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The duality of optimal exercise and domineering claims:
a Doob–Meyer decomposition approach to the Snell envelope

FARSHID JAMSHIDIAN*

Applied Mathematics, FELAB, University of Twente, Twente, The Netherlands

(Received 6 March 2006; revised 27 September 2006; in final form 4 October 2006)

We develop a concept of a “domineering claim” and apply it to the existence, uniqueness and properties
of optimal stopping times in continuous time. The notion pinpoints a key observation of pathwise
optimality implicit in Davis and Karatzas. It also ties in well with several formulations of a duality in
optimal stopping theory, including the minimax duality pricing formula in Rogers and Haugh and Kogan
for American and Bermudan options and its multiplicative version. We give a general formulation and
proof that the Snell envelope is a supermartingale. Combined with the Doob–Meyer decomposition in
different numeraire measures, this gives rise to (many) domineering claims. The multiplicative
decomposition, for which a formula is derived, yields a uniquely invariant domineering numeraire. A
pricing formula in Kim, Jacka, Carr et al. and Jamshidian are extended and related to the additive
decomposition. The iterative construction of the Snell envelope in Chen and Glasserman is partially
extended to continuous time. In Bermudan case, it is complemented with construction of stopping times
converging to the optimal one, reminiscent of Kolodko and Schoemakers. The perpetual American put is
treated by incorporating an approach of Beibel and Lerche. Assuming smooth pasting, the jump-diffusion
setting of Chiarella and Ziogas is extend based on the Itô–Meyer formula.

Keywords: Duality; Optimal stopping time; Snell envelope; Supermartingale; Doob–Meyer decompo-
sition; Multiplicative decomposition

MS Classification 60G40, 60H30.

1. Introduction

This paper develops further a duality method in optimal stopping based on the Doob–Meyer

decomposition of the Snell envelope. It presents known results too, citing reference best we

can; and it uses duality arguments in all proofs. The known results serve as motivation for

related new results or extensions, or else are included to ease the development. For example,

we present a duality result of [31] and independently [15] as motivation for our related

multiplicative results, while we state and prove a suitable form of the well-known

supermartingale property of the Snell envelope to ensure the conditions that meet such

applications as our extension of a known result on the existence of optimal stopping times.

The duality method arises in many contexts, e.g. with constraints in the incomplete market

settings of [13] or [27]. Especially relevant here is the formula in [8] which almost provides a
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pathwise characterization of optimality, implicit though more evident in [31] too. The

Doob–Meyer decomposition of the Snell envelope is also related to the Markovian PDE

optimal-boundary literature such as the earlier work [3,18,23], particularly to the original

free-boundary formula of [29] for the American put and its “early exercise premium”

simplification in [5,16,24], not least to the “delayed exercise compensation” technique of

[19] and its recent extensions in [7]. Our approach also bears resemblance to a multiplicative

method in [2] that helps solve several classical optimal stopping problems.

The minimax formulation of the duality in [15,31] and its multiplicative version are among

several contenders for numerical valuation of American options by Monte-Carlo simulation

when the traditional dynamic-programming based PDE and binomial techniques break due to

high dimensionality†. By itself, minimax duality produces only upper bound estimates in

simulation, because only proxies for “domineering claims” are prescribable algorithmically.

With the help of some optimization as in [31] or [22], the estimates may still turn out quite

accurate in some important practical situations.

Minimax duality can be effectively combined through a convergent feedback loop with

ingenuous optimal exercise time approximations that produce tight lower bounds, as in

[1,14,15,25]. An interesting recent development in this direction is the simulation within

simulation iterative construction of [26], proved convergent to the optimal exercise time in a

finite number of steps, while reportedly requiring only very few iterations in practice for

outstanding high-dimensional problems such as pricing of Bermudan swaptions.

Another new development is the “supersolution” iteration of [6] converging to the Snell

envelope. It improves the proxy claim and upper bound at each iteration and is applied to

compare the bias, variance and numerical performance of the additive versus

multiplicative minimax duality. (See also [4] for the variance of multiplicative method

from an importance sampling perspective.) The two methods are also studied and

interpreted in [21].

1.1 Domineering claims

We build on a novel concept of “domineering claim”, basically a martingale that lies above

the underlying payoff (reward) process, but such that on each path the payoff process reaches

arbitrary close to it at some point and even touches it for a large class of payoff processes

(at which point is then optimal to exercise). The Doob–Meyer decomposition of the Snell

envelope furnishes many domineering claims when looked at from viewpoints of different

numeraire measures relativistically through the Bayes’ rule.

A special domineering claim, with a unique numeraire-invariance property and financial

interpretation, arises from the multiplicative rather than additive decomposition. Unlike the

additive compensator, the multiplicative compensator (interpreted as a number of shares in

the current American option) is independent of the choice of numeraire.

The multiplicative decomposition was first established by Itô‡. Previously, it has been

applied in mathematical finance to extract interest rates from the state price density and

†We refer to [14] and references therein for other Monte-Carlo methods such as the stochastic mesh method,
optimal exercise policy approximation and regression on basis functions.

‡I thank F. Delbaen for clarifying this point at the Symposium.
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employed in [9] to analyze passport options. It is treated in the new edition of the treatise

[17]. We derive a different (but equivalent) formula for it than appears there.

Domineering claims give much information about optimal stopping times and help their

characterization. We give an easy proof of the known result that an optimal stopping time

exists if the payoff process is quasi-left continuous{. We also show a similar but weaker

condition suffices. Our main result in this regard is a formula that basically provides

necessary and sufficient conditions for the existence of an optimal stopping time.

Our most technical result proves the Snell envelope is a right-continuous supermartingale

of class D. The supermartingale property, alongside the Doob–Meyer decomposition, is the

cornerstone of the duality approach. It is a classical result of optimal stopping theory, long

known with various assumptions on the underlying payoff process. A similar statement to

ours, but with additional assumptions of positivity and existence of left limits, is made in [30]

with proof referred to [10]. Our formulation implies that a right-continuous adapted process

is of class D if and only if it is dominated by a uniformly integrable martingale.

We see the additive (multiplicative) compensator of the Snell envelope equals the minimal

future (relative) distance between the payoff process and the martingale part of Snell

envelope. This relates to a continuous-time formulation of the supersolution iteration of Ref.

[6] converging to the Snell envelope. In the Bermudan case, we propose dual stopping times.

We follow [2] for the perpetual put, where Brownian motion asymptotics come into play.

We develop general path-dependent heuristics for the formula in [5,16,19,24]. The Snell

envelope compensator turns out to be the “delayed exercise compensation” in [19],

extended to jumps in [7]. We extend [7] probabilistically to general Markovian jump-

diffusion.

The duality approach to optimal stopping has much intuitive appeal. A domineering claim

is described by a self-financing trading strategy that invests in and rolls over one share of the

newly issued American option plus invests in the base numeraire a number of shares equal

the additive compensator. The multiplicative domineering numeraire invests only in the

current American option, with number of shares equal the multiplicative compensator.

1.2 Finite versus infinite horizon

Most practical applications of optimal stopping in finance are of finite time horizon t [

½0;m� for some maturity m , 1. But, infinite horizon analysis is theoretically more unifying

and general, while only slightly more technical. There are also interesting concrete instances

with explicit solutions available only in the infinite horizon case t [ ½0;1Þ, such as the

perpetual American put, the Russian options in [32], or the (radar) detection problem in [33].

Using a unified method resembling the multiplicative minimax duality, as well as asymptotic

properties of sample paths of Brownian motions, [2] provide definitive solutions to these and

related infinite horizon problems.

We have opted for an exposition that treats finite and infinite horizons simultaneously.

Except for Section 7, we let the symbol T throughout stand for either the interval ½0;1Þ

(infinite horizon) or the compact interval ½0;m� for some fixed 0 , m , 1 (finite horizon).

{I thank A. Irle for informing me that this result conjectured at my talk has long been known for decades. I thank
R. Dalang for pointing out to me the fallacy in an incorrect converse that I also conjectured.

Doob–Meyer decomposition of the Snell envelope 29
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1.3 Notation and terminology

We fix throughout a stochastic basis

ðV;F ; F ¼ ðF tÞt[T;PÞ;

and for simplicity, assume F 0 is trivial, i.e. consists of the events of probability 0 or 1.

In the infinite horizon case T ¼ ½0;1Þ, we let T stand for the set of all finite stopping times

T , 1 a.s. In the finite horizon case T ¼ ½0;m�, we let T denote the set of all stopping times

T # m a.s. We employ the following financially motivated abbreviations:

A claim is a right-continuous, uniformly integrable martingale§. We denote their set C.

In the infinite horizon case, if C ¼ ðCtÞt$0 is a claim, then Ct converges as t!1, a.s. and

in L1, to a random variable C1, denoted here also by the symbol Cm: we set m U 1.

A numeraire is a claim B such that Bm . 0 a.s. We denote their set C þ.

Clearly, a numeraire B is a positive claim, i.e. a.s. Bt . 0 for all t [ T.

A payoff process is a right-continuous adapted process of class Dk.

As is well known, any claim is a payoff process. This implies a right-continuous adapted

process Z is a payoff process if jZj # C for some claim C. We show the converse later.

Strictly speaking, such terminology is compatible with the finance literature only when

interest rates and risk premia are zero. The definitions of a claim, etc. are suitably modified in

the general case (as the deflated claim price being a martingale, etc.). Except for the final

section, a financial context is not explicitly explored in this paper and the terms “claim”,

“numeraire” and “payoff process” serve primarily as convenient abbreviations.

2. Domineering claims, optimal stopping, minimax duality

In this section, Z denotes an arbitrary payoff process if not already explicitly specified such.

2.1 Domineering claims and duality

The following application of the optional sampling theorem highlights the issues and

motivates the notion of a domineering claim.

Proposition 2.1. Let Z be a payoff process and C $ Z be a claim. Then supT[T E ZT # C0.

Moreover, if the stopping time T* U inf{t [ T : Zt ¼ Ct} is finite a.s. then we have,

sup
T[T

E ZT ¼ C0 ¼ E ZT*
:

Proof. As Z # C, by the optional sampling theorem EZT # ECT ¼ C0 for all T [ T . The

first statement follows. As for the second, by right continuity of Z 2 C we have, ZT*
¼ CT*

.

Hence, using the first part and the optional sampling theorem we have, supT[T E ZT #

C0 ¼ ECT*
¼ EZT*

# supT[T EZT ; implying the desired equality. A

We say a claim C domineers a payoff process Z if C $ Z and C0 ¼ supT[T EZT .

§Of course in the finite horizon case T ¼ ½0;m�, any martingale is automatically uniformly integrable.
kA process X ¼ ðXtÞt[T is of class D if the family of random variables ðXT ÞT[T is uniformly integrable.

F. Jamshidian30
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The martingale part of the Doob–Meyer decomposition of the Snell envelope, as utilized

in [8,15,31] furnishes the main example of a domineering claim. In general, there are

infinitely many domineering claims#. The mere existence of a domineering claim, as

recorded next, is more relevant to our analysis than the choice of a specific one.

Theorem 2.2. Let Z be a payoff process. Then there exists a claim that domineers Z.

Proof. For t [ T, set Vt U ess: supt#T[T EðZT jF tÞ. Then ðVtÞ has a right-continuous version

V, which is a class-D supermartingale. (See Theorem 3.1 below). Let V ¼ C 2 A be the

Doob–Meyer decomposition of V, where C is a claim and A an increasing predictable

process with A0 ¼ 0. Then C domineers Z because C0 ¼ V0 and C $ V $ Z. A

We next present six corollaries of Theorem 2.2, starting with the now obvious duality,

Corollary 2.3. Duality: Let Z be a payoff process. Then

sup
T[T

E ZT ¼ min
Z#C[C

C0:

Moreover, the minimum is attained at a claim C $ Z if and only if C domineers Z**.

Proof. The “#“ follows from Proposition 2.1 and “$“ is immediate from Theorem 2.2. A

Remark. As emphasized throughout the symposium by L. Shepp, optimal stopping is

intimately connected to linear-convex programming. The duality formula above furnishes

such a connection, as it characterizes a domineering claim C as a solution to the following

linear-convex programming problem on the space C of claims: Minimize C0 subject to

C $ Z. The incomplete market settings in [13,27] impose the constraint on such

minimization that C belong to the stable subspace generated by a given set of claims.

Remark. Theorem 3.1 below easily implies that supT[T E ZT ¼ minS$Z S0, where the

minimum is taken over all supermartingales S $ Z. (Indeed the minimum is attained at the

Snell envelope). But, we do not consider this a duality result for it does not utilize the Doob–

Meyer decomposition theorem. It is a weaker result than the duality formula in Corollary 2.3

in that it is evident from the latter, whereas the converse implication becomes immediate only

after applying the Doob–Meyer decomposition to the Snell envelope.

