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We develop a concept of a “domineering claim” and apply it to the existence, uniqueness and properties
of optimal stopping times in continuous time. The notion pinpoints a key observation of pathwise
optimality implicit in Davis and Karatzas. It also ties in well with several formulations of a duality in
optimal stopping theory, including the minimax duality pricing formula in Rogers and Haugh and Kogan
for American and Bermudan options and its multiplicative version. We give a general formulation and
proof that the Snell envelope is a supermartingale. Combined with the Doob—Meyer decomposition in
different numeraire measures, this gives rise to (many) domineering claims. The multiplicative
decomposition, for which a formula is derived, yields a uniquely invariant domineering numeraire. A
pricing formula in Kim, Jacka, Carr ef al. and Jamshidian are extended and related to the additive
decomposition. The iterative construction of the Snell envelope in Chen and Glasserman is partially
extended to continuous time. In Bermudan case, it is complemented with construction of stopping times
converging to the optimal one, reminiscent of Kolodko and Schoemakers. The perpetual American put is
treated by incorporating an approach of Beibel and Lerche. Assuming smooth pasting, the jump-diffusion
setting of Chiarella and Ziogas is extend based on the I1t6—Meyer formula.

Keywords: Duality; Optimal stopping time; Snell envelope; Supermartingale; Doob—Meyer decompo-
sition; Multiplicative decomposition

MS Classification 60G40, 60H30.

1. Introduction

This paper develops further a duality method in optimal stopping based on the Doob—Meyer
decomposition of the Snell envelope. It presents known results too, citing reference best we
can; and it uses duality arguments in all proofs. The known results serve as motivation for
related new results or extensions, or else are included to ease the development. For example,
we present a duality result of [31] and independently [15] as motivation for our related
multiplicative results, while we state and prove a suitable form of the well-known
supermartingale property of the Snell envelope to ensure the conditions that meet such
applications as our extension of a known result on the existence of optimal stopping times.

The duality method arises in many contexts, e.g. with constraints in the incomplete market
settings of [13] or [27]. Especially relevant here is the formula in [8] which almost provides a
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pathwise characterization of optimality, implicit though more evident in [31] too. The
Doob—Meyer decomposition of the Snell envelope is also related to the Markovian PDE
optimal-boundary literature such as the earlier work [3,18,23], particularly to the original
free-boundary formula of [29] for the American put and its “early exercise premium”
simplification in [5,16,24], not least to the “delayed exercise compensation” technique of
[19] and its recent extensions in [7]. Our approach also bears resemblance to a multiplicative
method in [2] that helps solve several classical optimal stopping problems.

The minimax formulation of the duality in [15,31] and its multiplicative version are among
several contenders for numerical valuation of American options by Monte-Carlo simulation
when the traditional dynamic-programming based PDE and binomial techniques break due to
high dimensionalityf. By itself, minimax duality produces only upper bound estimates in
simulation, because only proxies for “domineering claims” are prescribable algorithmically.
With the help of some optimization as in [31] or [22], the estimates may still turn out quite
accurate in some important practical situations.

Minimax duality can be effectively combined through a convergent feedback loop with
ingenuous optimal exercise time approximations that produce tight lower bounds, as in
[1,14,15,25]. An interesting recent development in this direction is the simulation within
simulation iterative construction of [26], proved convergent to the optimal exercise time in a
finite number of steps, while reportedly requiring only very few iterations in practice for
outstanding high-dimensional problems such as pricing of Bermudan swaptions.

Another new development is the “supersolution” iteration of [6] converging to the Snell
envelope. It improves the proxy claim and upper bound at each iteration and is applied to
compare the bias, variance and numerical performance of the additive versus
multiplicative minimax duality. (See also [4] for the variance of multiplicative method
from an importance sampling perspective.) The two methods are also studied and
interpreted in [21].

1.1 Domineering claims

We build on a novel concept of “domineering claim”, basically a martingale that lies above
the underlying payoff (reward) process, but such that on each path the payoff process reaches
arbitrary close to it at some point and even touches it for a large class of payoff processes
(at which point is then optimal to exercise). The Doob—Meyer decomposition of the Snell
envelope furnishes many domineering claims when looked at from viewpoints of different
numeraire measures relativistically through the Bayes’ rule.

A special domineering claim, with a unique numeraire-invariance property and financial
interpretation, arises from the multiplicative rather than additive decomposition. Unlike the
additive compensator, the multiplicative compensator (interpreted as a number of shares in
the current American option) is independent of the choice of numeraire.

The multiplicative decomposition was first established by It6%. Previously, it has been
applied in mathematical finance to extract interest rates from the state price density and

TWe refer to [14] and references therein for other Monte-Carlo methods such as the stochastic mesh method,
optimal exercise policy approximation and regression on basis functions.
#I thank F. Delbaen for clarifying this point at the Symposium.
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employed in [9] to analyze passport options. It is treated in the new edition of the treatise
[17]. We derive a different (but equivalent) formula for it than appears there.

Domineering claims give much information about optimal stopping times and help their
characterization. We give an easy proof of the known result that an optimal stopping time
exists if the payoff process is quasi-left continuousy. We also show a similar but weaker
condition suffices. Our main result in this regard is a formula that basically provides
necessary and sufficient conditions for the existence of an optimal stopping time.

Our most technical result proves the Snell envelope is a right-continuous supermartingale
of class D. The supermartingale property, alongside the Doob—Meyer decomposition, is the
cornerstone of the duality approach. It is a classical result of optimal stopping theory, long
known with various assumptions on the underlying payoff process. A similar statement to
ours, but with additional assumptions of positivity and existence of left limits, is made in [30]
with proof referred to [10]. Our formulation implies that a right-continuous adapted process
is of class D if and only if it is dominated by a uniformly integrable martingale.

We see the additive (multiplicative) compensator of the Snell envelope equals the minimal
future (relative) distance between the payoff process and the martingale part of Snell
envelope. This relates to a continuous-time formulation of the supersolution iteration of Ref.
[6] converging to the Snell envelope. In the Bermudan case, we propose dual stopping times.

We follow [2] for the perpetual put, where Brownian motion asymptotics come into play.

We develop general path-dependent heuristics for the formula in [5,16,19,24]. The Snell
envelope compensator turns out to be the “delayed exercise compensation” in [19],
extended to jumps in [7]. We extend [7] probabilistically to general Markovian jump-
diffusion.

The duality approach to optimal stopping has much intuitive appeal. A domineering claim
is described by a self-financing trading strategy that invests in and rolls over one share of the
newly issued American option plus invests in the base numeraire a number of shares equal
the additive compensator. The multiplicative domineering numeraire invests only in the
current American option, with number of shares equal the multiplicative compensator.

1.2 Finite versus infinite horizon

Most practical applications of optimal stopping in finance are of finite time horizon ¢t €
[0, m] for some maturity m << oo. But, infinite horizon analysis is theoretically more unifying
and general, while only slightly more technical. There are also interesting concrete instances
with explicit solutions available only in the infinite horizon case ¢ € [0, ), such as the
perpetual American put, the Russian options in [32], or the (radar) detection problem in [33].
Using a unified method resembling the multiplicative minimax duality, as well as asymptotic
properties of sample paths of Brownian motions, [2] provide definitive solutions to these and
related infinite horizon problems.

We have opted for an exposition that treats finite and infinite horizons simultaneously.

Except for Section 7, we let the symbol T throughout stand for either the interval [0, o)
(infinite horizon) or the compact interval [0, m] for some fixed 0 < m < oo (finite horizon).

91 thank A. Irle for informing me that this result conjectured at my talk has long been known for decades. I thank
R. Dalang for pointing out to me the fallacy in an incorrect converse that I also conjectured.
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1.3 Notation and terminology

We fix throughout a stochastic basis
(Qa f? F= (ft)tET7 P)a

and for simplicity, assume F is trivial, i.e. consists of the events of probability O or 1.

In the infinite horizon case T = [0, 00), we let 7 stand for the set of all finite stopping times
T < oo a.s. In the finite horizon case T = [0, m], we let 7 denote the set of all stopping times
T = m a.s. We employ the following financially motivated abbreviations:

A claim is a right-continuous, uniformly integrable martingale§. We denote their set C.

In the infinite horizon case, if C = (C),~ is a claim, then C; converges as t — 00, a.s. and
in L', to a random variable Cw, denoted here also by the symbol C,,: we set m := o,

A numeraire is a claim B such that B,, > 0 a.s. We denote their set C .

