DA+ X)) * v = (X% (H 1+ . )(1+ Xot) = D)V 4o
+1Li, (L)1
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Make this substitution in Eq. (29). The resulting formula is identical to condition (ii) in
Theorem 2, withm = n+1 andX,= . But (ii) in Theorem 2 is equivalent to condition (i)
there, statingBiBn.1(0)/(Bn+1Bi(0)) all are local martingales. Further, as argued above, they
will martingales iff the expectation inequality in (iii) here holds. This completes the
equivalence. In addition, Eq. (249llows, as this is condition (iii) of Theorem 2.

() < (i) (iii))%. These follow exactly as above, except that conditiohafifheorem 2 is
applied instead of condition (ii) there.

Finally, the various relationships in Eg. (25) are already shown, save for the last statement,
which follows similarly as in (or just from) Theorem 4, using Proposition 1. O

We now consider the cakds driven by a multidimensional (column-vector) Brownian motion
W and an integer-valued random meaguoaRxE, Ea Lusin space, (e.gf,=R orE =
Rx{1,...,d}), with compensator. As in Sec. 2, we assumv,{t} x E) = 0 identically (or
equivalently,y(w,dt,dX is dt-absolutely continuous). Lé&t(u) denote the set of all pairs,{)

wherea is a predictable row-vector process satisf).fihajfdt <o a.s., and(w,tx) is a

predictable functionfe Gioc(u). Then,jaaWer/*(y—v) will be a local martingale. Again,
the key conditions to be applied from Theorem (5) are4iiy (iii)’, rather than (i) and (ii).

Theorem 6. Let B; > 0 be semimartingaless 1,...n+1. LetW, u, v, andH(u) be as above.
Assumel; , as defined in (18) satisfies, for e 1,...n,

(30) L=LO+A+[BdW+g*(u-v), i=1..n,

whereA is some predictable process of finite variation ghd)) € H(x). Then the
following three conditions are equivalent.

(i) There exists a state price dengifpr B such that if we sef’ =£B,,,/B,,;(0 then
L&) = J'ad\N +y *(u—v) for some ¢)e H(u) satisfyingy > -1 andjgy|*v <.

(i) There exists a measu@equivalent td® and aQ-Brownian motiorM? such that
E9[Bi(T)Br+1(0Y (Brea(T)B(O)] = 1, L(¢) = IaOW +y *(u—v) for some ¢, ¥)e H(u)
satisfyingy > -1, where; = E; [dQ/dH, and the following two equations hold fo 1,...n.

(32) (| |@+———)-]|= o - a.s.
Hl 14 5|_ Vi<

(32 L=L(O- jz 5L (¢(H(1+1 5L L)1) x4 [ BAWR 4 g (u—10).
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(i) There existsd&,¥)e H(u), ¥ > -1, such thaE[{(T)] = 1, and for ali = 1,...n,
E[Bi(T){(T)Bn+1(0)/(Bn+1(T)Bi(0))] = 1, whered = a(jad\/v-l- w*(u—v)), and the following
two equations hold.

(33) |¢i!//|*V<OO a.s., ¢(H( L — ) -D(A+y)[*v <o a.s.
j=i+1 j=i-
GO L=LO- A6+ 3P gy
jl+11 5'—

(¢(H(1 L )DL+ y)) v+ [ B AW+ ().

j=i+1

Moreover, if these conditions hold, thBiB,.1(0)/(B,.1Bi(0)) areQ-martingales, and

1 n+1(0) 5ﬂ ¢
(35) L(B(O)BM) jzl’ L (H“l 51D -v);
B6) L= £()+] Z GW+((H(1+ 2y ) ()
B (0) “1+ 5L 1+5,L,

and the following relationships hold: thex , ¢ in (i), (ii) and (iii) are the same, and

(37) | M(((t))) W =W — j atdt, hxv?=(h(l+y))*v,

for any predlctable functioh(w,t,xa, ..., %) such that(h|+ |hy|)* v < ; and if further

5
1) * then
|w(ﬂ(+1 5L ) =D *v <o,

n+1(o) _ %
(38) £( B(O)BM)— jzl st (H(1+ 5L — ) _D)xv+
5,4,

j(zl 5L )W + (H(1+ Lgl ) D).