As mentioned before, the class-D condition is equivalent to being dominated by a claim:

Corollary 2.4. Let X be a right-continuous adapted process. Then X is of class D if and

only if jXj # C for some claim C.

#An exception is when Z is a submartingale; then there is only one domineering claim, namely EðZmjFÞ.

**Replacing Z with 2Z, one also concludes that infT[T E ZT ¼ maxZ$C[C C0.

Doob–Meyer decomposition of the Snell envelope 31
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Proof. Assume jXj # C for some claim C. Then X is class D because C is so††. Conversely,

if X is of class D, then so is jXj. Therefore, by Theorem 2.2 applied to the payoff process

Z ¼ jXj, there exists a claim C that domineers jXj. In particular, C $ jXj. A

The following pathwise characterization of domineering claims is basic to the

development.

Proposition 2.5. A claim C domineers a payoff process Z if and only if

sup
t[T

ðZt 2 CtÞ ¼ 0:

Proof. Assume C domineers Z. Then, using the definition and optional sampling theorem,

0 ¼ sup
T[T

E ZT 2 C0 ¼ sup
T[T

EðZT 2 CT Þ # E sup
t[T

ðZt 2 CtÞ:

Since Z # C, this implies supt[T ðZt 2 CtÞ ¼ 0 a.s.

Conversely, assume supt[T ðZt 2 CtÞ ¼ 0. Then Z # C, so EZT # ECT ¼ C0. Hence,

supT[T E ZT # C0. To prove the reverse inequality, it suffices to show that for any 1 . 0,

there is a stopping time T [ T such that EZT $ C0 2 1. Let 1 . 0. The assumption implies

that (pathwise) the set {t [ T : Zt 2 Ct $ 21} is nonempty a.s. Thus, the stopping time

T U inf{t [ T : Zt 2 Ct $ 21} is finite and so in T . Since Z 2 C is right-continuous, we

must have ZT 2 CT $ 21. Therefore, EZT $ ECT 2 1 ¼ C0 2 1, as desired. A

Remark. The pathwise formula supt[T ðZt 2 CtÞ ¼ 0 above does not appear but is implicit in

[8,31]. For example, it easily implies and follows from the main formula of [8], which in our

notation reads supT[T EZT ¼ E supt[T ðZt 2 Ct þ CmÞ.

The additive minimax duality formula below was obtained by [31] and independently in

the Bermudan case by Ref. [15] and applied to Monte-Carlo pricing.

Corollary 2.6. Additive minimax duality: Let Z be a payoff process. Then

sup
T[T

E ZT ¼ min
C[C

C0 þ E sup
t[T

ðZt 2 CtÞ

� �
:

The minimum is attained at any claim C that domineers Z (and at translations of C).

Proof. By the optional sampling theorem, for any claim C and stopping time T [ T ,

EZT ¼ C0 þ EðZT 2 CT Þ # C0 þ E sup
t[T

ðZt 2 CtÞ:

Taking sup over T, we see “#“ holds. Let C be a claim that domineers Z, which exists by

Theorem 2.2. By the definition of domineering claim and Proposition 2.5,

††Indeed, 1jXj.njXj # 1C.nC. Hence, supT[T Eð1jXT j.njXT jÞ # supT[T Eð1CT.nCT
Þ! 0 as n!1.

F. Jamshidian32
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supT[T E ZT ¼ C0 ¼ C0 þ E supt[T ðZt 2 CtÞ. Equality and the second statement thus

follow. A

2.2 Existence of optimal times for quasi-left continuous payoffs

Let Z be a payoff process. A stopping time T * is called optimal for Z if T * [ T and

EZT * ¼ supT[T EZT .

Let C be a claim that domineers Z. Define the increasing sequence of stopping times

Tn U inf t [ T : Zt $ Ct 2
1

n

� �
; n [ N:

Lemma 2.7. We have Tn [ T , all n and limn!1 E ZTn
¼ supT[T E ZT .

Proof. By Proposition 2.5, the set {t [ T : Zt $ Ct 2 1=n} is nonempty a.s. Thus Tn , 1

a.s., in fact, Tn [ T . By the right continuity of Z 2 C and the definition of Tn, we have

ZTn
$ CTn

2 1=n. Using the optional sampling theorem and that C domineers Z, we get

sup
T[T

EZT $ EZTn
$ ECTn

2
1

n
¼ C0 2

1

n
¼ sup

T[T
E ZT 2

1

n
:

Hence EZTn
converges to supT[T E ZT as n approaches 1. A

As ðTnÞ is increasing, its limit T w U limn!1 Tn exists and is a stopping time. Obviously,

T w [ T in the finite horizon case (as Tn # m). But, this is not necessarily so in the infinite

horizon case, e.g. T w ¼ 1 everywhere if Zt ¼ 1 2 e2t (since C ¼ 1 in this case).

Corollary 2.8. Let Z be a quasi-left continuous payoff process‡‡. Then the stopping time

T w defined above is optimal in the finite horizon case and it is also optimal in the infinite

horizon case provided it is finite.

Proof. Since Z is quasi-left continuous, Tn " T
w and T w [ T , we have ZTn

! ZT w a.s. Since

Z is of class D, this implies E ZTn
! EZT w . Hence T w is optimal by Lemma 2.7. A

2.3 Multiplicative minimax duality

The multiplicative version requires a Bayes’ rule formula related to choice of numeraire:

Proposition 2.9. Let Z be a payoff process, B be a numeraire and T [ T . Then

EZT ¼ E Bm

ZT

BT

� �
:

‡‡Recall this means Z has left limits and does not jump at any predictable time T, i.e. 1T,1DZT ¼ 0 a.s. It implies
that ZTn

! ZT a.s., whenever Tn " T with Tn; T [ T . (See, e.g. Proposition I.2.26 in Ref. [17]).

Doob–Meyer decomposition of the Snell envelope 33
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Proof. Set F T U {L [ F : L> {T # t} [ F t;t}, as usual. Then, iterating expectation,

E Bm

ZT

BT

� �
¼ E E Bm

ZT

BT

F Tj

� �� �
¼ E

ZT

BT

EðBmjF T Þ

� �
¼ E

ZT

BT

BT

� �
¼ E ZT ;

where we also used the F T -measurability of ZT=BT and the optional sampling theorem. A

We also need a multiplicative version of the pathwise characterization in Proposition 2.5.

Proposition 2.10. A numeraire B domineers a payoff process Z if and only if

sup
t[T

Zt

Bt

¼ 1:

Proof. Define the probability measure PB by ðdPB=dPÞ ¼ ðBm=B0Þ. One easily verifies

directly or as an immediate consequence Corollary 2.4 that Z=B is PB-class D and hence a

PB-payoff process. Moreover, denoting EB the expectation operator of PB, Proposition 2.9

implies that E ZT ¼ B0 E
BðZT=BT Þ. It thus follows from the definition of a domineering claim

that B domineers Z if and only if the constant process 1 domineers the PB-payoff process Z=B

under the measure PB. But, Proposition 2.5 applied to Z=B and PB shows that the latter

condition is equivalent to supt[T ððZt=BtÞ2 1Þ ¼ 0; which is the desired condition{{. A

The multiplicative formulae next for positive and nonnegative payoffs are from Ref. [20].

Corollary 2.11. Positive minimax duality: Let Z be a payoff process such that Zm . 0 a.s.

in the finite horizon case and limt!1 Zt . 0 a.s. in infinite horizon. Then,

sup
T[T

EZT ¼ min
B[C þ

E Bm sup
t[T

Zt

Bt

� �
:

The minimum is attained at any numeraire B that domineers Z (and at multiples of B).

Proof. For any numeraire B and stopping time T [ T , we have, using Proposition 2.9,

EZT ¼ E Bm

ZT

BT

� �
# E Bm sup

t[T

Zt

Bt

� �
:

Taking sup over T, we see “#“ holds. Let B be a claim that domineers Z. Then B is a

numeraire by the positivity assumption on Z, as B $ Z. Using the definition of domineering

claim, the martingale property of B and Proposition 2.10, we have,

supT[T E ZT ¼ B0 ¼ EðBmÞ ¼ EðBmsupt[T ðZt=BtÞÞ. Equality and the second statement

thus follow. A

The above positive multiplicative minimax duality extends to the nonnegative case, the

only difference being that the “min” gets replaced by an “inf”:

{{An alternative argument uses the fact any numeraire B is pathwise bounded above and bounded below above
zero. This easily implies that supt[TðZt=BtÞ ¼ 1 if and only if supt[TðZt 2 BtÞ ¼ 0. But, the latter condition is
equivalent to B domineering Z by Proposition 2.5.

F. Jamshidian34
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Corollary 2.12. Nonnegative minimax duality: Let Z $ 0 be a payoff process. Then

sup
T[T

E ZT ¼ inf
B[Cþ

E Bm sup
t[T

Zt

Bt

� �
:

Proof. As in the proof of the previous corollary, “#“ holds. To show “$“, let 1 . 0. Let C be

a claim that domineers Z. Then C $ Z $ 0. Set B1 ¼ C þ 1. Clearly, B1 [ Cþ domineers

the payoff process Z þ 1. Hence, by the second part of Corollary 2.11 applied to Z þ 1,

sup
T[T

EZT þ 1 ¼ E B1
m sup

t[T

Zt þ 1

B1
t

� �
$ E B1

m sup
t[T

Zt

B1
t

� �
$ inf

B[Cþ
E Bm sup

t[T

Zt

Bt

� �
:

Since 1 . 0 was arbitrary, it follows that “$” holds. A

Remark. The “inf” above is attained at certain “semipositive options” defined in Ref. [20].

3. The Snell envelope and its Doob–Meyer decomposition

The Snell envelope process V of a payoff process Z is defined, for each t a.s. by

Vt U ess sup
t#T[T

EðZT jF tÞ:

By a Superclaim, we mean a right-continuous class-D supermartingale.

3.1 The superclaim property of the Snell envelope

We next show the Snell envelope is a superclaim. This property and the Doob–Meyer

decomposition theorem are the two pillars of the duality approach to optimal stopping. Our

statement is similar to the (first) Theorem in Section IV.A of Ref. [30] (p. 28). Equation (3.1)

below, known as the principle of dynamic programming, is usually stated with a ¼ 1. It plays

a key role in the proof.

Theorem 3.1. Let Z be a payoff process. Then its Snell envelope V has a unique right-

continuous version, denoted also V , which is a superclaim. Moreover, V is the smallest

superclaim satisfying V $ Z, i.e. if V 0 $ Z is another superclaim, then V # V 0.

Furthermore, for any two stopping times S # t [ T and nonnegative bounded F t-

measurable random variable a, we have

EðaVtjF SÞ ¼ ess sup
t#T[T

EðaZT jF SÞ: ð3:1Þ

The proof is given after six lemmas. We first prove a version of equation (3.1) for

deterministic t and use it to show V is a uniformly integrable, right-continuous

supermartingale. Using this, we next show that Vt ¼ ess: supt#T[T EðZT jF tÞ for all stopping

times t [ T (which holds by definition for deterministic t). This then implies equation (3.1)

with general t, which is in turn used (with a general a) to prove that V is of class D.
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Lemma 3.2. Let S # t [ T and a be as above. Set V 0
t U ess: supt#T[T EðZT jF tÞ. Then

EðaV 0
tjF SÞ ¼ ess sup

t#T[T
EðaZT jF SÞ:

In particular, equation (3.1) holds when t is deterministic (for then V 0
t ¼ Vt by definition).

Proof. If T [ T and T $ t, then since EðZT jF tÞ # V 0
t, we have

EðaZT jF SÞ ¼ EðEðaZT jF tÞjF SÞ ¼ EðaEðZT jF tÞjF SÞ # EðaV 0
tjF SÞ:

Hence “$“ follows. To show “#“, let ðtnÞ
1
n¼1 be a dense subset of T, e.g. an enumeration of

the rational numbers in T. Set

T n U {T [ T : TðVÞ , {t1; . . . ; tn}}; n [ N:

Note T n , T nþ1 , T . Let T [ T and T $ t. For n [ N, define the stopping time

Tn [ T n by

Tn U min{t [ {t1; . . . ; tn} : t $ T} [ T n:

Clearly, Tn $ Tnþ1 $ T . As ðtnÞ
1
n¼1 is dense, Tn # T . Since Z is right-continuous this implies

ZTn
! ZT . As Z is of class D, EðZT jF tÞ ¼ limn!1 EðZTn

jF tÞ a.s. and in L1.