Clearly, a numeraire B is a positive claim, i.e. a.s. B, > 0 forallt € T.

A payoff process is a right-continuous adapted process of class D||.

As is well known, any claim is a payoff process. This implies a right-continuous adapted
process Z is a payoff process if |Z] = C for some claim C. We show the converse later.

Strictly speaking, such terminology is compatible with the finance literature only when
interest rates and risk premia are zero. The definitions of a claim, etc. are suitably modified in
the general case (as the deflated claim price being a martingale, etc.). Except for the final
section, a financial context is not explicitly explored in this paper and the terms “claim”,
“numeraire” and “payoff process” serve primarily as convenient abbreviations.

2. Domineering claims, optimal stopping, minimax duality

In this section, Z denotes an arbitrary payoff process if not already explicitly specified such.

2.1 Domineering claims and duality

The following application of the optional sampling theorem highlights the issues and
motivates the notion of a domineering claim.

PROPOSITION 2.1. Let Z be a payoff process and C = Z be a claim. Then suprer EZr = Cy.
Moreover, if the stopping time 7« := inf{r € T : Z, = C,} is finite a.s. then we have,

supEZr = Co=EZr,.
TET

Proof. As Z = C, by the optional sampling theorem EZ; =< ECy = Cy for all T € 7. The

first statement follows. As for the second, by right continuity of Z — C we have, Zy, = Cr..

Hence, using the first part and the optional sampling theorem we have, suprer EZr =

Co=ECy, =EZ7, = suprer EZ7, implying the desired equality. O
We say a claim C domineers a payoff process Z if C = Z and Cy = suprer EZ7.

§Of course in the finite horizon case T = [0, m], any martingale is automatically uniformly integrable.
[|A process X = (X;),ey is of class D if the family of random variables (X7)7e7 is uniformly integrable.
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The martingale part of the Doob—Meyer decomposition of the Snell envelope, as utilized
in [8,15,31] furnishes the main example of a domineering claim. In general, there are
infinitely many domineering claims#. The mere existence of a domineering claim, as
recorded next, is more relevant to our analysis than the choice of a specific one.

THEOREM 2.2. Let Z be a payoff process. Then there exists a claim that domineers Z.

Proof.Fort € T, set V; := ess. sup;=re7 E(Z7|F,). Then (V) has a right-continuous version
V, which is a class-D supermartingale. (See Theorem 3.1 below). Let V = C — A be the
Doob—Meyer decomposition of V, where C is a claim and A an increasing predictable
process with Ag = 0. Then C domineers Z because Cyp = Vopand C =V = Z. O

We next present six corollaries of Theorem 2.2, starting with the now obvious duality,

COROLLARY 2.3. Duality: Let Z be a payoff process. Then

supEZ7y = min C,.
TET zZ=CeC

Moreover, the minimum is attained at a claim C = Z if and only if C domineers Zx#3*.
Proof. The “=* follows from Proposition 2.1 and “=* is immediate from Theorem 2.2. [

Remark. As emphasized throughout the symposium by L. Shepp, optimal stopping is
intimately connected to linear-convex programming. The duality formula above furnishes
such a connection, as it characterizes a domineering claim C as a solution to the following
linear-convex programming problem on the space C of claims: Minimize Cy subject to
C = Z. The incomplete market settings in [13,27] impose the constraint on such
minimization that C belong to the stable subspace generated by a given set of claims.

Remark. Theorem 3.1 below easily implies that suprer EZ7r = ming=7 Sy, where the
minimum is taken over all supermartingales S = Z. (Indeed the minimum is attained at the
Snell envelope). But, we do not consider this a duality result for it does not utilize the Doob—
Meyer decomposition theorem. It is a weaker result than the duality formula in Corollary 2.3
in that it is evident from the latter, whereas the converse implication becomes immediate only
after applying the Doob—Meyer decomposition to the Snell envelope.

As mentioned before, the class-D condition is equivalent to being dominated by a claim:

COROLLARY 2.4. Let X be a right-continuous adapted process. Then X is of class D if and
only if |X| = C for some claim C.

#An exception is when Z is a submartingale; then there is only one domineering claim, namely E(Z,,|F).
#+Replacing Z with —Z, one also concludes that infrer EZ7r = maxz=cec Co.
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Proof. Assume |X| = C for some claim C. Then X is class D because C is sof{. Conversely,
if X is of class D, then so is |X|. Therefore, by Theorem 2.2 applied to the payoff process
Z = |X|, there exists a claim C that domineers |X|. In particular, C = |X|. O

The following pathwise characterization of domineering claims is basic to the
development.

PROPOSITION 2.5. A claim C domineers a payoff process Z if and only if

sup(Z, — Cy) = 0.
teT

Proof. Assume C domineers Z. Then, using the definition and optional sampling theorem,

0= supktZ; — Cy = supk(Zyr — Cr) = Esup(Z, — C)).
TET TET €T

Since Z = C, this implies sup;et (Z; — C;) = 0 a.s.

Conversely, assume sup;et (Z;, — C;) =0. Then Z = C, so EZ; = ECy = Cy. Hence,
supre7 EZ7 = Cy. To prove the reverse inequality, it suffices to show that for any & > 0,
there is a stopping time 7 € 7 such that EZy = Cy — €. Let ¢ > 0. The assumption implies
that (pathwise) the set {t € T : Z, — C; = —e&} is nonempty a.s. Thus, the stopping time
T=inf{t €T :Z, — C, = —¢} is finite and so in 7. Since Z — C is right-continuous, we
must have Zy — Cy = —e&. Therefore, EZ7y = ECr — ¢ = Cy — &, as desired. O

Remark. The pathwise formula sup,e1 (Z; — C;) = 0 above does not appear but is implicit in
[8,31]. For example, it easily implies and follows from the main formula of [8], which in our
notation reads suprer EZ7 = Esup,et (Z, — C, + Cy,).

The additive minimax duality formula below was obtained by [31] and independently in
the Bermudan case by Ref. [15] and applied to Monte-Carlo pricing.

COROLLARY 2.6. Additive minimax duality: Let Z be a payoff process. Then

supkZy = rcnelg <Co + Esup (Z, — C,)) .

TET el

The minimum is attained at any claim C that domineers Z (and at translations of C).

Proof. By the optional sampling theorem, for any claim C and stopping time T € 7,

[EZT = C() + [E(ZT - CT) = C() + IESllp (Zt - Ct)

teT

Taking sup over 7, we see “=* holds. Let C be a claim that domineers Z, which exists by
Theorem 2.2. By the definition of domineering claim and Proposition 2.5,

tIndeed, 1yj>,|X| = 1¢=,C. Hence, suprer E(1ix,1>,|X7]) = suprer E(lc,.,c,) — 0 as n— oo
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suprer EZ7 = Cy = Co + Esup,et (Z, — C;). Equality and the second statement thus
follow. O

2.2 Existence of optimal times for quasi-left continuous payoffs

Let Z be a payoff process. A stopping time T is called optimal for Z if T* € T and
EZ;+ = suprer EZ7.
Let C be a claim that domineers Z. Define the increasing sequence of stopping times

1
Tl‘l :inf{le—ﬂ—.ztict——}7 n € N.
n
LemMA 2.7. We have T, € 7, all n and lim, e EZ7, = suprer EZ7.

Proof. By Proposition 2.5, the set {t € T : Z, = C; — 1/n} is nonempty a.s. Thus T, < o0
a.s., in fact, T,, € 7. By the right continuity of Z — C and the definition of 7,, we have
Zr, = Cr, — 1/n. Using the optional sampling theorem and that C domineers Z, we get

1 1 1
supbZy = EZy, = ECy, ——= Cy — —= supbEZ; — —.
TET n n rer n
Hence EZ7, converges to suprer EZ7 as n approaches oo. O

As (T,) is increasing, its limit 7* := lim,—« T, exists and is a stopping time. Obviously,
T* € T in the finite horizon case (as T,, = m). But, this is not necessarily so in the infinite
horizon case, e.g. T* = oo everywhere if Z, = 1 — e’ (since C = 1 in this case).

COROLLARY 2.8. Let Z be a quasi-left continuous payoff processii. Then the stopping time
T* defined above is optimal in the finite horizon case and it is also optimal in the infinite
horizon case provided it is finite.