Proof Applying the equivalence betweerf ({ji)¢, (iii)® in Theorem 5, all that remains to be
shown is (a) that the various brackets in the formulae of Theorem 5 reduce to the formulae of

this theorem, and (b) that in the implication) (ii), L™° =] BidWR for someQ-Brownian
motionWR, and (c) Eq. (38). But, (a) is clear (e.g., in (iil),,[£()]° = [ B a'dt+ (Bw)*v.)
As for (b), seMR =W - o'dt. SetM =]/ dW. NoteM = [ dWR + [WR,{]. Hence by the
product rule/WR = M + [ WRd¢ . So,cWR is P-local martingale. It follows\® is aQ-local
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martingale. So,L°?=[dWR. Also, since We, W®] = t, by Levy’s characterizationR is a
Q-Brownian motion. Finally, Eq. (38) follows, for instance, from (35) and (37). ©

It is interesting that from basically mere assumptiongBgaare (local) martingales, we get a
such rather nice representation of these same (local) martingales as in Eq. (36).

We now proceed with the dynamics in 8ot measure Whereas the terminal measure above
hadB,.; as numeraire, the numeraire of the spot measte his may come as a surprise,
but we will explain it below. First, however, we present the result.

For the sake of brevity, we forgo the analogues of Theorem 4 and Theorem 5, which provide a
representation in terms of characteristics, and present only the analogue of Theorem 6, which
provides a similar representation in term of a Brownian motion and random measure. Indeed,
the ideas and formulae are similar, as we just use Theorem 3 instead of Theorems 1 and 2.

Theorem 7. LetB; > 0 be semimartingalesz= 1,...n+1. SetB* = B,/B1(0). LetW, u, v,
andH(u) be as above. Assurhe, as defined in (18) satisfies, for e 1,...n,

(39) L=LO+A+[BdW+g*(u-v), i=1..n,

whereA is some predictable process of finite variation ghdp() € H(x). Then the
following three conditions are equivalent.

(i) There exists a state price densgifpr B such that if we sef” = £B* then
L) = IofaW+ v *(u—v) for some(a’, ") € H(u) satisfyingy” > -1 and|¢i1//*| *Y <00,

(i) There exists a measul® equivalent td® and aP*-Brownian motionW such that
E”[B(TY(B*(MBO)] = 1, L") =[a'dW +y *(u-v)for some(a’,y") & H(u)
satisfyingy > -1, whereZ; = E; [dP*/dP], and the following two equations hold for 1,... 1.

(40) ¢(H( o 5L — T ) YxvT <0 as.

5,9,

(41) '——'-(0)+Zf o

Jd—(¢(H(1 ) T AW e (T,

1+6,L,

(iii) There exists(a", ") e H(u), ¥ > -1, such thaE[{ (T)] = 1, and for ali = 1,...n,
E[Bi(T) (T)/(B*(T)Bi(0))] = 1, wherel” = S(J'a*d\NH//* *(u—v ))and the following hold.

(42) gyv'|xv<wo as., |g(]a+ 1 YDA+ y ) *v<wo  as.
v H 15|_ vy
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t

(43) L—L(0)+Iﬂ(a+zl5L Ydt—(dy’) v -

(‘”Hl( . 5L T ) DAy v [ FAW g (=)

Moreover, if these conditions hold, thBi(B*B;(0)) areP*-martingales, and

|+1 5Jﬂ -1
(44) Lg o " jzl 5L (1111(1 . 5L — D (u-v7);
£B, 54, 4
(48) LG—)=LE)- jzl M dw +((H(1+ +5JL,) ~D(L+y N (u-v);

and the following relationships hold: thiea , v in (i), (i) and (iii) are the same, and

dpP*
P "
for any predlctable function(w,t,xs,...,%) such that(|h|+|hz,//*

(46)

=G =48, WT=w-[fadt,  hevT =(h(Lry ) ey,

)*v <oo; and if further

1 1) % then
|w(g(+1 5L ) v <o,

|+l 5¢ -1 %
(47) G 05" jzl 5 (Jr!(u1 §L) ~D)*v+

o
J W[ ) D),

Proof. (i) = (ii). DefineP* bydP*/dP ={ (T). By (i), £ Bi/(B*Bi(0)) is aP-martingale,
henceBi/(B*B;(0)) is aP*-martingale. So, the desired expectation inequality holds in fact with
equality. SeW* =W -] o*'dt. SetM =[dW. NoteM = [ dW* + [W* . ]. Thus,l W* =

M +[W*dZ . So,' W is P-local martingale. It follow&V* is aP*-local martingale. Hence,
L™ =] BidW*. Also, since W*, W*] =t , by Levy’s characterizatiow* is aP*-Brownian

motion. Sincegy|*v <o, by Proposition 1L is P*-special. So,L"" = x * (1, —v{")
=¢ *(u—-v").Now, sei, =(1+5L), i=1...,n. Note,HijzliTl: B.,/B,, which we

showed is &* -local martingale. Hence condition (i) in Theorem 3, applied to me&ure
and withm = n, holds. So, conditions (i’i)and (iii)d there hold, yielding (40), (41), and (44).