It is well-known that for each n there is a stopping time T*
n [ T n such that EðZT*

n
jF tÞ $

EðZT 0 jF tÞ for all T 0 [ T n with T 0 $ t. (This is shown by (backward) induction (e.g. Refs.

[14,20]) and amounts to saying that in the Bermudan case, given t, there always exists an

optimal stopping time T*
n $ t.) Moreover, EðZT*

nþ1
jF tÞ $ EðZT*

n
jF tÞ as T n , T nþ1.

In particular, EðZT*
n
jF tÞ $ EðZTn

jF tÞ. Hence limn!1 EðZT*
n
jF tÞ $ EðZT jF tÞ. This

implies limn!1 EðZT*
n
jF tÞ $ V 0

t. Since EðZT*
n
jF tÞ # V 0

t, we conclude EðZT*
n
jF tÞ " V

0
t a.s.

Since a is F t measurable, this implies EðaZT*
n
jF tÞ " aV

0
t a.s. Therefore, applying

the monotone convergence theorem and then iterating expectation, we have

EðaV 0
tjF SÞ ¼ limn!1 EðaZT*

n
jF SÞ. Hence EðaV 0

tjF SÞ # supt#T[T EðaZT jF SÞ, as desired.

(Note, it also follows that V is adapted because, as we showed, EðZT*
n
jF tÞ " V

0
t ¼ Vt for

t [ T.) A

Lemma 3.3. The Snell envelope V is a supermartingale.

Proof. The proof of Lemma 3.2 showed V is adapted. Let s # t [ T. By Lemma 3.2,

equation (3.1) holds when t ¼ t. Applying it with a ¼ 1, S ¼ s and then using s # t, we get

EðVtjF sÞ ¼ ess sup
t#T[T

EðZT jF sÞ # ess sup
s#T[T

EðZT jF sÞ V Vs:

Hence V is a supermartingale. A

Lemma 3.4. The Snell envelope V has a unique right-continuous version.

Proof. Since V is a supermartingale, it suffices to show EVt is right-continuous. As EVt is

decreasing, this follows if we show for every t $ 0, there is a sequence of stopping times

ðTt
nÞ

1
n¼1 in T such that Tt

n $ t þ ð1=nÞ and E ZTt
n
! EVt, for then EVTt

n
! EVt too, as V $ Z.
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Let t $ 0. By equation (3.1) (with t ¼ t, a ¼ 1), EVt ¼ supt#T[T EZT : Hence, there is a

sequence Tn [ T such that Tn $ t and E ZTn
! EVt as n!1. Define Tt

n U Tn _ ðt þ ð1=nÞÞ.

The sequence Wn U 1{Tn,tþð1=nÞ} ðZTt
n
2 Ztþð1=nÞÞ converges to 0 a.s. by the right

continuity of Z and is uniformly integrable because Z is of class D; so EWn ! 0. Thus, as

n!1,

EZTt
n
¼ E ZTn

þ EðZTt
n
2 ZTn

Þ ¼ E ZTn
þ Eð1{Tn,tþð1=nÞ}ðZTt

n
2 Ztþð1=nÞÞÞ! EVt;

since EZTn
! EVt and EWn ! 0. Thus the sequence ðTt

nÞ has the requisite properties.

A

Lemma 3.5. The Snell envelope V is uniformly integrable.

Proof. First, we may assume Z $ 0, for if true in this case, then the Snell envelope W of the

payoff process jZj is uniformly integrable, which implies V is uniformly integrable, since

clearly jVj # W. So, we assume Z $ 0, implying V $ 0.

We must show for every 1 . 0, there is K . 0 such that Eð1{Vt.K}VtÞ , 1 for all t [ T.

Let 1 . 0. Since Z is of class D, there exist d . 0 such that Eð1LZT Þ , 1 for all T [ T if

L [ F satisfies PL , d. Choose K . ðV0=dÞ. Then

P{Vt . K} #
EVt

K
#

V0

K
, d:

(Here we used, EX ¼ Eð1X.KXÞ þ Eð1X#KXÞ $ KP{X . K}, with X ¼ Vt). By Lemma

3.2, equation (3.1) holds for t ¼ t. Applying it with a ¼ 1{Vt.K}, S ¼ 0, we conclude

Eð1{Vt.K}VtÞ ¼ sup
t#T[T

Eð1{Vt.K}ZT Þ , 1;

as desired. A

From now on, we always take the right-continuous version of the Snell envelope V .

Lemma 3.6. If either V $ 0 or V is of class D, then Vt ¼ ess: supt# T[T EðZT jF tÞ V V 0
t for

all t [ T . Hence equation (3.1) holds in either of these two cases by Lemma 3.2.

Proof. Let T $ t be in T . By the previous three lemmas, the optional sampling theorem is

applicable to V . Hence, Vt $ EðVT jF tÞ $ EðZT jF tÞ: Therefore, Vt $ V 0
t.

Let ðtnÞ
1
n¼1 be a dense subset of T and define the sets T n as in the proof of Lemma 3.2.

Assume first that t [ T n for some n. Then, for each integer 1 # i # n, we have,

1{t¼ti}Vt ¼ 1{t¼ti}Vti ¼ 1{t¼ti}ess: sup
ti#T[T

EðZT jF tiÞ ¼ ess sup
ti#T[T

Eð1{t¼ti}ZT jF ti Þ

# ess sup
t#T[T

Eð1{t¼ti}ZT jF ti Þ ¼ ess sup
t#T[T

Eð1{t¼ti}ZT jF tÞ

¼ 1{t¼ti}ess: sup
t#T[T

EðZT jF tÞ:

(The inequality above follows because for each stopping time T $ ti, there is a stopping time

T 0 $ t such that 1{t¼ti}ZT 0 ¼ 1{t¼ti}ZT , e.g. T 0 ¼ 1{t¼ti}T þ 1{t–ti}tn.) Hence Vt # V 0
t. Thus

Vt ¼ V 0
t. So, equation (3.1) holds by Lemma 3.2, implying EVt ¼ supt#T[T E ZT .
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Now, let t [ T be general. Define the sequence tn U min{t [ {t1; . . . ; tn} : t $ t}.

Then, tn [ T n and tn # t. If V $ 0, then this, the right continuity of V and Fatou’s Lemma

imply that EVt # lim EVtn ; whereas, if V is class D, then more strongly, EVt ¼ limEVtn .

Therefore either way, using the formula EVtn ¼ suptn#T[T EZT shown above, we get

EVt # lim
n!1

EVtn ¼ lim
n!1

sup
tn#T[T

E ZT # sup
t#T[T

E ZT ¼ sup
t#T[T

EðEðZT jF tÞÞ

# Eðess sup
t#T[T

EðZT jF tÞÞ:

Hence, EVt # EV 0
t. Since as shown earlier Vt $ V 0

t, it follows that Vt ¼ V 0
t. A

Lemma 3.7. The Snell envelope V is of class D.

Proof. First, we may assume Z $ 0, for if true in this case, then the Snell envelope W of the

payoff process jZj is class D, which implies V is of class D, since clearly jVj # W. So, we

assume Z $ 0, implying V $ 0.

We must show for every 1 . 0, there is K . 0 such that Eð1{Vt.K}VtÞ , 1 for all t [ T .

Let 1 . 0. Since Z is of class D, there exist d . 0 such that Eð1LZT Þ , 1 for all T [ T if

L [ F satisfies PL , d. Choose K . ðV0=dÞ. Then

P{Vt . K} #
EVt

K
#

V0

K
, d:

(Here we used, EX ¼ Eð1X.KXÞ þ Eð1X#KXÞ $ KP{X . K}, with X ¼ Vt). Since V $ 0,

equation (3.1) holds by Lemma 3.6. Applying it with a ¼ 1{Vt.K} and S ¼ 0 gives,

Eð1{Vt.K}VtÞ ¼ sup
t#T[T

Eð1{Vt.K}ZT Þ , 1;

as desired. A

Proof of Theorem 3.1. Lemmas 3.3, 3.4 and 3.7 imply that V is a superclaim. As for the

second statement, let V 0 $ Z be another superclaim. Let t [ T and T [ T with T $ t. By

the optional sampling theorem, V 0
t $ EðV 0

T jF tÞ $ EðZT jF tÞ. Hence V 0
t $ Vt, as desired. The

final statement, i.e. equation (3.1), follows from Lemma 3.6, for as shown, V is of

class D. A

Remark. Even when Z is continuous, the Snell envelope V may have jumps. This can happen

when Z is driven by a Brownian motion but its “volatility” has a jump not adapted to the

Brownian filtration, for instance, an American option on a stock with continuous price but a

volatility that jumps at a totally inaccessible time T , causing V to jump at T .

In what follows, the compensator of a special semimartingale X is denoted Xp and we set

Xm U X 2 Xp. So, Xp is the unique predictable finite-variation process such that X
p
0 ¼ 0 and

Xm is a local martingale. As such, X ¼ Xp þ Xm is the canonical decomposition of X. The

compensator Xp is decreasing if X is a local supermartingale. The Doob–Meyer

decomposition states a superclaim X has such a decomposition with Xm a claim and Xp

decreasing and integrable (and in infinite horizon, limt!1 X
p
t [ L1).
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Corollary 3.8. A claim C domineers Z if and only if C0 ¼ V0 and C $ V . In particular, the

claim V m domineers Z. A

3.2 Domineering claims at t and implications

Let Z be a payoff process and t [ T . We say a claim C domineers Z at t if Ct ¼ Vt and

C $ Z after t, i.e. on the stochastic interval ½½t;1½½ (or ½½t;m�� if finite horizon). By the

optional sampling theorem then C $ V after t. An elementary but fruitful pathwise

characterization is

Theorem 3.9. Let C be a claim and t [ T . Then C domineers Z at t if and only if

sup
t#t[T

ðZt 2 CtÞ ¼ 0:

Proof. Assume C domineers Z at t. Since Ct ¼ EðCT jF tÞ for t # T [ T, we have

0 ¼ Vt 2 Ct ¼ ess sup
t#T[T

EðZT 2 CT jF tÞ # Eðess sup
t#t[T

ðZt 2 CtÞjF tÞ:

As Z # C after t, this implies supt#t[T ðZt 2 CtÞ ¼ 0 a.s. Conversely, assume

supt#t[T ðZt 2 CtÞ ¼ 0. Then Z # C after t, so EðZT jF tÞ # EðCT jF tÞ ¼ Ct. Hence,

supT$t EðZT jF tÞ # Ct. To prove the reverse inequality, it suffices to show that for any 1 . 0,

there is a stopping time t # T [ T such that EðZT jF tÞ $ Ct 2 1. Let 1 . 0. The

assumption implies that (pathwise) the set {t # t [ T : Zt 2 Ct $ 21} is nonempty a.s.

Therefore, the stopping time T U inf{t $ t [ T : Zt 2 Ct $ 21} is finite. By right

continuity, ZT 2 CT $ 21. Thus, EðZT jF tÞ $ EðCT 2 1jF tÞ ¼ Ct 2 1, as desired. A

For any integrable random variable j, we denote by Eðj jFÞ the unique claim whose value

at each t [ T equals EðjjF tÞ a.s. The fact that V m domineers Z easily implies

Proposition 3.10. Let t [ T . Then the claim C U V m þ EðVp
t jFÞ domineers Z at t.

Proof. Set M U EðVp
t jFÞ. Clearly Mt ¼ Vp

t. So, Ct ¼ Vm
t þ Vp

t ¼ Vt. Next, 1t$tV
p
t is F t-

measurable for any t, so 1t$tMt ¼ Eð1t$tV
p
t jF tÞ ¼ 1t$tV

p
t . Hence, Mt ¼ Vp

t on {t $ t}.

Thus, Ct ¼ Vm
t þ Vp

t $ Vt $ Zt on {t $ t}. Therefore C domineers Z at t. A

A first consequence is the following formula for the compensator of the Snell envelope.

Corollary 3.11. Let V be the Snell envelope of Z and t [ T be a stopping time. Then,

Vp
t ¼ sup

t#t[T

ðZt 2 Vm
t Þ; i:e: sup

t#t[T

ðZt 2 Vt þ Vp
t 2 Vp

tÞ ¼ 0:

In particular, as V p is decreasing, we also have supt#t[T ðZt 2 VtÞ ¼ 0 and 1{Z,V} dV p ¼ 0.

Proof. By Proposition 3.10, C U V m þ EðVp
tjFÞ domineers Z at t. Theorem 3.7 yields,

0 ¼ supt#t[T ðZt 2 CtÞ ¼ supt#t[T ðZt 2 Vm
t 2 Vp

tÞ, since Ct ¼ Vm
t þ Vt for t $ t. A
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Given a stopping time t, the following result (which is obvious when t ¼ 0) shows that

there is a sequence of stopping times Tn $ t such that EðZTn
jF tÞ! Vt a.s. uniformly over V.