Proof. Since Z is quasi-left continuous, 7, 1 T* and T* € 7, we have Z7, — Z;» a.s. Since
Z is of class D, this implies F Z7, — E Z;«. Hence T* is optimal by Lemma 2.7. (]

2.3 Multiplicative minimax duality

The multiplicative version requires a Bayes’ rule formula related to choice of numeraire:

PROPOSITION 2.9. Let Z be a payoff process, B be a numeraire and 7 € 7. Then

B

T

i1Recall this means Z has left limits and does not jump at any predictable time 7, i.e. l7<oAZ7 = 0 a.s. It implies
that Zy, — Zr a.s., whenever 7, 1 T with 7,,, T € 7. (See, e.g. Proposition 1.2.26 in Ref. [17]).
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Proof. Set Fr:={A € F: AN {T =t} € F,Vt}, as usual. Then, iterating expectation,

Zr\ _ Zr _r(%r _r(%r _
(5.22) (52217 )) e Znir) - () -1,

where we also used the Fr-measurability of Z7 /By and the optional sampling theorem. [J

We also need a multiplicative version of the pathwise characterization in Proposition 2.5.

ProOPOSITION 2.10. A numeraire B domineers a payoff process Z if and only if

Proof. Define the probability measure P? by (dP?/dP) = (B,,/By). One easily verifies
directly or as an immediate consequence Corollary 2.4 that Z/B is PB_class D and hence a
P2_payoff process. Moreover, denoting E? the expectation operator of P?, Proposition 2.9
implies that E Z; = B E8 (Zr/Br). It thus follows from the definition of a domineering claim
that B domineers Z if and only if the constant process 1 domineers the PZ-payoff process Z /B
under the measure P?. But, Proposition 2.5 applied to Z/B and P? shows that the latter
condition is equivalent to sup,et ((Z,/B;) — 1) = 0, which is the desired condition]y. O

The multiplicative formulae next for positive and nonnegative payoffs are from Ref. [20].

COROLLARY 2.11. Positive minimax duality: Let Z be a payoff process such that Z,, > 0 a.s.
in the finite horizon case and lim,—. Z; > 0 a.s. in infinite horizon. Then,

EZ inE <B Z’)
su = min sup— ).
Tel; "™ pec+ " zeTI? B,

The minimum is attained at any numeraire B that domineers Z (and at multiples of B).

Proof. For any numeraire B and stopping time 7 € 7, we have, using Proposition 2.9,

V4 Z
EZ;r = [E(B,,,T) = [E(Bm sup’).
Br T Bs
Taking sup over T, we see “=* holds. Let B be a claim that domineers Z. Then B is a
numeraire by the positivity assumption on Z, as B = Z. Using the definition of domineering
claim, the martingale property of B and Proposition 2.10, we have,

suprer EZ7 = By = E(B)) = E(Bsupset (Z;/B;)). Equality and the second statement
thus follow. 0

The above positive multiplicative minimax duality extends to the nonnegative case, the
only difference being that the “min” gets replaced by an “inf™:

99An alternative argument uses the fact any numeraire B is pathwise bounded above and bounded below above
zero. This easily implies that sup,e7(Z,/B;) = 1 if and only if sup,e7(Z, — B;) = 0. But, the latter condition is
equivalent to B domineering Z by Proposition 2.5.
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COROLLARY 2.12. Nonnegative minimax duality: Let Z = 0 be a payoff process. Then
Z
supEZy = inf E <Bm sup —t> .
TET BeC*t i1 B

Proof. As in the proof of the previous corollary, “=* holds. To show “=*, let ¢ > 0. Let C be
a claim that domineers Z. Then C = Z = 0. Set B® = C + &. Clearly, B® € C* domineers
the payoff process Z + €. Hence, by the second part of Corollary 2.11 applied to Z + &,

Z Z Z
supEZr +e=EL (Bfn suptts> = [E(Bfn supé) = inf [E(Bm sup[) .
TET er B T By BeC* T By

Since € > (0 was arbitrary, it follows that “=" holds. O

Remark. The “inf” above is attained at certain “semipositive options” defined in Ref. [20].

3. The Snell envelope and its Doob—Meyer decomposition

The Snell envelope process V of a payoff process Z is defined, for each ¢ a.s. by

V,:=-ess sup E(Z7|F)).

t=TET

By a Superclaim, we mean a right-continuous class-D supermartingale.

3.1 The superclaim property of the Snell envelope

We next show the Snell envelope is a superclaim. This property and the Doob—Meyer
decomposition theorem are the two pillars of the duality approach to optimal stopping. Our
statement is similar to the (first) Theorem in Section IV.A of Ref. [30] (p. 28). Equation (3.1)
below, known as the principle of dynamic programming, is usually stated with a = 1. It plays
a key role in the proof.

THEOREM 3.1. Let Z be a payoff process. Then its Snell envelope V has a unique right-
continuous version, denoted also V, which is a superclaim. Moreover, V is the smallest
superclaim satisfying V = Z, i.e. if V/ = Z is another superclaim, then V < V.

Furthermore, for any two stopping times S = 7 & 7 and nonnegative bounded F,-
measurable random variable «, we have

E(aV,|Fs) =ess sup E(aZr|Fs). 3.1
=TET

The proof is given after six lemmas. We first prove a version of equation (3.1) for
deterministic 7 and use it to show V is a uniformly integrable, right-continuous
supermartingale. Using this, we next show that V. = ess. sup,=re1 E(Z7|F ;) for all stopping
times 7 € 7 (which holds by definition for deterministic 7). This then implies equation (3.1)
with general 7, which is in turn used (with a general «) to prove that V is of class D.
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LeEmMMA 3.2. Let S = 7 € T and « be as above. Set V' := ess. sup,=re7 E(Z7|F ;). Then

E(aV!|Fs) =ess sup E(aZr|Fs).

=TET

In particular, equation (3.1) holds when 7 is deterministic (for then V/. = V. by definition).

Proof. f T € T and T = , then since E(Zr|F,) = V', we have
E(aZr|Fs) = E(E(aZr|F )| Fs) = E(aE(Zr|F )| Fs) = E(aV|Fy).

Hence “=* follows. To show “=, let (t,l),‘;":1 be a dense subset of T, e.g. an enumeration of
the rational numbers in T. Set

T,={T&€T:TQ) C{t;,....t,}}, nE€N.

Note 7,C 7,41 C7. Let TET and T = 7. For n € N, define the stopping time
T,€ 7T,by

T,=min{r € {t,....t,} :t =T} ET,.

Clearly, T, = Ty41 = T. As (1), is dense, T,, | T. Since Z is right-continuous this implies
Zr, — Zr. As Z is of class D, E(Z7|F,) = lim,—« E(Z7,|F,) as. and in L.

It is well-known that for each n there is a stopping time TZ € 7, such that [E(ZT; | Fo =
E(Zp|F,) for all T' € T, with T' = 7. (This is shown by (backward) induction (e.g. Refs.
[14,20]) and amounts to saying that in the Bermudan case, given T, there always exists an
optimal stopping time T, = 7.) Moreover, [E(ZT:+1 |Fo = E(Z; |FasT, CT,q.

In particular, E(Z7:|F,) = E(Z7,|F,). Hence lim, ., E(Z7:|F,) = E(Z7|F;). This
implies lim, ., E(Z7:|F;) = V' Since E(Z7+|F;) = V!, we conclude E(Z7+|F,) TV as.
Since @ is F, measurable, this implies E(aZz: |F7:) 1T aV’ as. Therefore, applying
the monotone convergence theorem and then iterating expectation, we have
E(aV/|Fs) = lim,—c [E(aZT:I}'S). Hence E(aV|Fs) = sup,<rer E(aZ7|Fy), as desired.
(Note, it also follows that V is adapted because, as we showed, [E(ZTilf N1V, =V, for
teT) O

LemMA 3.3. The Snell envelope V is a supermartingale.

Proof. The proof of Lemma 3.2 showed V is adapted. Let s =¢ &€ T. By Lemma 3.2,
equation (3.1) holds when 7 = ¢. Applying it with « = 1, S = s and then using s = ¢, we get

E(V,|Fs) =ess sup E(Z7|Fy) < ess sup E(Zr|F,) = V.

t=TET s=TET

Hence V is a supermartingale. U
LemMA 3.4. The Snell envelope V has a unique right-continuous version.