(i) = (i). SinceL; are special under bothandP*, by Proposition 1,|¢i1//*|*v<oo. With
m = nandX; as above, apply Theorem 3 in meag®re Condition (iif in Theorem 3 holds,
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so (i) there is valid, stating &8/(B*B;(0)) are P*-local martingales. As they are positive, they
areP*-super martingales. The assumed expectation inequality now implies thH&y are
martingales. Hence= //B* is a state price density.

(i) < (iii). Setn=—y /(1+ 1//* ). Sincel+y =(1+n)", by (42) we can write

) e R G RGO ) e
Make this substitution in Eq. (43). Now apply Theorem 3 witte n+ 1, X, = 11,
X.i=@+5L), i=1...n. Noting that] T X;*=¢"B/B,, (£LX,)° =-[a’dW, and
(LX) =n*(u-v), the equivalence between (i) and¥iin Theorem 3 shows thgt B /B,
are local martingales iff (42) and (43) hold. Further, as argued above, they will martingales iff
the expectation inequality in (iii) here holds. This completes the equivalence. In addition, Eq.
(45) follows, as this is condition (iffjn Theorem 3.

) -D)*v.

As for the last statement in Eq. (46), by assumption heth and [h* x, £())] =
(M%) * s 4.y areP-special. Hence, by Proposition s x is P*-special, and by the
equation in its proof, we havexv? = h=v + (hy)*v . Finally, this and (44) imply (47).c

The terminal and spot measures each have their own advantages, although, the former is often
more convenient. At any case, it is easy to move between them.

Corollary. The three equivalent conditions in Theorem 6 are equivalent to the three equivalent
conditions in Theorem 7, provided bci;zh//| *V <00 and|¢iz//| *y <oo foralli. In this case,

the following relationships hold among the various quantities.

n . n 5¢
48 ; =(1 1 o
(48) a=a Zl+5L v (W)g(+1 5L)
(49) i e T 221,
=a+ ; =+ +
o« =a 1+5|_ v e S SRR T
dQ B...(1) Wo i dv® vy 4
50 S|y =——d —W* + : =
(50) dP |¢, B.,(0)B (1)’ Z1+5L dvP 14y H( 1+5L)

Proof. Assume condition (i) of Theorem 6. Then Eq. (36), withl, implies condition (i) of
Theorem 7. The converse is similar. Eq. (48) follows by settingin (45), and Eq. (49)
follows by setting =1 in (36). Eq. (50) follows by comparing (46) and (37), and using (48).

The above theorems represent the core of our theoretical results. Let us now discuss how to
adopt them in the applied context. In reality, bond prices and Libor rates are defined until a
maturity, after which they cease to exist. That is, one is gitenmastructurei.e., a sequence
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0=T,<T, <---<T =T,

with T; representing the maturity of tireh bond (whose price B). As suchB; andL; are

defined only on [O[;] . (Also, in practice; ~ Ti+1 -T; .) One further requireB;(T;)=1, but for

now we leave this open and return to it later. In such a situation, our definition of a state price
densityé must be modified to state that e&@&his a martingale on [07;] .

In this situation, it is clear that Theorem 4, 5, and 6, which are with respggt; tas
“numeraire”, continue to hold with only a slight modification: all that is required is to qualify
each formula involving; andL; to hold only on [O];]. But, such a modification to Theorem

7 makes it void padi; for all its statements refer 8, which is defined on only [O4].

Fortunately, all is not lost. AB; is defined only [O[;], no portfolio can include thieth bond

pastT;. Consequently, if we exter®gl on (T;, T] in any manner, subject only to it staying a
semimartingale, the price of the portfolio does not change, as it has zero wé&ghni;, T].

This implies that for all practical purposes we may ext@rid the whole of [O[] as we see fit.