A similar result appears in Theorem 13 of [28].

Corollary 3.12. Conditional uniformly 1-optimal stopping: Let t [ T and 1 . 0. Then

there exists a stopping time T 1 [ T such that T 1 $ t and EðZT 1 jF tÞ $ Vt 2 1.

Proof. Set T 1 U inf{t # t [ T : Zt þ 1 $ Ct}, where C is any claim that domineers Z at t.

Theorem 3.9 implies that T 1 [ T (is finite). By right continuity of Z and C, we have

ZT 1 þ 1 $ CT 1 . Therefore, by the optional sampling theorem, for any T ] T $ t,

EðZT 1 jF tÞ þ 1 $ EðCT 1 jF tÞ ¼ Ct ¼ EðCT jF tÞ $ EðZT jF tÞ;

because C domineers Z at t. Taking “sup” over T, we get EðZT 1 jF tÞ þ 1 $ Vt. A

3.3 Supersolution iterative construction of the Snell envelope

Let Z be a payoff process. Following [6], we call a superclaim W a supersolution if

W $ Z.

As in Ref. [6], for any supersolution W we define its additive improvement process W 0 by

W 0
t U Wm

t þ E sup
t#s[T

Zs 2Wm
s

� �
F tj

� �
:

The following two results extend to continuous time similar Bermudan results in Ref. [6].

Corollary 3.13. Let W be a supersolution, t [ T. Then Wt ¼ Vt if and only if W 0
t ¼ Wt.

Proof. By Corollary 3.11, Vt ¼ Vm
t þ supt#s[TðZs 2 Vm

s Þ. Taking expectation conditioned

on t gives Vt ¼ V 0
t. Conversely, suppose W 0

t ¼ Wt. Then, Eðsupt#s[T ðZs 2Wsþ

Wp
s 2W

p
t ÞjF tÞ ¼ 0. But, since Z # W and W p is decreasing, supt#s[T ðZs 2Ws þWp

s 2

W
p
t Þ is nonpositive; thus it must equals 0 a.s. Hence, supt#s[T ðZs 2 CsÞ ¼ 0, where

C U Wm þ EðW
p
t jFÞ. Theorem 3.9 implies the claim C domineers Z at t. Thus,

Vt ¼ Ct ¼ Wm
t þW

p
t ¼ Wt. A

Proposition 3.14. Let W be a supersolution. Then W 0 is a supersolution and W 0 # W .

Proof. Clearly, W 0 $ Z. Also, W 0 # W . Indeed, since Z # W and W p is decreasing,

W 0
t ¼ Wt þ Eðsupt#s[T ðZs 2Ws þWp

s 2W
p
t ÞjF tÞ # Wt. Moreover, W 0 is a superclaim.

Indeed, W 0 is class D for it is bounded above and below by class D processes W and Z. It is

also a supermartingale as (Wm is a claim and) Eðsupt#s[TðZs 2Wm
s ÞjF tÞ is so:

E E sup
t#s[T

Zs 2Wm
s

� �
jF t

� �
jF u

� �
¼ E sup

t#s[T

Zs 2Wm
s

� �
jF u

� �

# E sup
u#s[T

Zs 2Wm
s

� �
jF u

� �
:
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Finally, we claim W 0 has a unique right-continuous version. It suffices to show EW 0
t is right-

continuous. This follows by iterating expectation once we show E supt#s[T ðZs 2Wm
s Þ is so.

But, this is so by the monotone convergence theorem since supt#s[T ðZs 2Wm
s Þ is right-

continuous and decreasing. Hence, (the right-continuous version of) W 0 is a superclaim. A

Proposition 3.14 too implies V 0 ¼ V: since V is the smallest supersolution, V # V 0 # V .

Conjecture. Let W (1) be a supersolution. Define inductively the decreasing sequence

W ðnþ1Þ U W ðnÞ0 . We conjecture that W ðnÞ
t # Vt uniformly in t as n!1.

This conjecture is supported by the convergence in finite number of iterations in the

Bermudan case as shown by [6] (see Corollary 7.3). The monotone convergence theorem easily

implies W (n) converges to some supermartingale W. To conclude W ¼ V is more difficult.

3.4 Doob–Meyer decomposition in arbitrary numeraire

Given any numeraire B, let PB denote the numeraire measure defined by dPB=dP U Bm=B0

and EB denote its expectation operator. If Z is a payoff process, then by the Bayes’ rule, Z/B is

a PB-payoff process.

We can rewrite the multiplicative minimax duality formula in Corollary 2.11: for all

t [ T ,

Vt ¼ min
B[Cþ

Bt E
B sup

t#t[T

Zt

Bt

jF t

� �
:

Proposition 3.15. Let V be a superclaim and B be a numeraire. Then there exist a unique

claim C with C0 ¼ V0 and an increasing predictable process A with A0 ¼ 0 such that

V ¼ C 2 AB:

Moreover; A ¼ 2

ð
dV p

B2

and C ¼ V m þ

ð
A2dBþ ½A;B�:

Proof. By the Bayes’ rule, V/B is a right-continuous PB class-D supermartingale. The desired

decomposition V ¼ C 2 AB follows by applying the Doob–Meyer decomposition to V/B in

the measure PB. Next, set A0 ¼ 2
Ð

dV p=B2 and C0 ¼ V m þ
Ð
A0
2dBþ ½A0;B�. Clearly, A0 is

predictable and increasing. Moreover, ½A0;B� is a local martingale by Proposition I.4.49 (c) in

[17] (since B is so and A0 is predictable and of finite variation), implying C0 is also a local

martingale. But, Itô calculus easily yields V=B ¼ ðC0=BÞ2 A0. By the uniqueness of

canonical decomposition under PB, we thus conclude C0 ¼ C and A0 ¼ A. A

We will see that the domineering claim C constructed above admits a financial

interpretation as a self-financing trading strategy with initial value of V0 ¼ supT[T E ZT that

dynamically invests in one share of current American option and A shares of numeraire B.

Proposition 3.16. Let Z be a payoff process, B be a numeraire and V ¼ C 2 AB be the

decomposition of Snell envelope V of Z given by Proposition 3.15. Let t [ T . Then the

claim C 2M domineers Z at t, where M U EðBmAtjFÞ. Moreover, Mt ¼ AtBt on {t $ t}.
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Proof. Set Ĉ U C 2M. Clearly, Mt ¼ AtBt. Hence, Ĉt ¼ Ct 2 AtBt ¼ Vt. Next, since

1t$t At is F t-measurable, 1t$t Mt ¼ EðBm1t$t AtjF tÞ ¼ 1t$t At EðBmjF tÞ ¼ 1t$t AtBt. So,

M equals AtB after t. Thus, Ĉ ¼ C 2 AtB $ C 2 AB ¼ V $ Z after t. (For the first

inequality, we used A is increasing and B . 0.) Thus Ĉ domineers Z at t. A

Proposition 3.17. Early exercise premium: In finite horizon, with notation as above,

Vt 2 EðZmjF tÞ ¼ EðBmðAm 2 AtÞjF tÞ ¼ Bt E
BðAm 2 AtjF tÞ:

Proof. Using EðBmAtjF tÞ ¼ AtBt and C ¼ EðCmjFÞ and Vm ¼ Zm, we have

V þ EðBmA·jFÞ ¼ V þ AB ¼ C ¼ EðCmjFÞ ¼ EðVm þ AmBmjFÞ ¼ EðZmjFÞ þ EðAmBmjFÞ:

Rearranging gives the first equality. The second equality follows by the Bayes’ rule. A

4. The multiplicative Doob–Meyer–Itô decomposition

For any positive payoff process Z, we show there is a decomposition AV ¼ B of the Snell

envelope V , with A increasing, predictable, A0 ¼ 1 and B a positive local martingale with

B0 ¼ V0. Note, B $ V $ Z. So B domineers Z when it is an actual claim.

Recall, X ¼ Xp þ Xm denotes the canonical decomposition, with Xp the compensator.

Lemma 4.1. Let X be a special semimartingale with X0 ¼ 0. Assume 1 þ DXp – 0

everywhere. Then the process

X
s#·

DXp
sDX

m
s

1 þ DXp
s

¼
X
s#·

DXp
s

1 þ DXp
s

;Xm

" #

is a finite variation local martingale (the countable sums being absolutely convergent) and

EðXÞ ¼ EðXpÞE Xm 2
X
s#·

DXp
sDX

m
s

1 þ DXp
s

 !
:

Proof. Writing
P

s#· ¼
P

s#·;DXs$2ð1=2Þ þ
P

s#·;DXs,2ð1=2Þ (second sum being finite), we

have

X
s#·

DXp
s

1 þ DXp
s

����
���� # 2

X
s#·

DXp
s

�� ��þX
s#·

1 DXs,21
2f g

DXp
s

1 þ DXp
s

����
���� , 1;

since Xp is of finite variation and the second sum is finite. The absolutely convergent sumP
s#·DX

p
s=ð1 þ DXp

s Þ is therefore a finite-variation, predictable process, implying its bracket

with Xm is local martingale because Xm is so. Moreover, the bracket is clearly as given.

As for the second formula, set W U
P

s#·ðDX
p
sDX

m
s =ð1 þ DXp

s ÞÞ and Y U Xm 2W . We

must show EðXÞ ¼ EðXpÞEðYÞ. (As usual, Eð·Þ denotes the Doléans–Dade stochastic

exponential.) It suffices to show X ¼ Xp þ Y þ ½Xp; Y�, or equivalently, W þ ½Xp;W� ¼
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½Xp;Xm�. But this is so as W is sum of its jumps and by its definition, DW þ DXp

DW ¼ DXpDXm. A

The lemma gives the multiplicative decomposition of the stochastic exponential EðXÞ. The

factor EðXpÞ is predictable and of finite variation as Xp is so and the second factor is a local

martingale as Xm 2
P

s#·ðDX
p
sDX

m
s =ð1 þ DXp

s ÞÞ is so. Inverting Y ¼ EðXÞ leads to

Theorem 4.2. Let Y be a special semimartingale such that Y . 0 and Y2 . 0. Then there is a

unique decomposition Y ¼ AM, where M is a local martingale and A is a predictable, finite-

variation process with A0 ¼ 1. Moreover, A . 0, M . 0, Y2 þ DY p . 0 and

A ¼ E
ð

dY p

Y2

� �
; M ¼ Y0E

ð
dY m

Y2

2
X
s#·

DYp
sDY

m
s

Ys2 þ DYp
s

� �
Ys2

 !
:

Proof. Existence: Set X ¼
Ð

dY=Y2, so that Y ¼ Y0EðXÞ. Since, Y . 0, 1 þ DX . 0. Taking

predictable projection, one shows this implies 1 þ DXp . 0. (Also then Y2 þ DY p ¼

Y2ð1 þ DXpÞ . 0). Therefore Lemma 4.1 is applicable. Using Xp ¼
Ð

dY p=Y2, Xm ¼Ð
dY m=Y2, DXp ¼ DY p=Y2, DXm ¼ DY m=Y2 and simplify the sum, we get Y ¼ AM, with

A, M as above.

Uniqueness: Suppose Y ¼ AM with the requisite properties for A and M. By Itô’s product

rule, Y ¼ Y0 þ
Ð
M2dAþ

Ð
A2dM þ ½A;M�. The latter two summands are local martingales

and
Ð
M2dA is predictable and of finite variation. The uniqueness of the canonical

decomposition thus implies Y p ¼
Ð
M2dA and Y m ¼ Y0 þ

Ð
A2dM þ ½A;M�. The first

equation gives dY p ¼ M2dA. Hence dividing by Y2, we get dY p=Y2 ¼ dA=A2. Thus,

A ¼ Eð
Ð

dA=A2Þ ¼ Eð
Ð

dY p=Y2Þ, showing A is unique. Taking the continuous martingale

part of the second equation, we obtain Y c ¼
Ð
A2dMc (since ½A;M� is purely discontinuous).

Therefore Mc ¼
Ð

dY c=A2, which is unique. It remains to show DM is unique. But, by the

second equation, DY m ¼ A2DM þ DADM ¼ ADM. Hence, DM ¼ DY m=A is unique. A

Remark. The multiplicative formula in Theorem II.8.21 of [17] reads Y ¼ A0M0, where

A0 ¼ 1=E 2

ð
dY p

Y2 þ DY p

� �
; M0 ¼ Y0E

ð
dY m

Y2 þ DY p

� �
:

We have A0 ¼ A and M0 ¼ M§§. Note A is simpler than A0, while M0 is shorter than M.