Proof. Since V is a supermartingale, it suffices to show EV, is right-continuous. As EV/, is
decreasing, this follows if we show for every + = 0, there is a sequence of stopping times
(Til);o:1 in 7 such that T}, = ¢ + (1/n) and E Z;» — EV,, for then EVx — EV, too, as V = Z.
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Let r = 0. By equation (3.1) (with 7=t, « = 1), EV; = sup,=re7 E Z7. Hence, there is a
sequence T, € T suchthat T, = tand EZy;, — EV,asn— o0. Define T, := T, V (¢t + (1/n)).

The sequence W, := lir,<iva/my (Zr — Ziyqny) converges to 0 as. by the right
continuity of Z and is uniformly integrable because Z is of class D; so EW, — 0. Thus, as
n— oo,

EZp =EZr, +EZy — Z1,) = EZr, + E( (1, <tvaymyZr, — Zivaym)) — BV,

since EZy, — EV, and EW,, — 0. Thus the sequence (7") has the requisite properties.
O

LemMA 3.5. The Snell envelope V is uniformly integrable.

Proof. First, we may assume Z = 0, for if true in this case, then the Snell envelope W of the
payoff process |Z| is uniformly integrable, which implies V is uniformly integrable, since
clearly |V| = W. So, we assume Z = 0, implying V = 0.
We must show for every € > 0, there is K > 0 such that E(1{y,>x,V,) < e forallzt € T.
Let £ > 0. Since Z is of class D, there exist § > 0 such that E(1,Z7) < eforall T € 7T if
A € F satisfies PA < 8. Choose K > (V/8). Then

(Here we used, EX = E(1x>xX) + E(1x=xX) = KP{X > K}, with X = V,). By Lemma
3.2, equation (3.1) holds for 7= t. Applying it with a = 1{y,>k}, S = 0, we conclude

E(lyv,>xy V) = sup E(lyy,>x)Z7) < &,
t=sTET

as desired. ]
From now on, we always take the right-continuous version of the Snell envelope V.

LEMMA 3.6. If either V = 0 or V is of class D, then V. = ess. sup,=re7 EZ7|F,) = V! for
all 7 € 7. Hence equation (3.1) holds in either of these two cases by Lemma 3.2.

Proof. Let T = 7be in 7. By the previous three lemmas, the optional sampling theorem is
applicable to V. Hence, V. = E(V7|F;) = E(Z7|F,). Therefore, V, = V'.
Let (,),., be a dense subset of T and define the sets 7, as in the proof of Lemma 3.2.
Assume first that 7 € 7, for some n. Then, for each integer 1 = i =< n, we have,

Lirmiy Ve = 1=y Vi, = lymyess. sup E(Z7|F,) =ess sup E(1y—r\ Z7|F,)
L=TET L=TET

=ess sup E(l{—Z7|F,) = ess sup E(1{—,Z7|F )
T=TET =TET

= l{r=pess. sup E(Z7|F;).
T=TET
(The inequality above follows because for each stopping time 7" = ¢;, there is a stopping time
T' = rsuchthat l{—Zp = (=1 Z7,0.8. T' = L{=iy T + 1{r21)10.) Hence V. = V' Thus
V.= V.. So, equation (3.1) holds by Lemma 3.2, implying EV; = sup,<rer EZ7.
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Now, let 7€ 7 be general. Define the sequence 7, :=min{t € {1, ...,t,} : t = 7}.
Then, 7, € 7, and 7, | 7. If V = 0, then this, the right continuity of V and Fatou’s Lemma
imply that EV, = lim EV . ; whereas, if V is class D, then more strongly, EV, = lim[EV, .
Therefore either way, using the formula EV, = sup, <re7 EZ7; shown above, we get

[EV’T = li_m[EV'r,, = lim sup [EZT = sup [EZT = Ssup [E([E(Zle:‘r))

n—oo n—oor, <TeT =TET =TET

= E(ess sup E(Z7|F,).

=TET

Hence, EV, < EV’. Since as shown earlier V, = V', it follows that V, = V. O
LeMMA 3.7. The Snell envelope V is of class D.

Proof. First, we may assume Z = 0, for if true in this case, then the Snell envelope W of the
payoff process |Z| is class D, which implies V is of class D, since clearly |V| = W. So, we
assume Z = 0, implying V = 0.

We must show for every & > 0, there is K > 0 such that E(1{y >x,V,) < eforall T€ 7.

Let € > 0. Since Z is of class D, there exist 6 > 0 such that E(1,Z7) < eforall T € T if
A € F satisfies PA < 8. Choose K > (Vy/8). Then

P{V,> K} s%s&<é.
K K

(Here we used, EX = E(1x=xX) + E(1xy=xX) = KP{X > K}, withX = V). Since V = 0,

equation (3.1) holds by Lemma 3.6. Applying it with &« = 1{y >~} and S = 0 gives,

E(lyv.>x, Vo) = sup E(lyv,>xZr) <k,
=TET

as desired. O

Proof of Theorem 3.1. Lemmas 3.3, 3.4 and 3.7 imply that V is a superclaim. As for the
second statement, let V' = Z be another superclaim. Let t € T and T € 7 with T = 1. By
the optional sampling theorem, V!, = E(V/|F,) = E(Z7|F,). Hence V| = V,, as desired. The
final statement, i.e. equation (3.1), follows from Lemma 3.6, for as shown, V is of
class D. O

Remark. Even when Z is continuous, the Snell envelope V may have jumps. This can happen
when Z is driven by a Brownian motion but its “volatility” has a jump not adapted to the
Brownian filtration, for instance, an American option on a stock with continuous price but a
volatility that jumps at a totally inaccessible time 7', causing V to jump at 7.

In what follows, the compensator of a special semimartingale X is denoted X” and we set
X™:=X — X?. So, X” is the unique predictable finite-variation process such that X§ = 0 and
X™ is a local martingale. As such, X = X” + X™ is the canonical decomposition of X. The
compensator X?” is decreasing if X is a local supermartingale. The Doob—Meyer
decomposition states a superclaim X has such a decomposition with X" a claim and X”
decreasing and integrable (and in infinite horizon, lim,_. X! € L).
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COROLLARY 3.8. A claim C domineers Z if and only if Cy = Vyand C = V. In particular, the
claim V" domineers Z. ]

3.2 Domineering claims at T and implications

Let Z be a payoff process and 7 € 7. We say a claim C domineers Z at if C, =V, and
C = Z after 7, i.e. on the stochastic interval [[7, o[[ (or [[7,m]] if finite horizon). By the
optional sampling theorem then C =V after 7. An elementary but fruitful pathwise
characterization is

THEOREM 3.9. Let C be a claim and 7 € 7. Then C domineers Z at 7 if and only if

sup (Z; — Cy) =0.

T=t€T

Proof. Assume C domineers Z at 7. Since C, = E(Cr|F,) for =T € T, we have

0=V,—C,=ess sup E(Zy — Cy|F,) = E(ess sup (Z; — C)I.F>,).
=TET =t€T

As Z = C after 7, this implies sup,=.e1(Z; — C;) =0 a.s. Conversely, assume
sup,<,eT (Z; — C;)=0. Then Z = C after 7, so E(Zr|F,) = E(Cr|F,) = C,. Hence,
supr=, E(Z7|F ;) = C,. To prove the reverse inequality, it suffices to show that for any £ > 0,
there is a stopping time 7<7T € 7 such that E(Zy|F, = C, —&. Let € > 0. The
assumption implies that (pathwise) the set {r=r € T :Z, — C; = —¢&} is nonempty a.s.
Therefore, the stopping time 7T :=inf{r=¢r€ T:Z, — C, = —¢} is finite. By right
continuity, Zy — Cy = —e&. Thus, E(Z7|F,) = E(Cr — &|F,) = C; — &, as desired. O

For any integrable random variable & we denote by E(&|F) the unique claim whose value
at each 1 € T equals E(£F,) a.s. The fact that V™ domineers Z easily implies

PROPOSITION 3.10. Let 7 € 7. Then the claim C := V™ + E(V?|F) domineers Z at 7.

Proof. Set M := E(V?|F). Clearly M, = V2. So, C; = V" + VP = V.. Next, 1,=,V" is F,-
measurable for any ¢, so 1,=.M; = [E(I,ZTV’;I}',) = 1,=,V?. Hence, M, = V¥ on {t = 7}.
Thus, C, = V" + V2 =V, =Z, on {t = 7}. Therefore C domineers Z at 7. U

A first consequence is the following formula for the compensator of the Snell envelope.