Once this is done, our former definition of state price density can be retained, and Theorems 4-
7 continue to hold on all of [0)].

The choice of extension has no significant bearing on Theorems 4, 5, 6 H&caubeing

already defined on [0], is not affected by such extensions. However, Theorem 7 has different
implications according to the chosen extensioB;o0fOne possible way to exteBgis to make

it proportional toB+1 on (T, T], i.e., to seBji(t) = Bn+1(t)Bi(Ti)/Bn+1(T;) fort > T;. But, this is

not so useful, as Theorem 7 then becomes essentially identical to Theorem 6.

A more fruitful way is to exten8; by making it proportional t8., on (T;,Ti.1), and
proportional toBi;, on (Ti+1,Ti+2), and so on. More precisely, we ext@as follows

8080 [ tem T, 1sisisn, B0 =8O TR0

This (right-continuous) extension mak&sa semimartingale on all of [0, By design,

Li(t):Li(Ti)! tZTi'

In other words, this extension is uniquely characterized by makiognstant after its maturity
Ti . This impliesBi;1/B; is constant onT[,T]. Further,B; is now given globally on [0, T] by

|(t)1B(T) i*(t)-1
(51) B()= m(t)]_[ (T)— .m(t)]_[(1+5 (M), 0<t<T=T,,,

where * (t) = min{i :t <T, }. Note, the function*:[0,T] »{01,...,n+1} is left continuous and

Tia <t<Tuyy =0, i*(T)=i.
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Thus, the extendd is interpreted as the value of a bond from investing a given arBe{@)t

a time O at spot Libor rate (0) , and afl; reinvesting the principal and interest at the

prevailing spot Libor raté;(T,), and so on. It is the analogue of the continuously

compounded “money market” numeraire encountered in models with a continuum of bonds.
But, in the present context, the latter is not necessarily defined, and even if it were, it arguably
does not play a significant role. To recap, with this exten8iprepresents the value of a

“money market” fund, rolled over and reinvested each term, at the spot Libor rate. The
extension of all the othdd; admit a similar interpretation, because, as noted al@pvi,

proportional toB; after its maturityl; (in fact already aftef;.;).

With this particular extension &;, Theorem 7 becomes useful. ®pmot-Libor measuré*
there, defined bgP*/dP = &(T)B*(T), whereB*= B1/B;(0), represents the appropriate
counterpart of thesk-neutral measurencountered in the continuously compounded
framework. In fact, the risk-neutral measure does not necessarily exist in the present setting. It
exists only when the (or a) state-price denSitya special semimartingale. In that c@se,

M/R for some local martingalel>0 and a predictable proceRs> 0. If furtherM is a

martingale, then the measure associated with it is the (or a) risk-neutral measure. Even then,
there may not exist any self-financing portfolio with prfiteBut, the spot and forward

measures do not require any such assumptiogs threy exist provided only exists. In the
special case th&* is predictable, the risk-neutral measure exists (provdedsts), and in

fact coincides with the spot measure (simply take B*, M =£B*.) But, the assumption that

B* is predictable is by no means necessary to the development of this theory. In fact, it is not
even required thd* (or¢) be special. This indicates that the spot-Libor med3tiie a more
natural concept than the risk-neutral measure in this finite-dimensional theory.

Returning to Theorem 7, note Eq. (41) can now be written in differential form as

, 5,55 58 1 i
(4 dL, = leml y Y d(¢(,Hu>(1+1 Lo L) DT AW g ).

The point here is that the lower index of the sum and the product have been changedIrom
toj =i*(t). This is made possible by the assumed extensiBn.ofndeed, foy < i* (t), L is
constant on a neighbourhoodtp$og;(t) =¢;(t) = 0. Therefore, indicgs< i* (t) do not

contribute to the sum or the product. We can rewrite Eq. (41) in yet another form:

i*()-1 k Tk -y
%Ak —L—= 1 ds— I

4)" LO=LO)+ > | ¢(H( L — ) —Dv7 (dsdX) +

A A ol w e
L L 5,88 b
o ds— )L™ (ds, dX) + [ B AW’ + _
j;t)ﬂ*£)11+51|‘1 (T.(x)J:t]E¢(11|_([t)( 1+ 5L v (ds,dx) J"B ¢ —v )t

The other equations in Theorem 7 can be written in similar forms. The advan{dd§ ahd
(42" over (41) is that, even when tBg are defined only over [0;], they make sense as
statements for< T;. MoreoverB* can be defined by the right hand side of (51), even when
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B, are defined only over [0;]. Thus, Theorem 7, stated in either fq@t)’ or (41)" does not

require any extension & , and as such becomes a true counterpart of Theorem 6. However,
these forms have disadvantages too. While compreherdi)éjs clearly too long. And

(41’ as short hand fof41)" , masks its true complications, and so may be misleading.