Remark. If Y is a right-continuous local supermartingale, then Y has left limits by Theorem

4.4.3 of [12] and Y2 . 0 if Y . 0 by Theorem 4.4.16 there. In the latter case, the

multiplicative compensator A ¼ Eð
Ð

dY p=Y2Þ is decreasing as Y p, the additive one, is so.

§§To show A0 ¼ A, it suffices to show
Ð
ðdY p=Y2Þ2

Ð
dY p=ðY2 þ DY pÞ ¼ ½

Ð
ðdY p=Y2ÞY2;

Ð
ðdY p=Y2 þ DY pÞ�,

which follows because both sides equal
Ð
ðDYpdY pÞ=ðY2ðY2 þ DY pÞÞ. To show M0 ¼ M, we must showÐ

dY m=ðY2 þ DY pÞ ¼
Ð
ðdY m=Y2Þ2

P
s#·ðDY

p
sDY

m
s Þ=ððYs2 þ DYp

s ÞYs2Þ. The jump process of the LHS is
DY m=ðY2 þ DY pÞ and that of the RHS is ðDY m=Y2Þ2 ðDY pDY mÞ=ððY2 þ DY pÞY2Þ, which are the same. The
continuous local martingale part of LHS is

Ð
dY c=ðY2 þ DY pÞ and that of the RHS is

Ð
dY c=Y2, which are equal, as

presence of jump in integrand does not contribute to stochastic integral of a continuous semimartingale. Therefore,
the LHS and RHS processes are equal.
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Remark. Unlike the additive compensator, the multiplicative compensator is invariant under

change of measure: if Y ¼ AM is the multiplicative decomposition of Y and B is any

numeraire, then Y=B ¼ AðM=BÞ is that of Y=B under measure PB, as M=B is a PB-local

martingale.

Corollary 4.3. Let Z be a positive payoff process and V ¼ AB be the multiplicative

decomposition of its Snell envelope V . Assume B is a numeraire. Then,

At ¼ supt#s[T ðZs=BsÞ:

Proof. Define the measure PB by dPB=dP ¼ Bm=B0. By the Bayes’ rule, A ¼ V=B is the

Snell envelope of the PB-payoff process Z=B under PB. Under any measure, Ap ¼ A2 1 and

Am ¼ 1. Corollary 3.11 applied to the PB-payoff process Z=B in measure PB thus yields

At 2 1 ¼ supt#s[T ððZs=BsÞ2 1Þ. A

In the continuous (more generally, quasi-left continuous) case the multiplicative

decomposition simplifies as the jump term in the local martingale part M vanishes.

Furthermore, the Novikov’s condition furnishes a criteria for M to be an actual martingale.

Whence,

Corollary 4.4. Let Y be a positive continuous semimartingale. Then Y ¼

Y0 e

Ð
dY p=YEð

Ð
dY m=YÞ: Moreover, Eð

Ð
dY m=YÞ is a claim if E exp ðð1=2Þ

Ðm
0

d½Yt�=Y
2
t Þ , 1.

5. Optimal stopping times

Henceforth, Z will denote a payoff process, often explicitly specified as such.

Recall, a finite stopping time T * is called optimal if EZT * ¼ supT[T E ZT .

5.1 Some properties of optimal stopping times

The following characterization of optimal stopping times in terms of domineering claims has

useful consequences.

Proposition 5.1. A stopping time T * is optimal for a payoff process Z if and only if

ZT * ¼ CT * for some, hence all, claims C that domineer Z.

Proof. Assume T * is optimal for Z. Let C be a claim that domineers Z. By the optional

sampling theorem, followed by the domineering property, next optimality of T *,

ECT * ¼ C0 ¼ sup
T[T

EZT ¼ EZT * :

Since Z # C, this implies ZT * ¼ CT * . Conversely, T * is optimal if C satisfies ZT * ¼ CT * ,

because then E ZT * ¼ ECT * ¼ C0 ¼ supT[T E ZT : A
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Corollary 5.2. If T * is optimal for Z then VT * ¼ ZT * where V is the Snell envelope of Z.

Proof. Set C U V m. Since Z # V # C, the result follows from Proposition 5.1. A

Proposition 5.1 also implies that domineering claims are unique in the “continuation

region”:

Corollary 5.3. Let C be a claim that domineers Z and V be the Snell envelope of

Z. Assume T * is an optimal stopping time. Then C ¼ V on the stochastic interval

½½0; T *�� U {ðt;vÞ} : t # T *ðvÞ}. In particular,V p ¼ 0 on ½½0; T *�� andC ¼ V m on ½½0; T *��.

Proof. This is equivalent to showing the stopped processes CT *
and V T *

are equal

(indistinguishable). (Here XT
t U Xt^T .) This is so because (a) V T *

# CT *
, (b) by the optional

sampling theorem CT *
is a martingale and V T *

is a supermartingale and (c) by Proposition

5.1 and Corollary 5.2, they have the same terminal condition: CT *

m ¼ CT * ¼ ZT * ¼

VT * ¼ VT *

m . A

5.2 Existence and the shortest stopping time

The following furthers Proposition 2.1.

Corollary 5.4. A payoff process Z has an optimal stopping time if and only if for some,

hence all, domineering claims C, the stopping time

T* U inf{t [ T : Zt ¼ Ct}

is finite. In this case, T* is optimal and independent of choice of C and T* # T * for all

optimal stopping times T * and T* ¼ inf{t [ T : Zt ¼ Vt}, where V is the Snell envelope.

Proof. If an optimal stopping time T * exists, then by Proposition 5.1, ZT * ¼ CT * . Therefore

the set inf{t [ T : Zt ¼ Ct} is pathwise nonempty a.s. Thus T* , 1. Conversely, if

T* , 1, then by the definition of T* and the right continuity of C and Z, we have ZT*
¼ CT*

,

hence T* is optimal by Proposition 5.1. Next, if T * is any optimal stopping time, then

T* # T * since ZT * ¼ CT * and T* U inf{t [ T : Zt ¼ Ct}. Corollary 5.3 implies that T*

equals inf{t [ T : Zt ¼ Vt} when it is optimal. This implies the independence on choice

of C. A

We now return to the stopping T w defined in Section 2.2. Recall,

Tn U inf t [ T : Zt $ Ct 2
1

n

� �
; T w U lim

n!1
Tn;

given a domineering claim C. Recall Tn [ T and in the finite horizon case, T w [ T .
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The following provides necessary and sufficient condition for T w to be optimal and

shows that then T w ¼ T* ¼ inf{t [ T : Zt ¼ Vt} is independent of choice of domineering

claim C.

Theorem 5.5. Let Z be a càdlàg payoff process and Tn and T w be as above. Assume

T w [ T . Then, supT[T EZT ¼ E ZT w 2 Eð1LDZT w Þ, where L U
T1

n¼1{Tn , T w}. More-

over, T w is optimal if and only if Eð1LDZT w Þ ¼ 0 and in this case, T w ¼ T*, with T* as in

Corollary 5.4.

Proof. On L, clearly ZTn
! ZTw

2
. On Lc, we have Tn ¼ T w for all but finitely many n

(pathwise); hence ZTn
! ZT w on Lc. Therefore, ZTn

! 1LZTw
2
þ 1LcZT w ¼ ZT w 2 1LDZT w ,

implying E ZTn
! EZT w 2 Eð1LDZT w Þ as Z is class D. But, EZTn

! supT[T E ZT by Lemma

2.7. Hence, supT[T EZT ¼ E ZT w 2 Eð1LDZT w Þ. Hence Eð1LDZT w Þ # 0 and T w is optimal

if and only if Eð1LDZT w Þ ¼ 0. Finally, in general T w # T* because clearly Tn # T*. But, if

T w is optimal then T* # T w by Corollary 5.4., implying thus T w ¼ T*. A

A similar but weaker condition than quasi-left continuity is sufficient for existence:

Corollary 5.6. Assume the payoff process Z has left limits, T w [ T and Eð1T,1DZT Þ ¼ 0

for all predictable stopping stopping times T . Then the stopping time T w is optimal.

Proof. Define the predictable stopping time Tw
L by Tw

L ðvÞ ¼ T wðvÞ if v [ L and Tw
L ðvÞ ¼

1 otherwise. Then, 1LDZT w ¼ 1Tw
L
,1DZTw

L
. The result now follows from Theorem 5.5. A

5.3 Uniqueness and the longest optimal stopping time

Normally, the optimal stopping time is unique, i.e. equals the shortest one T* ¼ inf{t [

T : Zt ¼ Vt} in Corollary 5.4. An exception is when Z is a claim—then all finite stopping

times are optimal. Define

T0 U inf{t [ T : Vp
t , 0} ¼ inf{t [ T : Vt , Vm

t }:

Clearly, 1T0,1V
p
T02

¼ 0. Also, T0 $ T * for any optimal stopping T * because V p ¼ 0 on

½½0; T *�� by Corollary 5.3. So, if T0 is optimal, then it is the longest optimal stopping time.

Proposition 5.7. The stopping time T0 is optimal if and only if T0 is finite and V
p
T0

¼ 0.

Proof. If T0 is optimal then VT0
¼ Vm

T0
by Corollary 5.2.; so V

p
T0

¼ 0. Conversely, assume

V
p
T0

¼ 0. Since V p is decreasing, V
p
t , 0 on the set {t . T0}. By Corollary 3.11, V

p
t ¼

supt#s[T ðZs 2 Vm
s Þ: Hence, supT0#s[T ðZs 2 Vm

s Þ ¼ 0 a.s. while, for any t, supt#s[TðZs 2

Vm
s Þ , 0 on {t . T0}. This obviously implies ZT0

¼ Vm
T0

. Hence, EZT0
¼ EVm

T0
¼ Vm

0 ¼ V0,

as desired. A

In finite horizon, the same argument yields a similar conclusion without assuming

T0 , 1:
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Proposition 5.8. Assume finite horizon T ¼ ½0;m�. Then V
p
m^T02

¼ 0. Moreover m ^ T0 is

optimal if and only V
p
m^T0

¼ 0. In particular, m ^ T0 is optimal if V p is continuous.

For any domineering claim C, {V , C} ¼ {V p , 0}; so T0 ¼ inf{t [ T : Vt , Ct}:

5.4 Simple counterexamples

A process less than 1 but with left limit of 1 at t ¼ 1 has no optimal stopping time.

As an example of a non-quasi-left continuous payoff process that has an optimal stopping

time, fix 0 , s # 1 and let R be a nonzero F s-measurable random variable with

EðRjF s2Þ ¼ 0. Define the payoff process Zt ¼ t for t , 1 and Zt ¼ 1 þ R for t $ 1. Then

T w ¼ 1, Z jumps at 1 and Z is not quasi-left continuous. But, it is easy to see that T w is

optimal if s ¼ 1. (Z has no optimal stopping time if s , 1.)

It is possible (though pathological) that T* be optimal but T w not be optimal, e.g. a payoff

process Z such that Z2 ¼ 1, Zt , 1 for t – 2 and Z has left limit of 1 at t ¼ 1 (where it jumps

down). In this case T w ¼ 1 but T* ¼ 2.

6. The perpetual American put

The perpetual American put problem can be solved by an explicit construction of a

“domineering martingale” M which is a geometric Brownian motion, a direct construction as

in Ref. [2] that bypasses the Snell envelope and its Doob–Meyer decomposition. As a

geometric Brownian motion is not uniformly integrable in infinite horizon, the optional

sampling theorem does not apply directly to M. Still, for certain range of parameters, it turns

out that the stopping time T* U inf{0 # t , 1 : Zt ¼ Mt} is optimal and E ZT*
¼ M0:

The following is similar to Proposition 2.1, but weakens the uniform integrability

assumption.

Proposition 6.1. Let Z be a payoff process and M $ Z be a positive local martingale.

Assume the stopping time T* U inf{0 # t , 1 : Zt ¼ Mt} is finite a.s. and the stopped local

martingale MT* U M·^T * is a claim. Then T* is optimal and E ZT*
¼ M0.

Proof. A standard argument gives EMT # M0 for all finite stopping times Tkk. This,

followed by using that MT* is a claim and that by right continuity ZT*
¼ MT*

, gives

sup
0#T,1

E ZT # sup
0#T,1

EMT # M0 ¼ EMT*
1 ¼ EMT*

¼ E ZT*
# sup

0#T,1

EZT :

Hence, sup0#T,1 EZT ¼ M0 ¼ EZT*
, as desired. A

For MT* above to be a claim it is sufficient that E½M�T*
, 1. Although M itself may not be

a claim, it always equals the Snell envelope and any domineering claim on ½½0; T*��.