COROLLARY 3.11. Let V be the Snell envelope of Z and 7 € 7 be a stopping time. Then,

VE= sup (Z,—V)), ie. sup (Z,—V,+V/—=V’)=0.

=1€T =t€T

In particular, as V? is decreasing, we also have sup,<e1 (Z; — V;) = 0 and 1{z<yydV? = 0.

Proof. By Proposition 3.10, C = V" + E(V?|F) domineers Z at 7. Theorem 3.7 yields,
0 = sup,<,eT (Z; — C;) = sup,<er (Z; — V' — V), since C, = V" + V_ fort = 7. O
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Given a stopping time 7, the following result (which is obvious when 7= 0) shows that
there is a sequence of stopping times T,, = 7 such that E(Z7, |F ;) — V. a.s. uniformly over Q).
A similar result appears in Theorem 13 of [28].

COROLLARY 3.12. Conditional uniformly g-optimal stopping: Let 7 € T and € > 0. Then
there exists a stopping time 7° € 7 such that 7% = 7and E(Z7:|F,) =V, — .

Proof. Set T® :=inf{r=t €T :Z,+ e = C,}, where C is any claim that domineers Z at 7.
Theorem 3.9 implies that 7¢ € 7 (is finite). By right continuity of Z and C, we have
Zrs + & = Cre. Therefore, by the optional sampling theorem, for any 7 > T = 7,

EZr:|F:) + & = E(Cr:|Fp) = C; = E(Cr|Fr) = B(Zr|F o),

because C domineers Z at 7. Taking “sup” over T, we get E(Zr:|F,) +e= V.. O

3.3 Supersolution iterative construction of the Snell envelope

Let Z be a payoff process. Following [6], we call a superclaim W a supersolution if
W=Z
As in Ref. [6], for any supersolution W we define its additive improvement process W' by

Wh=wr + [E( sup (Zs - WT)U:t)'

1=s€T

The following two results extend to continuous time similar Bermudan results in Ref. [6].
COROLLARY 3.13. Let W be a supersolution, t € T. Then W, = V, if and only if W/ = W,.

Proof. By Corollary 3.11, V, = V" + sup;=se1(Z; — V/'). Taking expectation conditioned
on t gives V,= V! Conversely, suppose W, = W,. Then, E(sup;=eT(Z; — W+
Wk — W F,) = 0. But, since Z = W and W? is decreasing, sup,=,et (Z; — W, + WP —
W) is nonpositive; thus it must equals 0 a.s. Hence, sup;=.eT (Z; — Cs) = 0, where
C:= W™+ E(W?|F). Theorem 3.9 implies the claim C domineers Z at t. Thus,
Vi=Cr=Wr+wl =Ww, O

PROPOSITION 3.14. Let W be a supersolution. Then W' is a supersolution and W = W.

Proof. Clearly, W' = Z. Also, W = W. Indeed, since Z =W and W?” is decreasing,
W) =W, + E(sup/=seT (Zs — W5 + WZ — WI)|F,) = W,. Moreover, W' is a superclaim.
Indeed, W' is class D for it is bounded above and below by class D processes W and Z. It is
also a supermartingale as (W™ is a claim and) E(sup;=,e1(Zs — WT)I]—' ;) 1S so:

[E(E( sup (Z; — W;")|f,> m) = [E( sup (Z, — W;")Ifu)

t=s€T t=s€T

= [E( sup (ZS — W’S")l]:,,).

u=seTl
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Finally, we claim W’ has a unique right-continuous version. It suffices to show EW/ is right-
continuous. This follows by iterating expectation once we show [E sup,=,e1 (Z; — W) is so.
But, this is so by the monotone convergence theorem since sup,=.e7 (Z; — WY') is right-
continuous and decreasing. Hence, (the right-continuous version of) W' is a superclaim. [

Proposition 3.14 too implies V' = V: since V is the smallest supersolution, V = V' = V.

CoNJECTURE. Let W be a supersolution. Define inductively the decreasing sequence
WD = W@ We conjecture that w v, uniformly in 7 as n — oo.

This conjecture is supported by the convergence in finite number of iterations in the
Bermudan case as shown by [6] (see Corollary 7.3). The monotone convergence theorem easily
implies W “” converges to some supermartingale W. To conclude W = V is more difficult.

3.4 Doob-Meyer decomposition in arbitrary numeraire

Given any numeraire B, let P denote the numeraire measure defined by dP? /dP == B,, /B,
and E? denote its expectation operator. If Z is a payoff process, then by the Bayes’ rule, Z/B is
a PB-payoff process.

We can rewrite the multiplicative minimax duality formula in Corollary 2.11: for all
TeT,

Z
V.= minB, [EB< sup tlfT).

BeC" =1€T Dt

ProposITION 3.15. Let V be a superclaim and B be a numeraire. Then there exist a unique
claim C with Cy = V; and an increasing predictable process A with Ay = 0 such that

V=C—-AB.

dve
Moreover, A = — JB— and C=V"+ JA_dB + [A, B].

Proof. By the Bayes’ rule, V/B is a right-continuous P? class-D supermartingale. The desired
decomposition V = C — AB follows by applying the Doob—Meyer decomposition to V/B in
the measure P2, Next, set A’ = — Jdv?/B_and C' = V" + [A”_dB + [A’, B]. Clearly, A’ is
predictable and increasing. Moreover, [A’, B] is a local martingale by Proposition 1.4.49 (c) in
[17] (since B is so and A’ is predictable and of finite variation), implying C’ is also a local
martingale. But, 1td calculus easily yields V/B = (C'/B) — A’. By the uniqueness of
canonical decomposition under P2, we thus conclude C' = C and A’ = A. O

We will see that the domineering claim C constructed above admits a financial
interpretation as a self-financing trading strategy with initial value of Vy = suprez E Z7 that
dynamically invests in one share of current American option and A shares of numeraire B.

ProrosiTION 3.16. Let Z be a payoff process, B be a numeraire and V = C — AB be the
decomposition of Snell envelope V of Z given by Proposition 3.15. Let 7 € 7. Then the
claim C — M domineers Z at 7, where M := E(B,,A,|F). Moreover, M, = A,B, on {t = 7}.
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Proof. Set C:=C—-M. Clearly, M. = A.B,. Hence, é‘.r = C,— A,B, =V, Next, since
l;=-A, is F;-measurable, 1,=,M; = BB, 1,=-A|F)) = 1= A, EB,|F)) = 1,=.A.B;. So,
M equals A,B after 7. Thus, C=C- AB=C—AB =V =Z after 7. (For the first
inequality, we used A is increasing and B > 0.) Thus C domineers Z at T. |

PRrROPOSITION 3.17. Early exercise premium: In finite horizon, with notation as above,

Vi — [E(Zmlj:t) = EBn(An — A,)|f,) =B [EB(Am - Atlft)

Proof. Using E(B,,A;|F,) = A;B; and C = [E(C,,|F) and V,, = Z,,, we have
V +EB,A|F) =V +AB = C = E(C,|F) = E(V,, + ApBulF) = E(Z,|F) + E(A,,B,|F).

Rearranging gives the first equality. The second equality follows by the Bayes’ rule. [

4. The multiplicative Doob—Meyer-Ito decomposition

For any positive payoff process Z, we show there is a decomposition AV = B of the Snell
envelope V, with A increasing, predictable, Ao = 1 and B a positive local martingale with
By = V. Note, B=V = Z. So B domineers Z when it is an actual claim.

Recall, X = X” 4 X™ denotes the canonical decomposition, with X” the compensator.

LEMMA 4.1. Let X be a special semimartingale with Xy = 0. Assume 14 AX? # 0
everywhere. Then the process

3 AXPAX"
1+AX?

AXP "
;HAXX@”X]

is a finite variation local martingale (the countable sums being absolutely convergent) and

AXPAXT
EX) = EXN)E (x D T = AX;).

§=-

Proof. Writing > _ =3 _ .\x=—(1/5) T 2s=:ax,<—1/2 (second sum being finite), we
have

< o0

AX? AX?
Z‘m szgmxg\ +;1{“‘<‘%} m ,
since X7 is of finite variation and the second sum is finite. The absolutely convergent sum
> = AX? /(1 + AXP?) is therefore a finite-variation, predictable process, implying its bracket
with X is local martingale because X" is so. Moreover, the bracket is clearly as given.