To summarize, given th& is defined over [OT], the exposition for the spot measure
encounters inevitable complications. One has three choices. (i) BitenfD, T] as above,
and use the form in Theorem 7; (ii) use the differential fo4d)’ without any extension; (iii)

use the integral forif1)" without any extension. Here, we opted for (i) for the main

exposition, and presented (ii) and (iii) more briefly. Although choice (i) relies on a particular
extension oB;, this extension is natural, and the convenience gained makes it a good choice.

5. Miscellaneous Properties and Discussion

1. Positivity One often requirds to be positive. Note, if5i=L;. A; for some bounded
predictable process, and¢; -L;.y; for somey; € Gioc(u), then Eqg. (32) is equivalent to

(3) L =6 jzﬁdt (7.(H(1+1’(;L”) D) #v® + [ 4,dWR 4, *(u-v)).
j=i+l j=i+l

So, forL; to be positive it is sufficient thatj > -1. We can similarly rewrite the other
equations in Theorems 6 and 7 in termg;@ndy; , e.g., EQ. (41) becomes

J J*l J i J]/J 1 e o .
(Izl SL, a- (y,(H(1+1 SL, ) D)+ [ AW 4y (™).

2. Heuristic Discussion of Continuous Compounding Linkere, we are dealing with a
continuum of semimartingalés> 0 and continuously compounded instantaneous forward

ratesL® = -0log(B®)/ &s, indexed by Gc s< T. Take an integet, and seb = ¢ = 1/(n+1),

T, =i6, Bi= B",i=0,...n+1. For largen, we can approximate’® by the forward Libor rates
defined in Eq. (18). Proceeding at a formal level, the various sums and products we have
encountered can, in the limit, be replaced respectively with integrals and exponential of

integrals. For instance, consider the prochLﬂ(H 0,9, I(1+6,L, )) appearing in Eq. (32).

Interestingly enough, it looks like simple compounding of interest. So, assuming a notation
analogous to that in Theorem 6, we expect the product to conveegp@¢”du . As such,
Eq. (32) and (35), pertaining to the terminal meagyreeuristically lead to

@f  v=fp Brdu)'dt—(¢*(exp(]] °du) ~D) +v®+ [ BAW+ 4% (u—1°).

BB' (0)

(357 LB (0)BT

)= j(jﬂ du)an+(exp(j¢ du) ~1) * (- v?);
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The other equations in Theorem 6 admit similar analogues, as do all the equations in Theorem

7. Arigorous argument along these lines must address certain convergence difficulties. For
example, consider a “lognormal-jump” model of t{p8’ above with deterministig; andy; .

As a stochastic system of differential equations, (B8)' has a unique solutidn, because
the termg.,_/(1+6,L,_) are bounded functions df,_, so the linear growth condition for

coefficients is satisfied i{82)'. But, in the limitL,_/(1+6,L,_ )tends toL’®, causing the
coefficients to have quadratic growth. This causes the limit to explode and convergence to fail.

Extensions of Theorems 4 and 5 to continuous compounding face additional challenge. In the
Libor case,u, is a random measure ®x E, with E =R". But in the continuous-

compounding cas& must first be identified as a subsefdt" with an appropriate topology,
theny, defined as an appropriate random measuE. (RI>" denotes the set of real-

valued functions on [0,T].) The subset of continuous functions with the sup norm seems an
appropriate choice fd, as it corresponds to the continuity of jumpd4.d&s a function os.

Fors e [0,T], letxs denote the function dR®™ defined byx(f) = f(s), and]! x,dudenote the

function onE whose value dtis jST f(u)du. Then, tentative analogues of Eq. (27) and (23) are

T T
(27f L = —[[L, L Jdu— (x(exp(f x,du) =) v ¥ + L + % (s, v )

B°B" (0)

@3y LB

)= j L du+(exp(f X,du) —1) * (1, —v2).