The following is for the most part based on Ref. [2], where X below is a Brownian motion.

kkLet ðTnÞ
1
n¼1 be a localizing sequence for M. Applying the optional sampling theorem to the claim MTn gives,

EMTnLT ¼ EMTn

T ¼ MTn

0 ¼ M0. But, MTnLT !MT a.s. Thus by Fatou’s lemma, EMT # M0.
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Theorem 6.2. Let X be a continuous local martingale with X0 ¼ 0 such that ½X�t !1 a.s. as

t!1. Let 0 , a , 1 and 0 , K , 1 þ ð1=aÞ: Define the (bounded) payoff process

Z U K e2
1
2
a½X� 2 EðXÞ

� 	þ
:

Then, sup0#T,1 E ZT ¼ ðaaK 1þa=ð1 þ aÞ1þaÞ: In fact, define the positive local martingale

M U
aaK 1þa

ð1 þ aÞ1þa
Eð2aXÞ:

Then, Z # M, the stopping time T* U inf{0 # t , 1 : Zt ¼ Mt} is finite a.s. and the

stopped process MT* is a claim. Therefore by Proposition 6.1,

sup
0#T,1

EZT ¼ E ZT*
¼ M0 ¼

aaK 1þa

ð1 þ aÞ1þa
: ð6:1Þ

Moreover, MT* is bounded and

T* ¼ inf 0 # t , 1 : St ¼
aK

1 þ a

� �
; where S U eða=2Þ½X�EðXÞ: ð6:2Þ

Proof. Set S U eða=2Þ½X�EðXÞ and N U Eð2aXÞ. We easily have SaN ¼ e2ða=2Þ½X�EðXÞ. Thus,

Z ¼ ðK 2 SÞþSaN: ð6:3Þ

The maximum of the function s 7! ðK 2 sÞþsa equals aaK 1þa=ð1 þ aÞ1þa (attained at

aK=1 þ a). Hence, Z # aaK 1þa=ðð1 þ aÞ1þaÞN ¼ M: Equation (6.3) also yields {Z ¼

M} ¼ {S ¼ aK=1 þ a}; implying equation (6.2).

The assumption impliesX is a time-changed Brownian motion. Hence, limt!1 Xt ¼ 21 a.s.

So, limt!1 eXt ¼ 0 a.s. But, S ¼ eX2ð12aÞ½X�=2 # eX , asa , 1. Thus, limt!1 St ¼ 0: a.s. Since

S is continuous, S0 ¼ 1 and aK=ð1 þ aÞ , 1, it follows using equation (6.2) that T* , 1 a.s.

As S0 ¼ 1 . aK=1 þ a, equation (6.2) also implies S $ aK=1 þ a on ½½0; T*��. Hence,

N ¼ e2ð1=2Þa½X�S2a # e2ð1=2Þa½X�ðð1 þ aÞ=aKÞa on ½½0;T*��: This shows N T* , hence MT* ,

are bounded. (In fact, MT* , 1=a##.) Therefore, the local martingale MT* is a claim.

Equation (6.1) now follows from Proposition 6.1. A

Remark. For the American put, r U ða=2Þðd½X�=dtÞ is interpreted as the short rate and

S ¼ e

Ð
r dtEðXÞ as the stock price (zero-dividend here). Note then, Z ¼ e

2
Ð
r dt

ðK 2 SÞþ.

Remark. If a . 1 and K . 1 þ 1=a, we still have T* is finite, Z # M and ZT*
¼ MT*

. But,

we cannot conclude T* is optimal, for in this case MT* is not a claim because EMT*
, M0.

7. Iterative constructions in the Bermudan case

In this section, we consider the finite Bermudan case with T ¼ {0; 1; . . . ;m} and define a

stopping time at each iteration of the m-step iterative construction of the Snell envelope in

[6], so that they converge in m-steps to the optimal stopping time, similarly to [26].

##Also, ½M�T*
, 1 because, using N U 1ð2aXÞ ¼ 1 2 a

Ð
N dX and the estimate for N on ½½0;T��, ½N�T*

¼
a 2
Ð T*

0
N2

t d½X�t # a 2ðð1 þ aÞ=aKÞ2a
Ð T*

0
e2a½X�t d½X�t ¼ aðð1 þ aÞ=aKÞ2að1 2 e2a½X�T* Þ , aðð1 þ aÞ=aKÞ2a:
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In the Bermudan case, a (super) claim is a (super) martingale, a payoff process is an

adapted integrable process and a predictable process is a previsible process. The canonical

decomposition X ¼ Xp þ Xm of a payoff process X is characterized inductively by

Xm
tþ1 2 Xm

t ¼ Xtþ1 2 EðXtþ1jF tÞ; Xm
0 ¼ X0; ð7:1Þ

X
p
tþ1 2 Xp

t ¼ EðXtþ1 2 XtjF tÞ; X
p
0 ¼ 0: ð7:2Þ

Let Z be a payoff process. Following Ref. [6], we call a supermartingale W a supersolution

if W $ Z and for any supersolution W define its additive improvement process W 0 by

W 0
t U Wm

t þ E sup
t#s#m

Zs 2Wm
s

� �
F tj

� �
:

Proposition 7.1 and Corollary 7.3 below are contained in [6], our proofs being slightly

different.

Proposition 7.1. Let W be a supersolution. Then W 0 is also a supersolution and W 0 # W .

Proof. Clearly, W 0 $ Z and W 0
m ¼ Zm. Also, Eðsupt#s#m ðZs 2Wm

s ÞjF tÞ is a superclaim:

E E sup
t#s#m

Zs 2Wm
s

� �
jF t

� �
F uj

� �
¼ E sup

t#s#m
Zs 2Wm

s

� �
F uj

� �

# E sup
u#s#m

Zs 2Wm
s

� �
F uj

� �
:

So, W 0 is a superclaim too. Moreover W 0 # W. Indeed, since Z # W and W p is decreasing,

we have W 0
t ¼ Wt þ Eðsupt#s#mðZs 2Ws þWp

s 2W
p
t ÞjF tÞ # Wt: A

Lemma 7.2. Let V be the Snell envelope (i.e. the smallest supersolution) and W be any

supersolution. Let 0 # t # m2 1 and assume Ws ¼ Vs for s . t. Then W 0
s ¼ Vs for s $ t.

Proof. If s . t, then Vs # W 0
s # Ws ¼ Vs. So, it suffices to show W 0

t ¼ Vt. Set X ¼ W 2 V .

Since Xs ¼ 0 for s . t, equation (7.1) for Xm yields Xm
s ¼ Xm

t for s $ t. Hence,

W 0
t ¼ E sup

t#s#m
Zs 2Wm

s þWm
t

� �
F tj

� �
¼ E sup

t$s[T

Zs 2 Vm
s þ Vm

t

� �
F tj

� �
¼ Vt:

(Last equality says V 0 ¼ V ; it holds since Proposition 7.1 applied to V gives V # V 0

# V .) A

The lemma and an induction immediately yield the additive supersolution iteration of

Ref. [6]:

Corollary 7.3. Let W ð0Þ be a supersolution with W ð0Þ
m ¼ Zm, e.g. W ð0Þ

t ¼ Eðsupt#s#m

ZsjF tÞ: Set inductively W ðnþ1Þ U W ðnÞ0 : Then W ðmÞ ¼ V . More generally, W ðnÞ
t ¼ Vt for

t $ m2 n.

The following is the Bermudan version of Corollary 3.11, using an alternative argument.
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Proposition 7.4. Let V be the Snell envelope of Z. Then, V
p
t ¼ supt#s#mðZs 2 Vm

s Þ:

Proof. By Proposition 7.1, V 0 # V . But, V # V 0 since V is the smallest supersolution.

Hence V ¼ V 0, or equivalently Eðsupt#s#mðZs 2 Vs þ Vp
s 2 V

p
t ÞjF tÞ ¼ 0: But, since Z # V

and V p is decreasing, supt#s#m ðZs 2 Vs þ Vp
s 2 V

p
t Þ # 0. Hence, supt#s#m ðZs 2 Vsþ

Vp
s 2 V

p
t Þ ¼ 0, which, using V ¼ V p þ V m, is equivalent to supt#s#m ðZs 2 Vm

s Þ2 V
p
t ¼ 0,

as desired. A

Remark. If V ¼ AB is the multiplicative decomposition of the Snell envelope V , then,

applying the above to payoff Z/B in measure PB as in Corollary 4.3, it follows,

At ¼ supt#s#m ðZs=BsÞ.

Let V be the Snell envelope of Z. Since V p is previsible, T0 is a stopping time, where

T0 U m ^ min 0 # t # m2 1 : V
p
tþ1 , 0


 �
:

Proposition 7.5. The stopping time T0 above and T* U min{0 # t # m : Zt ¼ Vt} are

optimal and T* # T * # T0 for all optimal stopping times T *. Moreover, V
p
T0

¼ 0.

Proof. Clearly, V
p
T0

$ 0. But V p # 0 since V p ¼ 0 and V p is decreasing. Hence V
p
T0

¼ 0.

Also, V
p
T0þ1 , 0 on the set {T0 , m} by the definition of T0. Hence Proposition 7.4 implies,

maxT0#s#m ðZs 2 Vm
s Þ ¼ 0 while maxT0þ1#s#m ðZs 2 Vm

s Þ , 0 on the set {T0 , m}. This

obviously implies ZT0
¼ Vm

T0
on {T0 , m} and hence everywhere as Zm ¼ Vm. Hence,

EZT0
¼ EVm

T0
¼ Vm

0 ¼ V0 and thus T0 is optimal. Let T * be another optimal stopping

time. Then ZT * ¼ VT * ¼ Vm
T * since V0 ¼ EZT * # EVT * # EVm

T * ¼ V0. So, V
p
T * ¼ 0,

which implies T * # T0. As ZT * ¼ VT * , it follows T* # T *. That T* is optimal is well

known. A

For any supersolution W , set TW
m U m and for 0 # t # m2 1, define the stopping time

TW
t U m ^ min t # s # m2 1 : W

p
sþ1 , Wp

t


 �
:

Clearly, T0 ¼ TV
0 . Also, W

p

TW
t

¼ W
p
t ; hence EðWTW

t
jF tÞ ¼ EðWm

TW
t
jF tÞ þW

p
t ¼ Wt:

Proposition 7.6. Let 0 # t # m. Then EðZTV
t
jF tÞ ¼ Vt.

Proof. Set Tt U TV
t . Clearly, V

p
Tt
$ V

p
t . But Tt $ t and V p is decreasing. Hence V

p
Tt
¼ V

p
t .

Also, V
p
Ttþ1 , V

p
t on the set {Tt , m} by the definition of Tt. Hence Proposition 7.4

implies, maxTt#s#m ðZs 2 Vm
s Þ ¼ V

p
t while maxTtþ1#s#m ðZs 2 Vm

s Þ , V
p
t on {Tt , m}.

This obviously implies ZTt
¼ Vm

Tt
þ V

p
t . Hence, EðZTt

jF tÞ ¼ EðVm
Tt
þ V

p
t jF tÞ ¼ Vm

t þ

V
p
t ¼ Vt. A

Lemma 7.7. Let 0 # t # m and W be a supersolution such that Ws ¼ Vs for s $ t: Then

Wp
s 2W

p
t ¼ Vp

s 2 V
p
t for all s $ t and hence TW

t ¼ TV
t .
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Proof. Set X ¼ W 2 V . Since Xs ¼ 0 for s $ t, equation (7.2) for Xp shows that Xp
s ¼ X

p
t for

s $ t. Hence, Wp
s 2W

p
t ¼ Vp

s 2 V
p
t for s $ t, which obviously implies TW

t ¼ TV
t . A

The main result of this section complements the iteration of Ref. [6] in Corollary 7.3. We

obtain, EðZ
TW ðnÞ

0

Þ # V0 # W ðnÞ
0 for all 0 # n # m, with the duality gap narrowing as n

increases:

Theorem 7.8. Let W ð0Þ be a supersolution with W ð0Þ
m ¼ Zm, e.g. W ð0Þ

t ¼ Eðsupt#s#m ZsjF tÞ:

Define inductively, W ðnþ1Þ U W ðnÞ0 : Then, EðZ
TW ðnÞ

t

jF tÞ ¼ Vt for t $ m2 n, 0 # n # m.

Proof. Let 0 # n # m. By Corollary 7.3, we have W ðnÞ
t ¼ Vt for t $ m2 n. Hence by

Lemma 7.7, TW ðnÞ

t ¼ TV
t for t $ m2 n. Therefore by Proposition 7.6, EðZ

TW ðnÞ

t

jF tÞ ¼ Vt for

t $ m2 n. A

Remark. As in Ref. [6], Proposition 7.1 and Corollary 7.3 continue to hold if W 0 is defined

as the multiplicative improvement W 0
t U EðBmsupt#s#m ðZs=BsÞjF tÞ ¼ Bt E

Bðsupt#s#m

ðZs=BsÞjF tÞ, where W ¼ AB is the multiplicative decomposition of W . So will Proposition

7.6 and Theorem 7.8, with TW
t U m ^ min{t # s # m2 1 : Asþ1 , At}: (See the argument

in Corollary 4.3.)