As for the second formula, set W =" _ (AXPAX" /(1 + AX?)) and ¥ == X" — W. We
must show E(X) = EXP)EY). (As usual, £(-) denotes the Doléans—Dade stochastic
exponential.) It suffices to show X = X” + Y + [X?, Y], or equivalently, W 4 [X? W] =
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[X?,X"™]. But this is so as W is sum of its jumps and by its definition, AW + AX”
AW = AXPAX™. |
The lemma gives the multiplicative decomposition of the stochastic exponential £(X). The
factor £(X?) is predictable and of finite variation as X7 is so and the second factor is a local
martingale as X — >~ _ (AX?AX" /(1 + AX?)) is so. Inverting ¥ = £(X) leads to

THEOREM 4.2. Let Y be a special semimartingale such that Y > 0 and Y > 0. Then there is a
unique decomposition ¥ = AM, where M is a local martingale and A is a predictable, finite-
variation process with Ag = 1. Moreover, A > 0, M > 0, Y_ 4+ AY? > 0 and

dy” dy” AYPAY™
A= EOY)’ M= Y"EOY - Z (Y- + AY{J)&)'

sS=

Proof. Existence: Set X = [dY /Y, so that Y = Y,E(X). Since, Y > 0, 1 + AX > 0. Taking
predictable projection, one shows this implies 1 4+ AX? > 0. (Also then Y_ + AY? =
Y (1 + AX?) > 0). Therefore Lemma 4.1 is applicable. Using X? = [dY?/Y_, X" =
dem/Y_, AXP = AYP/Y_, AX™ = AY™ /Y _ and simplify the sum, we get ¥ = AM, with
A, M as above.

Uniqueness: Suppose Y = AM with the requisite properties for A and M. By It6’s product
rule, Y =Yy + fM _dA + jAfdM + [A, M]. The latter two summands are local martingales
and [M_dA is predictable and of finite variation. The uniqueness of the canonical
decomposition thus implies Y” = [M_dA and Y" =Y, + [A_dM +[A,M]. The first
equation gives d¥Y? = M_dA. Hence dividing by Y_, we get dY?/Y_ = dA/A_. Thus,
A=E([dA/A_) =&([dYP/Y_), showing A is unique. Taking the continuous martingale
part of the second equation, we obtain Y = [A_dM ¢ (since [A, M] is purely discontinuous).
Therefore M = [dY“/A_, which is unique. It remains to show AM is unique. But, by the
second equation, AY” = A_AM + AAAM = AAM. Hence, AM = AY™ /A is unique.

Remark. The multiplicative formula in Theorem I1.8.21 of [17] reads Y = A’M’, where

dyr dym
I _ 1
A _1/5( JY+AYP>’ M YOE(JY+AYP)'

We have A’ = A and M’ = M§§. Note A is simpler than A’, while M’ is shorter than M.

Remark. If Y is a right-continuous local supermartingale, then Y has left limits by Theorem
443 of [12] and Y- >0 if Y > 0 by Theorem 4.4.16 there. In the latter case, the
multiplicative compensator A = £([dY”/Y ) is decreasing as Y7, the additive one, is so.

§§To show A’ = 4, it suffices to show [(dY?/Y_) — [dY? /(Y- + AY?) = [[dY"/Y )Y, [(dY?/Y_ + AYP)],
which follows because both sides equal [(AY,dY?)/(Y_(Y— + AY?)). To show M’ = M, we must show
[dY™ /(Y- +AYP) = [(dY™/Y_) = S (AYPAY")/((Ys— + AY?)Y,_). The jump process of the LHS is
AY™ /(Y- 4+ AY?) and that of the RHS is (AY™/Y_) — (AYPAY™)/((Y- + AY?)Y_), which are the same. The
continuous local martingale part of LHS is [dY¢/(Y_ + AY") and that of the RHS is [ dY“/Y _, which are equal, as
presence of jump in integrand does not contribute to stochastic integral of a continuous semimartingale. Therefore,
the LHS and RHS processes are equal.
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Remark. Unlike the additive compensator, the multiplicative compensator is invariant under
change of measure: if ¥ = AM is the multiplicative decomposition of Y and B is any
numeraire, then Y/B = A(M/B) is that of Y/B under measure P?, as M/B is a P®-local
martingale.

COROLLARY 4.3. Let Z be a positive payoff process and V = AB be the multiplicative
decomposition of its Snell envelope V. Assume B is a numeraire. Then,

At = SUP;=s5eT (Zs/BS)

Proof. Define the measure P? by dP?/dP = B"/B,. By the Bayes’ rule, A = V/B is the
Snell envelope of the PZ-payoff process Z /B under PB. Under any measure, A” = A — 1 and
A™ = 1. Corollary 3.11 applied to the PZ-payoff process Z /B in measure P8 thus yields
A; = 1 = sup;=set (Zs/Bs) = D). O

In the continuous (more generally, quasi-left continuous) case the multiplicative
decomposition simplifies as the jump term in the local martingale part M vanishes.
Furthermore, the Novikov’s condition furnishes a criteria for M to be an actual martingale.
Whence,

COROLLARY 4.4. Let Y be a positive continuous semimartingale. Then Y =
Yool /g JdY™/Y). Moreover, ([ dY™/Y) is a claim if Eexp ((1/2)[yd[Y,]/Y?) < oo.

5. Optimal stopping times

Henceforth, Z will denote a payoff process, often explicitly specified as such.
Recall, a finite stopping time T is called optimal if EZy+ = supret EZ7.

5.1 Some properties of optimal stopping times

The following characterization of optimal stopping times in terms of domineering claims has
useful consequences.

PROPOSITION 5.1. A stopping time T* is optimal for a payoff process Z if and only if
Z7+ = Cr- for some, hence all, claims C that domineer Z.

Proof. Assume T* is optimal for Z. Let C be a claim that domineers Z. By the optional
sampling theorem, followed by the domineering property, next optimality of 7,

IECT* = C() = Sllp[EZT = [EZTx
TET

Since Z = C, this implies Z7+ = Cr+. Conversely, T™ is optimal if C satisfies Zr+ = Cr+,
because then EZ7+ = ECr+ = Cy = suprer EZr. O
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COROLLARY 5.2. If T™ is optimal for Z then Vy+ = Z7- where V is the Snell envelope of Z.

Proof. Set C :== V™. Since Z = V = C, the result follows from Proposition 5.1. |

Proposition 5.1 also implies that domineering claims are unique in the “continuation
region”:

COROLLARY 5.3. Let C be a claim that domineers Z and V be the Snell envelope of
Z. Assume T* is an optimal stopping time. Then C =V on the stochastic interval
[[0,T7]] :== {(t, w)} : t = T"(w)}. Inparticular, V” = Oon [[0,T*]]and C = V™ on [[0, T*]].

Proof. This is equivalent to showing the stopped processes C’ and V! are equal
(indistinguishable). (Here X,T = X,ar.) This is so because (a) VI~ = CT", (b) by the optional
sampling theorem C Tisa martingale and V7 is a supermartingale and (c) by Proposition
5.1 and Corollary 5.2, they have the same terminal condition: cl" =Cr=2Zp- =

m

Vi =V O

5.2 Existence and the shortest stopping time

The following furthers Proposition 2.1.

COROLLARY 5.4. A payoff process Z has an optimal stopping time if and only if for some,
hence all, domineering claims C, the stopping time

T.=inf{r€T:Z =C,}

is finite. In this case, T+ is optimal and independent of choice of C and T« = T™ for all
optimal stopping times 7" and T« = inf{r € T : Z, = V,}, where V is the Snell envelope.

Proof. If an optimal stopping time 7" exists, then by Proposition 5.1, Zy+ = Cr+. Therefore
the set inf{r € T :Z, = C,} is pathwise nonempty a.s. Thus 7. < co. Conversely, if
T. < oo, then by the definition of 7'« and the right continuity of C and Z, we have Zy, = Cr,,
hence T is optimal by Proposition 5.1. Next, if T is any optimal stopping time, then
T.=T" since Zy+ = Cr- and T+ :=inf{t € T : Z, = C,}. Corollary 5.3 implies that T
equals inf{r € T : Z, = V,} when it is optimal. This implies the independence on choice
of C. O

We now return to the stopping T* defined in Section 2.2. Recall,

1
T, = inf{t el:zZ,=¢C,— —}, T* = limT,,

n n—o0

given a domineering claim C. Recall T,, € 7 and in the finite horizon case, T* € 7.
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The following provides necessary and sufficient condition for T* to be optimal and
shows that then T* = T, = inf{t € T : Z, = V,} is independent of choice of domineering
claim C.