3. Market Prices of RiskFrom our point of view, the spot-Libor measure is more appropriate
than the risk-neutral measure; as such, the quantiti@sdy” in Theorem 7 (defined by

L(¢EB) = Ia*d\N+ w *(u—v)) can be advocated to bearket prices of risk But, if one
pursues the traditional definition, then they can be derived as follows. Suppose

dB/B_=pudt+o,dW+d(n *(u—v)), d&/E =-rdt+adW+d(y *(u—v)).
Calculatingé B, using the product rule, and then setting the drift to zero, we get
u=r—aoc, —d((yn)*v)/dt.
As such,a andy are market prices of risk. &* = B1/B;(0) is proportional td3; on [T;.4, Ti),

dB' /B = g1,y 0t + 0y AW+ d (77 * (£ —V)) .
Calculating£ B’ using the product rule, and equating terms, we get
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a=a T Oty » v = W+ gy + Wiy -
Substituting into various equations of Theorem 7, we obtain formulae in terisantl i .

4. Model Construction RecallL; has the formL, =L, (0)+ A +IﬂiolW+¢5i *(u—v). In

practice one is gives;, ¢i, 4, and wishes to construct the system the terminal (or spot)
measure, in such a way that condition (ii) of Theorem 6 (or 7) holds, i.e., Eq. (32) (or 41) is
satisfied. A difficulty not present in the continuous semimartingale case is thapdmilgy

are in principle observable? , given bydy® = (1+)dv , is not. This is best handled by
parameterization, and estimation of parameters by calibration to liquid derivatives such as
liquid caps, floors and European swaptions. Such a procedure can also be applied to

The problem is posed asaimensional system of stochastic differential equation (SDE), that

is, it is assumed th#, ¢; , ¥ are given functions of the forft,L), ¢i(t,L,X), ¥ (t,L,x) > -1,

rather than simply given as exogenous processes. So, one actually has to solve a SDE, rather
than just take a stochastic integral. The coefficigiitd.), ¢i(t,L,X), ¥(t,L,x) are defined (or

have non-zero values) only oh {L; > -1/ }, because forward prices must be positive. As

Eq. (35) shows, we further need to haugL,x) > -L; -1/; to ensure the solution to the SDE

will stay in the domaink : L; > -1/ } at all times.

Except for possible applications to the continuously compounded limit, there seems to be no
reason not to require thiatbe positive. Thepi(t,L), ¢i(t,L,x), ¥(t,L,X) are only defined (or
non-zero) fol. > 0. The appropriate functions to model are coefficient§(by), i.e.,Ai(t,L,X)

=B (t,L)/L; andy;(t,L,X) = ¢i(t,L,X)/Li, as in Eq. (32) To ensure the solutido(t) stays positive,
one requireg;(t,L,x) > -1. Additionally, the functions should be Lipschitz and appropriately
bounded. In practice, a good policy may have the funcliopsindependent df , and

possibly also independent bf A parsimonious model faris a Poisson random measure.

5. Unity ConstrainB;i(T;) =1. Once the systeinis constructed in the forward (or spot)
measure, there is no need to construct the num@&aifeor any otheB;, for determination of

a contingent claim pric€ which is “homogenous”, in the sense tBaB,.; is adapted to the
filtration generated bi.. Indeed, sinc€/ By.1 is determined by alone, so i€£(0), because
Bn+1(0) is known. Practically all Libor and swap derivative prices are homogenous as above.
So, oncd is modelled, nothing about bond prices is required for their valuation, beyond
Bn+1(0). So, in these cases, the question of wha&{i&) = 1 does not arise in the first place.

Yet, it is conceivable that one is pricing a non-homogenous payoff (e.g., the Baya(ff())?

atT ). At any rate, one may ask whether the constructed sysieronsistent with existence

of a price systerB > 0 which (a) satisfieB;(T;) = 1, (b) has a price density, (c) has the given
as its forward Libor system (i.e., satisfies (18)). The answer is clearly yes. LGitake any
semimartingald,., > 0, and defin®, = B””-H?:i (1+6,L;). Then (c) is satisfied. Also, &s

is presumed to satisfy condition (ii) of Theorem 6, (b) follows. To ensure (a), simply choose
Bn+1 such thaBn.1(Th+1) = 1, and foii < n, B, ,(T)) :H';:ill(1+ o;L;(T})) . Although this

choice is not unique, it does not affect evaluation of contingent claims.
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