8. Financial interpretation and heuristics

The exposition in this final section is in part heuristic rather than rigorous, nevertheless useful

we hope. We implicitly assume finite horizon T ¼ ½0;m�, regularity, etc. as needed.

All the interpretations below are based on viewing the Snell envelope Vt as the time-t price

of the current American option (issued at time t) on a given payoff process Z.

8.1 The multiplicative decomposition

Let us interpret the multiplicative decomposition of the Snell envelope, expressed in the form

AV ¼ C, where A is an increasing predictable process with A0 ¼ 1 and C is a claim (that

domineers Z). Relying on the right continuity of Z, we approximate the American option by a

Bermudan option that can be exercised at one of only finitely many dates 0 # t1 , · · · , tn,

receiving payoff Zti .

Start with V0 capital and with it at time t ¼ 0 buy At1 ¼ 1 share of this Bermudan option.

At time t1, sell the option and with the proceeds buy At2 units of the Bermudan option with

exercise dates t2; . . . ; tn. At time t2, sell all At2 units of this Bermudan option and with the

proceeds buy At3 units of Bermudan option with exercise dates t3; . . . ; tn. Continue this

trading strategy at time t3 and subsequent times ti until tn.

Clearly this is a self-financing trading strategy. Therefore its price (portfolio value) is a

claim, which we denote by C. By its definition Cti equals the net value of Bermudan options

sold at time ti. Since Ati units of Bermudan options with exercise date ti; . . . ; tn are sold, each

unit of which is priced at Vti , we conclude that Cti ¼ AtiVti .

Moreover, the number of share (units) A is previsible by construction. It is also increasing.

Indeed, if it is not optimal to exercise at ti, then Atiþ1
¼ Ati because the sold Bermudan
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options at time ti are identical to the ones next bought at ti. And otherwise, if it is optimal to

exercise at ti, then Atiþ1
. Ati because unit price of the sold options is Zti , which is by

optimality greater than unit price EðVtiþ1
jF tÞ of bought options.

8.2 Additive decompositions and domineering claims

Given a numeraire B, let us interpret the invariant Doob–Meyer decomposition V ¼ C 2 AB

of Proposition 3.15, where C is a domineering claim and A is an increasing and predictable

process with A0 ¼ 0.

As in Section 8.1, we discretize and at time 0 buy one unit of the Bermudan option

with exercise dates t1; . . . ; tn. At time t1, sell it and with the proceeds buy one unit of the

Bermudan option with exercise dates t2; . . . ; tn and a1 units of the numeraire B. (Clearly

a1 $ 0.) At time t2, sell the Bermudan options bought at t1 and with the proceeds buy one

unit of the Bermudan option with exercise dates t3; . . . ; tn and a2 $ 0 units of the

numeraire B. Continue this self-financing trading strategy at t3 and subsequent times ti
until tn.

Define the claim C to be the price process of this self-financing portfolio. Set At1 ¼ 0

and for i $ 2, define Ati ¼ a1 þ · · · þ ai21. Clearly, A is previsible and increasing. By

construction, Ati is the number of shares of the numeraire B held in the portfolio at

time ti before any transaction (that is the number of shares brought forward from

time ti21).

The value Cti of the portfolio, looked at time ti just before any transaction, equals the value

of one unit of the Bermudan option carried forward, i.e. Vti , plus the value of the Ati units of

numeraire B brought forward, i.e. AtiBti . Therefore, C ¼ V þ AB.

8.3 Invariance of the multiplicative decomposition

As the above shows, investments in the (generalized) additive decomposition V ¼ C 2 AB

are rolled over both the numeraire B and (one unit of) the newly issued American option V

(in the case of V ¼ C 2 A, the reference numeraire is implicitly B ¼ 1), whereas in the

multiplicative case all investment is rolled over V. As such, in contrast to the additive

decomposition, the multiplicative decomposition does not rest on any reference numeraire

for its existence.

8.4 A formula for the compensator of the Snell envelope (pure diffusion)

Consider the (decreasing) compensator V p of V . From Corollary 3.11 or Section 5.3, we

know V p is constant while Z , V , that is, V p does not decrease while it is not optimal to

exercise. So, dV p ¼ 1{Z¼V} dV p. Assuming Z and V are continuous, on the stopping

region {Z ¼ V} we expect dV p ¼ dZ p. This indicates that in the continuous case we

have,

dV p ¼ 1{Z¼V} dZ p:

Since V is a supermartingale, dV p # 0. Hence the formula dV p ¼ 1{Z¼V} dZ p implies

dZ p # 0 on the stopping region {Z ¼ V}, that is Z is a supermartingale there.
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8.5 The American call

The payoff process of a standard American call option with expiration m and strike K [ R on

an asset with price process S is Z ¼ ðS2 KÞþ. Clearly, on the stopping region {Z ¼ V}, we

have S $ K, usually S . K. Therefore on this region, Z ¼ S2 K, indicating dZ p ¼ dSp.

Hence, for the American call in the diffusion case,

dV p ¼ 1{V¼S2K} dSp:

If S is a submartingale, the stopping region is empty and the above gives, V p ¼ 0, i.e. V is a

martingale, as expected. The stopping region will be nonempty if dSp , 0.

8.6 A formula for the Snell envelope (pure-diffusion)

As Vm ¼ Zm, we have Vm
t ¼ EðVm

mjF tÞ ¼ EðZm 2 Vp
mjF tÞ. Hence, in general (see also

Proposition 3.17),

Vt ¼ E Zm 2

ðm
t

dVp
s jF t

� �
:

In the case of pure diffusion, we can substitute dV p ¼ 1{Z¼V}dZ p and thus get

Vt ¼ E Zm 2

ðm
t

1{Zs¼Vs} dZp
s jF t

� �
:

For an American call payoff process Z ¼ ðS2 KÞþ, this and the previous section implies

Vt ¼ E ðSm 2 KÞþ 2

ðm
t

1{Vs¼Ss2K} dSps jF t

� �
:

(We stress again 1{Zs¼Vs} dZp
s ¼ 1{Zs¼Vs} dV p # 0.) More generally, for any numeraire B,

Vt ¼ Bt E
B ðSm 2 KÞþ

Bm

2

ðm
t

1{Vs¼Ss2K}

dSps
Bs

jF t

� �
:

8.7 Pure diffusion with interest rates

Relaxing previous setting, let r denote the instantaneous interest rate process. Now, V

denotes the smallest process such that V $ Z and e
2
Ð
r dt

V is a supermartingale: Vt U

ess: supt#T[T Eðe
2
Ð T

t
rs ds

ZT jF tÞ: By Section 8.6,

e
2
Ð t

0
rs ds

Vt ¼ E e
2
Ð m

0
rs ds

Zm 2

ðm
t

1{Zs¼Vs} d e
2
Ð s

0
ru du

Zs

� �p

jF t

� �

¼ E e
2
Ð m

0
rs ds

Zm 2

ðm
t

1{Zs¼Vs} e
2
Ð s

0
ru du

dZp
s 2 rsZs ds

� �
jF t

� �
:

Thus, we arrive at the general formula in the pure diffusion case:

Vt ¼ E e
2
Ð m

t
rs ds

ZmjF t

� 	
þ E

ðm
t

e
2
Ð s

t
ru du

1{Vs¼Zs} rsZs ds2 dZp
s

� �
jF t

� �
: ð8:1Þ

Doob–Meyer decomposition of the Snell envelope 53



D
ow

nloaded By: [Jam
shidian, Farshid] At: 12:26 24 January 2007 

In particular, for a call Z ¼ ðS2 KÞþ struck at K on a continuous semimartingale S, letting

y denote the dividend yield process defined via dSp ¼ ðr 2 yÞS dt, we get

Vt ¼ E e
2
Ð m

t
rs ds

ðSm 2 KÞþjF t

� 	
þ E

ðm
t

e
2
Ð s

t
ru du

1{Vs¼Ss2K}ðysSs 2 rsKÞ dsjF t

� �
:

Other payoffs can also be considered, such as the American option on the minimum two

assets studied in Ref. [11]. As a simpler example, consider an American swaption payoff

Z ¼ ðS2 KÞþ, just like a call, but K a semimartingale too rather than a constant. Then,

Vt ¼ E e
2
Ð m

t
rs ds

ðSm 2 KmÞ
þjF t

� 	

þ E

ðm
t

e
2
Ð s

t
ru du

1{Vs¼Ss2Ks} rsðSs 2 KsÞ ds2 dSps þ dKp
s

� �
jF t

� �
:

8.8 Delayed exercise compensation

The above results have an intuitive financial interpretation, originally arrived at in Ref. [19]

(1989) we reckon. Commonly,
Ð
rS dt2 Sp is interpreted as the cumulative dividend of any

process S. So, the process y defined by dSp ¼ ðr 2 yÞS dt represents the (continuous)

dividend yield. By the call pricing formula following equation (8.1), the price V of the

American call equals the European call price plus the present value of the nonnegative

cashflow 1{V¼S2K}ðyS2 rKÞ ds.

It follows that an American call option is equivalent to the European call option plus the

nonnegative continuous cashflow 1{V¼S2K}ðyS2 rKÞ.

A supporting arbitrage argument is that whenever it is optimal to exercise the call, we have

S . K. If we delay optimal exercise for an infinitesimal amount of time dt, we still can

exercise at t þ dt. All we loose by this delay is the dividend yS dt paid by the stock. But, we

gain the interest rK dt on the strike. Because of continuity, we gain no further. So, if we were

compensated for this dividend less the interest, we could delay optimal exercise without

incurring any net gain or loss. As we continue delaying and being compensated, the

underlying asset price may go down so that it is no longer optimal to exercise. Naturally, we

will not exercise then, but will receive no compensation either. If subsequently asset price

rises and it becomes optimal again to exercise, we continue delaying optimal exercise and

again receive instead the dividend compensation less interest on strike and so on.

In this way, we never exercise early and are left in the end with the European call payoff

ðSm 2 KÞþ, plus the cumulative delayed exercise compensation
Ðm

0
1{V¼S2K}ðyS2 rKÞ dt.

8.9 Single-state variable diffusion case by inhomogeneous PDE

In 1989, four working papers and sequels on an “early exercise premium” formula appeared,

eventually published as [5,16,19,24]. By a complex integration by parts calculation, [24]

initially simplified the free-boundary American option pricing formula of [29]. Soon after,

using specialized identities for the normal distribution, [5] further improved this calculation.

In short order, based on the high-contact condition in [29] but not on the formula there, [19]

provided an easy derivation of the simplified/improved formula, presented its interpretation

and extended it to dividends and bond options. Independently, [16] arrived at the formula by
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probabilistic methods. Some of the authors also presented other derivations and further

characterizations in various revisions subsequent to the initial iteration.

The method of [19] (1989) views the Snell envelope drift ðdV p=dtÞ as an inhomogeneous

term entering the fundamental PDE. The solution was represented by a discounted

expectation, similar to formula (8.2) below, with the inhomogeneous term serving as a

continuous cash flow. As such, in contrast to the normal-distribution formulae and

manipulations predating it, this technique furnished directly a Markovian version of the

expectation formula (8.1). Here, we rework it in a form simultaneously applicable to stocks

and bonds, but more importantly, we point out the formula’s connection to the Doob–Meyer

decomposition.

In this setting, asset prices P are functions Pt ¼ Pðt;XtÞ of time t and a state variable X that

follows an Itô process dXt ¼ mðt;XtÞ dt þ sðt;XtÞ dWt, with W a Brownian motion under the

risk-neutral measure P. The instantaneous interest rate process r is similarly of form

rt ¼ rðt;XtÞ. The discounted price e
2
Ð
r dt

P of any asset with zero continuous dividends (e.g.

a European call) is assumed to be a P-martingale, implying dPp ¼ rP dt. More generally, the

price process P of a derivative with a continuous dividend ct ¼ cðt;XtÞ (cumulative dividendÐ
c dt) satisfies dPp ¼ ðrP2 cÞ dt. Applying Itô’s formula to the discounted process e

2
Ð
r dt

P,

we see that LPþ c ¼ 0, where L is the differential operator

Lf ¼
›f

›t
þ m

›f

›x
þ

1

2
s2 ›

2f

›x2
2 rf ; f ¼ f ðt; xÞ:

We first consider an American call struck at K on a stock or bond with price process

St ¼ Sðt;XtÞ . 0. As above, rS2 ðdSp=dtÞ is interpreted as continuous dividend (or coupon).