THEOREM 5.5. Let Z be a cadlag payoff process and T, and T* be as above. Assume
T* € T. Then, suprer EZr = EZy+ — E(1AAZy+), where A := (" {T, < T*}. More-
over, T* is optimal if and only if E(1yAZ;+) = 0 and in this case, T* = T, with T as in
Corollary 5.4.

Proof. On A, clearly Z7, — Z;+. On A°, we have T, = T* for all but finitely many n
(pathwise); hence Zy, — Zy on A°. Therefore, Zy, — Iz\Zyx + 1z Zpx = Zyx — 1\AZ7«,
implying EZy, — EZy+ — E(1AAZ«) as Zis class D. But, EZ7, — suprer EZr by Lemma
2.7. Hence, suprer EZy = EZy« — E(1AAZ;»). Hence E(1AAZ7x) = 0 and T* is optimal
if and only if E(1yAZ;+) = 0. Finally, in general T* < T. because clearly T, < T.. But, if
T* is optimal then 7. = T* by Corollary 5.4., implying thus T* = T.. ]

A similar but weaker condition than quasi-left continuity is sufficient for existence:

COROLLARY 5.6. Assume the payoff process Z has left limits, T* € T and E(17<0AZ7) = 0
for all predictable stopping stopping times 7. Then the stopping time 7* is optimal.

Proof. Define the predictable stopping time TX by TX(a)) =T*(w) if o € A and TX(w) =
oo otherwise. Then, 1\AZ;+ = th <OOAZT:. The result now follows from Theorem 5.5. [

5.3 Uniqueness and the longest optimal stopping time

Normally, the optimal stopping time is unique, i.e. equals the shortest one 7« = inf{t €
T:Z,=V,} in Corollary 5.4. An exception is when Z is a claim—then all finite stopping
times are optimal. Define

To=inf( ET:V’ <0} =inf( ET:V, < V"}.

Clearly, 1T0<oonTO, = 0. Also, Ty = T for any optimal stopping T because V” = 0 on
[[0, T*]] by Corollary 5.3. So, if Ty is optimal, then it is the longest optimal stopping time.

PRrOPOSITION 5.7. The stopping time Ty is optimal if and only if 7T is finite and V’}O =0.

Proof. 1f Ty is optimal then V7, = V7, by Corollary 5.2.; so Van = 0. Conversely, assume
Vi, = 0. Since V” is decreasing, V; < 0 on the set {t > To}. By Corollary 3.11, V =
sup,=set (Zy — V). Hence, supr,=,et (Z; — V¥') = 0 a.s. while, for any ¢, sup;=e7(Z; —
V{) < 0on {t > Ty}. This obviously implies Zr, = V7, . Hence, EZr, = [EV'#O = Vi = Vo,
as desired. |

In finite horizon, the same argument yields a similar conclusion without assuming
Ty < oo:
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PROPOSITION 5.8. Assume finite horizon T = [0, m]. Then V’,; ATo— = 0. Moreover m A Ty is
optimal if and only V a1, = 0. In particular, m A Ty is optimal if V? is continuous.

For any domineering claim C, {V < C} = {V? <0};s0To = inf{r € T:V, < C,}.

5.4 Simple counterexamples

A process less than 1 but with left limit of 1 at # = 1 has no optimal stopping time.

As an example of a non-quasi-left continuous payoff process that has an optimal stopping
time, fix 0 < s=1 and let R be a nonzero JF,-measurable random variable with
E(R|F,—) = 0. Define the payoff process Z; =t fort < 1and Z; =1 + R for t = 1. Then
T* =1, Z jumps at 1 and Z is not quasi-left continuous. But, it is easy to see that T* is
optimal if s = 1. (Z has no optimal stopping time if s < 1.)

It is possible (though pathological) that T« be optimal but T* not be optimal, e.g. a payoff
process Z such that Z, = 1, Z, < 1 fort # 2 and Z has left limit of 1 at = 1 (where it jumps
down). In this case T* = 1 but T = 2.

6. The perpetual American put

The perpetual American put problem can be solved by an explicit construction of a
“domineering martingale” M which is a geometric Brownian motion, a direct construction as
in Ref. [2] that bypasses the Snell envelope and its Doob—Meyer decomposition. As a
geometric Brownian motion is not uniformly integrable in infinite horizon, the optional
sampling theorem does not apply directly to M. Still, for certain range of parameters, it turns
out that the stopping time 7« = inf{0 =t < 00 : Z, = M,} is optimal and EZ7, = M,.

The following is similar to Proposition 2.1, but weakens the uniform integrability
assumption.

PRrROPOSITION 6.1. Let Z be a payoff process and M = Z be a positive local martingale.
Assume the stopping time 7' := inf{0 = ¢t < o0 : Z, = M,} is finite a.s. and the stopped local
martingale MT* := M A+ is a claim. Then T is optimal and E Z7, = M,.

Proof. A standard argument gives EM; = M, for all finite stopping times T||||. This,
followed by using that M7 is a claim and that by right continuity Zy, = My, gives

sup EZr = sup EMy = My =EML = EMy, =EZr, = sup EZr.

0=T<oo 0=T<oo 0=T<oo
Hence, supo=7<w EZ7 = My = EZ7,, as desired. O
For M T+ above to be a claim it is sufficient that E[M];, < oo. Although M itself may not be

a claim, it always equals the Snell envelope and any domineering claim on [[0, 7+]].
The following is for the most part based on Ref. [2], where X below is a Brownian motion.

[lILet (T,,);>, be a localizing sequence for M. Applying the optional sampling theorem to the claim M " gives,
EMrar = EMy = Mg” = My. But, M7,nr — M7 a.s. Thus by Fatou’s lemma, EM; = M,.
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THEOREM 6.2. Let X be a continuous local martingale with Xy = 0 such that [X], — o0 a.s. as
t—oo. Let0<a<land 0 <K <1+ (1/a). Define the (bounded) payoff process

7= (K e Xl 5(X)>+.

Then, supo<r<e EZ7 = (a"‘K”a/(l + @)'). In fact, define the positive local martingale
a®K I+a
“Ura
Then, Z = M, the stopping time 7. :=inf{0 =¢ << oo0:Z, = M,} is finite a.s. and the
stopped process M T is a claim. Therefore by Proposition 6.1,

E(—aX).

aaKl+01
sup EZr=EZy, =My=——+—. 6.1
OSTEOO ! T 0 (14 a)'te .1
Moreover, M+ is bounded and
- ak (a/2)X]
T:=inf(0=t<o0:S = Tral’ where S:=¢e EX). (6.2)
a

Proof. Set S = e*/2XIg(X) and N := £(—aX). We easily have SN = e~ @/2XIg(X). Thus,
Z=(K—9S)"SN. (6.3)

The maximum of the function s +— (K — 5)"s® equals a®K'T*/(1 + a)'™ (attained at
aK /1 + a). Hence, Z = a®K'*/((1 + @)'™)N = M. Equation (6.3) also yields {Z =
M} = {§ = aK/1 + a}, implying equation (6.2).

The assumption implies X is a time-changed Brownian motion. Hence, lim,_,, X, = —o0 a.s.
So,lim,_,, e = 0a.s.But,S = X~ "9X)/2 < X a5 @ < 1. Thus, lim,_,., S; = 0. a.s. Since
S is continuous, Sy = 1 and aK /(1 + a) < 1, it follows using equation (6.2) that T < o0 a.s.

As Sy = 1> aK/1 + a, equation (6.2) also implies S = aK/1 + « on [[0, T:]]. Hence,
N = e~ /2aXig-a < o=(1/2lXl((] 4 @) /aK)® on [[0, T+]]. This shows N”*, hence MT",
are bounded. (In fact, MT < 1 /adtt.) Therefore, the local martingale M T+ is a claim.
Equation (6.1) now follows from Proposition 6.1. g

Remark. For the American put, r:= (a/2)(d[X]/dt) is interpreted as the short rate and
s=el "4 e(X) as the stock price (zero-dividend here). Note then, Z = e~ J rdig — syt

Remark. If a > 1 and K > 1 + 1/a, we still have T is finite, Z = M and Z7, = Mr,. But,
we cannot conclude T is optimal, for in this case M7 is not a claim because EM7, < M.