So, y ¼ yðt;XÞ U r 2 ð1=SÞðdSp=dtÞ is the dividend yield: dSp ¼ ðr 2 yÞS dt. For stocks,

normally Sðt; xÞ ¼ x and r and y assumed nonnegative constants. For bonds, usually rðt; xÞ ¼ x.

In general, LSþ yS ¼ 0 by the above. We assume Sðt; xÞ is monotone in x, say increasing.

As is well known (e.g. [3,18,23]), there exists an “optimal boundary” x*ðtÞ, above which

the American call is optimally exercised and below which it is kept. As American call

Vt ¼ Vðt;XtÞ equals St 2 K at or above x*ðtÞ, it follows LV ¼ LS2 LK ¼ 2ðyS2 rKÞ # 0

on the ðt; xÞ region x . x*ðtÞ. Below x *ðtÞ, the American call is not exercised and behaves like

any asset with zero continuous dividend. So, LV ¼ 0 on the ðt; xÞ region x , x*ðtÞ.

The function Vðt; xÞ is continuous everywhere and smooth outside the optimal boundary

{ðt; x*ðtÞÞ : t [ ½0;m�}. In order to make sense of LV as an L1
loc function on the whole ðt; xÞ

region (including the boundary), we invoke the following smooth fit assumption: V is dt-

absolutely continuous and ð›V=›xÞ exists and is dx-absolutely continuous, so that ð›V=›t) and

ð›2V=›x2Þ are well-defined as L1
loc functions (in both Radon–Nykodym and distributional

sense). Since LV þ ðyS2 rKÞ ¼ 0 above the optimal boundary and LV ¼ 0 below, we

conclude

LV þ 1x.x *ðtÞðyS2 rKÞ ¼ 0; Vðm; xÞ ¼ ðSðm; xÞ2 KÞþ:

By the Feynman–Kac formula, the solution V to this inhomogeneous parabolic PDE is

Vt ¼ E e
2
Ð m

t
rs ds

ðSm 2 KÞþjXt

� 	
þ E

ðm
t

e
2
Ð s

t
ru du

1{Xs.x *ðsÞ}ðysSs 2 rsKÞ dsjXt

� �
: ð8:2Þ
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This is a special case of equation (8.1). The first term is the European option price and the

second the early exercise premium. Equation (8.2) evaluated at Xt ¼ x*ðtÞ yields an integral

equation for the optimal boundary x*ðtÞ, as the left hand side becomes Sðt; x*ðtÞÞ2 K.

Equation (8.2) yields the Doob–Meyer decomposition of e
2
Ð
r dt

V , for it can be

rewritten as

e
2
Ð
r dt

V ¼ M 2 A; ð8:3Þ

where M is the martingale

Mt ¼ E e
2
Ð m

0
rs ds

ðSm 2 KÞþ þ

ðm
0

e
2
Ð s

0
ru du

1{Xs.x *ðsÞ}ðysSs 2 rsKÞ dsjXt

� �
;

and A is the increasing continuous process,

At ¼

ðt
0

e
2
Ð s

0
ru du

1{Xs.x *ðsÞ}ðysSs 2 rsKÞ ds:

Similar arguments yield similar formulae for American puts where Z ¼ ðK 2 SÞþ, e.g.

Vt ¼ E e
2
Ð m

t
rs ds

ðK 2 SmÞ
þjXt

� 	
þ E

ðm
t

e
2
Ð s

t
ru du

1{Xs,x *ðsÞ}ðrsK 2 ysSsÞ dsjXt

� �
:

To calculate the expectations for bond options, the additional step of changing to the

forward numeraire measure (for m and each s) is to be taken, as in [19], where a general 1-

factor short-rate model is developed then applied to get explicit formulae in the Vasicek and

the CIR models (and in the general one-factor Gaussian model in the 1989 version.)

8.10 Extension to Markovian jump-diffusion

Recently, [7] have extended the inhomogeneous PDE approach of [19] to (stochastic

volatility and to) an inhomogeneous IPDE for the case of exponential Lévy underlyers (e.g.

Merton’s lognormal jump-diffusion model). The IPDE is solved explicitly using the Fourier

transform, resulting in a coupled 2 £ 2 system of integral equations for the American call

price V and the optimal boundary S*. They extend the financial interpretation as follows. In

addition to instantaneously compensating for dividend and penalizing for interest on strike as

in pure diffusion, the infinitesimal expectation to jump down at the next instant from the

stopping region into the continuation region is penalized too, because then the option price

depreciates less than if it had been exercised. Here, we propose a general formulation based

on the Itô–Meyer formula, while still assuming rather than proving smooth paste and any

needed regularity.

As already seen several times, in the zero-interest rates case, we have in general,

Vt ¼ E Zm 2

ðm
t

dVp
s jF t

� �
: ð8:4Þ

To calculate dV p (which equals 1{Vs¼Ss2K} dV p), we assume Z ¼ ðS2 KÞþ for some

positive special semimartingale S and constant K. We further assume Vt ¼ Vðt; StÞ for

some C 1 function Vðt; SÞ such that as a distribution ð›2V=›S2Þ is locally integrable on

½0;m� £ ð0;1Þ. In particular, V is a difference of two convex functions in S. As such,

(a time-dependent version of) Itô–Meyer formula is applicable. Applying it, then taking
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compensator,

dV p ¼
›V

›t
dt þ

›V

›S
dSp þ

1

2

›2V

›S2
d½Sc�

þ

ð
y–0

Vð·; S2 þ yÞ2 Vð·; S2Þ2 y
›V

›S
ð·; S2Þ

� �
n̂ ðdt; dyÞ;

where n̂ ¼ n̂ ðdt; dyÞ is the compensator measure of S (the jump-size intensity). We are

interested in this formula in the stopping region {V ¼ S2 K}, as it is zero outside it. We

assume a continuous optimal boundary curve t 7! S*ðtÞ, meaning {Vt ¼ St 2 K}

¼ {St $ S*ðtÞ}. So, dV p ¼ 1{S$S *}dV p: We further assume dSp, d½Sc�, n ðdt; dxÞ and

hence dV p are dt-absolutely continuous. Then dV p ¼ 1{S2.S *}dV p. On the region

{S2 . S*}, we have Vð·; S2Þ ¼ S2 2 K, so, ð›V=›tÞ ¼ ð›2V=›S2Þ ¼ 0 and ð›V=›SÞ ¼ 1

(evaluated at ðt; St2Þ). Thus,

dV p ¼ 1{S2.S *} dSp þ

ð
y–0

ðVð·; S2 þ yÞ2 ðS2 þ y2 KÞÞn̂ ðdt; dyÞ

� �
:

Equating the last two expressions for dV p gives an IPDE for V, as addressed shortly. But, it

more usual to model the jumps of X U log ðSÞ. Let n ¼ n ðdt; dxÞ denote its compensator

measure. Interestingly then, the jump integral transforms multiplicatively:

dV p ¼
›V

›t
dt þ

›V

›S
dSp þ

1

2

›2V

›S2
d½Sc�

þ

ð
x–0

Vð·; S2 exÞ2 Vð·; S2Þ2 ðex 2 1ÞS2
›V

›S
ð·; S2Þ

� �
n ðdt; dxÞ:

(This follows by a similar application of Itô–Meyer formula to the function

vðt;XÞ ¼ Vðt; SÞ, where S ¼ eX . Then one manipulates, especially using that by Itô’s

formula dSp ¼ S2 dXp þ ð1=2ÞS2d½Xc� þ
Ð
x–0

eX2 ðex 2 1 2 xÞn ðdt; dxÞ:) Now, dV p ¼

1{S2.S *} dV p and as before, on the region {S2 . S*}, we have Vð·; S2Þ ¼ S2 2 K,

ð›V=›SÞ ¼ 1, etc. Thus,

dV p ¼ 1{S2.S *} dSp þ

ð
x–0

ðVð·; S2 exÞ2 S2 ex þ KÞn ðdt; dxÞ

� �
:

Since Vðt; St2 exÞ2 St2 ex þ K ¼ 0 for St2 ex $ S*ðtÞ, we can also write the integral as

dV p ¼ 1{S2.S *} dSp þ

ðlogðS *=S2Þ

x¼21

ðVð·; S2 exÞ2 S2 ex þ KÞn ðdt; dxÞ

 !
: ð8:5Þ

(Note log ðS*=S2Þ , 0 here.) Plugging into equation (8.4), we get, for the case of zero

interest rates,

Vt¼E ðSm2KÞþ2

ðm
t

1{Ss2.S *ðsÞ} dSpsþ

ðlogðS *ðsÞ=Ss2Þ

x¼21

ðVðs;Ss2exÞ2Ss2exþKÞnðds;dxÞ

 !
jSt

 !
:
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Now consider an integrable spot rate process r. Let S, V denote undiscounted processes as

before. Then, applying the above to the payoff process e
2
Ð
r dt

ðS2 KÞþ finalizes to

Vt ¼E e
2
Ð m

t
rs ds

ðSm 2 KÞþ þ

ðm
t

1{Ss2.S *ðsÞ} e
2
Ð s

t
ru du

ðysSs 2 rsKÞ ds
��

2

ðlog ðS *ðsÞ=Ss2Þ

x¼21

ðVðs; Ss2 exÞ2 Ss2 ex þ KÞn ðds; dxÞ

!
jSt

!
:

ð8:6Þ

Here, we also took the liberty to express in terms of dividend yield process y

(dSp V ðr 2 yÞS2 dt), while reversing a sign. To derive the IPDE, we simply equate equation

(8.5) with the one before its preceding (the one with partials) and divide by dt—ditto for

nonzero r. It yields, denoting s the volatility process (d½Sc� V s2S2
2dt) and

~n ðt; dxÞ dt U n ðdt; dxÞ,

›V

›t
þ ðr 2 yÞS2

›V

›S
þ

1

2
s2S2

2

›2V

›S2
2 rV

þ

ð
x–0

Vðt; S2 exÞ2 Vðt; S2Þ2 ðex 2 1ÞS2
›V

›S
ð·; S2Þ

� �
~n ðt; dxÞ

þ 1{S2.S *} yS2 2 rK 2

ðlog ðS *=S2Þ

x¼21

ðVðt; S2 exÞ2 S2 ex þ KÞ ~n ðt; dxÞ

 !
¼ 0:

This is general, e.g.
Ð
jxj,1

x2 ~n ðt; dxÞ , 1. When r ¼ rðt; SÞ, s ¼ sðt; SÞ, y ¼ yðt; SÞ,

~n ðt; dxÞ ¼ ~n ðt; St; dxÞ are functions of ðt; SÞ, it results in an IPDE. All terms (even really

r; y;s) are then functions of S2, which as a dummy variable is replacable by S. For constant

r; y;s=S and n ðdt; dxÞ ¼ l dtn ðdxÞ with finite activity
Ð
x–0 �v ðdxÞ , 1, [7] solve the IPDE in

closed-form (by Fourier inversion) as an infinite sum of double integrals. Evaluating at

St ¼ S*ðtÞ gives an integral equation for S*ðtÞ (in terms of Vð·; SÞ), which 2 £ 2 integral

equation system ðV; S*Þ they solve numerically by an iterative Volterra equation algorithm.

8.11 An American deal no one should buy

We conclude with the observation that no reasonable investment value can be attached to an

“American option” whose underlying payoff process has no optimal stopping time. The

argument works in general, but we assume the Black–Scholes setting with constant rate

r $ 0 and a zero-dividend stock with geometric Brownian motion price process S such that

ðe2rtStÞ
m
t¼0 is a martingale.

Consider the (undiscounted) payoff process Zt ¼ ðSt 2 1Þþ for t , m and Zm ¼ ðSm 2 2Þþ.

It has no optimal stopping time. It is easy to see thatV0 ¼ e2rmEðSm 2 1Þþ. Indeed, both sides

equal sup0#s,m e2rsEðSs 2 1Þþ, using the fact that the European option price e2rsEðSs 2 1Þþ is

increasing in expiration s. But, if we successfully sell this contract at a pitched “fair” price of

V0, we will make an arbitrage profit, no matter how small, with the hedge that goes long one

European call of expiration m and strike 1. Indeed, the buyer will eventually have to exercise

early before m if the payoff is in the money, for his payoff will drop at m if he procrastinates.
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But, even if he wisely exercises at some time t , m, we pay him only St 2 1, which is less than

what our European option hedge is worth then.

At least in theory therefore, an investor is strictly better off at the same cost with the

European option than this contract. This suggests that such contracts are not proper financial

options. As in [20], one can view an option as a pair ðT;OÞ, with random expiry T [ T and

random payoff O [ F T . For a reward process Z that does have an optimal stopping time T *,

the American option can then properly be defined as the pair ðT *; ZT *Þ.
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