7. Iterative constructions in the Bermudan case

In this section, we consider the finite Bermudan case with T = {0, 1, ... ,m} and define a
stopping time at each iteration of the m-step iterative construction of the Snell envelope in
[6], so that they converge in m-steps to the optimal stopping time, similarly to [26].

##Also, [M]r, < 1 because, using NT:: e(—aX)=1-— adeX and the estimate for N on [[0, T]], [N]y, =

Q[N AIX], = @2((1 + a)/aK) [ e XIdIX], = a((1 + @)/ak)**(1 — e~ W) < a((1 + a)/ak)™®.
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In the Bermudan case, a (super) claim is a (super) martingale, a payoff process is an
adapted integrable process and a predictable process is a previsible process. The canonical
decomposition X = X? + X of a payoff process X is characterized inductively by

X — X7 =X — EX |l F),  X§ = Xo; (7.1)
X0 = X0 =EX — X|F), Xh=0. (7.2)

Let Z be a payoff process. Following Ref. [6], we call a supermartingale W a supersolution
if W = Z and for any supersolution W define its additive improvement process W' by

W= W+ [E< sup (Z, = W) lf’)

t=s=m

Proposition 7.1 and Corollary 7.3 below are contained in [6], our proofs being slightly
different.

PROPOSITION 7.1. Let W be a supersolution. Then W' is also a supersolution and W = W.

Proof. Clearly, W = Z and W/, = Z,,. Also, E(sup;=s= (Z; — W?)|F,) is a superclaim:

[E<[E( up (2~ W;")m) m) - [E( sup (2, - W;")m)

=s=m =s=m

= [E( sup (Z, — W’S")l}'u)
So, W' is a superclaim too. Moreover W/ = W. Indeed, since Z = W and W? is decreasing,
we have W/ = W, + E(sup,;=,=n(Z; — W5+ W2 — W) F) = W,. O

LemMma 7.2. Let V be the Snell envelope (i.e. the smallest supersolution) and W be any
supersolution. Let 0 < ¢ =< m — 1 and assume W, = V, for s > . Then W/, = V, for s = .

Proof . If s > t, then V, = W, = W, = V. So, it suffices to show W, = V.. SetX = W — V.
Since X, = 0 for s > ¢, equation (7.1) for X" yields X" = X} for s = r. Hence,

W= [E( sup (Z; — W'+ W;")|f,) = [E( supT(ZS - V4 V:”)|.7—"t) =V,
t=s=m t=se
(Last equality says V' = V; it holds since Proposition 7.1 applied to V gives V < V'
=V) O
The lemma and an induction immediately yield the additive supersolution iteration of
Ref. [6]:

COROLLARY 7.3. Let W© be a supersolution with Wﬁg) =Zy, e.g. W;O) = E(sup,=y=m
Z,|F)). Set inductively WD := Ww®' Then W™ = V. More generally, W =V, for
t=m—n.

The following is the Bermudan version of Corollary 3.11, using an alternative argument.
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PROPOSITION 7.4. Let V be the Snell envelope of Z. Then, V¥ = sup,;=s=n(Z, — V.

Proof. By Proposition 7.1, V/ = V. But, V = V' since V is the smallest supersolution.
Hence V = V', or equivalently E(sup,=,=n(Z; — Vs + V2 — VI F)=0.But, since Z=V
and V7 is decreasing, sup;=;=n(Z; — Vs+ V? — V) =0. Hence, sup=s=y (Z; — Vs+
VP — V) = 0, which, using V = V” + V"™, is equivalent to sup;=s=,, (Z;, — V") — V¥ =0,
as desired. O

Remark. If V = AB is the multiplicative decomposition of the Snell envelope V, then,
applying the above to payoff Z/B in measure P® as in Corollary 4.3, it follows,
A, = Sup;=s=m (Z;/By).

Let V be the Snell envelope of Z. Since V7 is previsible, T is a stopping time, where

TO::mAmin{OSISm—l:VfH <O}.

ProrosiTION 7.5. The stopping time Ty above and T« :=minf0 =t =m:Z, = V,} are
optimal and 7« = T* =< T, for all optimal stopping times 7*. Moreover, V7, = 0.

Proof. Clearly, Vi = 0. But V? = 0 since V” =0 and V” is decreasing. Hence V = 0.
Also, V”T0 +1 < Oontheset {Ty < m} by the definition of 7. Hence Proposition 7.4 implies,
maxr,=s=m (Zy — V') = 0 while maxr +i1=3<m (Z; — V') < 0 on the set {Ty < m}. This
obviously implies Zp, = V’}’O on {Typ < m} and hence everywhere as Z, = V,,. Hence,
EZr, = EVy, = Vi = Vo and thus Ty is optimal. Let T* be another optimal stopping
time. Then Zy: = Vy« =V}, since Vo=EZy =EVy- = EVE = V. So, V4. =0,
which implies T* = Ty. As Zy+ = Vy-, it follows T« = T*. That T, is optimal is well
known. O

For any supersolution W, set T := m and for 0 < ¢ = m — 1, define the stopping time

W . 1w
TV :=mAmin{t=s=m—1: W/ < W}

Clearly, To = Ty . Also, W/, = W}; hence E(WpwlFr) = EWy | F) + W) = W,
PROPOSITION 7.6. Let 0 =< ¢t = m. Then [E(ZTIVIJ-',) =V,

Proof. Set T, = T . Clearly, Vi, = V7. But T, = r and V” is decreasing. Hence V/ = V7.
Also, V4. < V{ on the set {T, <m} by the definition of 7,. Hence Proposition 7.4
implies, maxr,=s=y (Z; — V") = V7 while maxr,4i=s=pn (Z; — V") <V} on {T, < m}.
This obviously implies Zr, = V7 + VP. Hence, E(Zr|F,) = E(VE + VIF) = Vi+
V=V, O

Lemma 7.7. Let 0 = ¢t = m and W be a supersolution such that Wy = V; for s = t. Then
WP — W = VP — V7 for all s = t and hence T} =T
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Proof. Set X = W — V. Since X; = 0 for s = 1, equation (7.2) for X” shows that X? = X7 for
s = t. Hence, W2 — W/ = V? — V¥ for s = t, which obviously implies T = T". O

The main result of this section complements the iteration of Ref. [6] in Corollary 7.3. We
obtain, [E(ZT[‘;VW)) =Vy= Wg’) for all 0 =n = m, with the duality gap narrowing as n
increases:

THEOREM 7.8. Let W be a supersolution with W = Z,,, e.g. W* = E(sup;=,=, Z,|F)).
Define inductively, W #*1 .= W@’  Then, EZwolF) =V, fort=m—n,0=n=m.

Proof. Let 0 = n =< m. By Corollary 7.3, we have W =V, for 1 = m — n. Hence by
Lemma 7.7, T} "= T) for t = m — n. Therefore by Proposition 7.6, E(Z |F) =V, for
t=m-—n. ' (]

Remark. As in Ref. [6], Proposition 7.1 and Corollary 7.3 continue to hold if W’ is defined
as the multiplicative improvement W!:= E(B,Sup;=s=m (Z;/Bs)|F:) = B, EZ (sup;=s=m
(Zs/Bs)|F;), where W = AB is the multiplicative decomposition of W. So will Proposition
7.6 and Theorem 7.8, with TtW =mAmin{t=s=m—1:A;+; <A;}. (See the argument
in Corollary 4.3.)

8. Financial interpretation and heuristics

The exposition in this final section is in part heuristic rather than rigorous, nevertheless useful
we hope. We implicitly assume finite horizon T = [0, m], regularity, etc. as needed.

All the interpretations below are based on viewing the Snell envelope V, as the time-7 price
of the current American option (issued at time #) on a given payoff process Z.

8.1 The multiplicative decomposition

Let us interpret the multiplicative decomposition of the Snell envelope, expressed in the form
AV = C, where A is an increasing predictable process with Ap = 1 and C is a claim (that
domineers Z). Relying on the right continuity of Z, we approximate the American option by a
Bermudan option that can be exercised at one of only finitely many dates 0 = #; < --- <1,
receiving payoff Z,.

Start with V| capital and with it at time ¢ = 0 buy A,, = 1 share of this Bermudan option.
At time t4, sell the option and with the proceeds buy A;, units of the Bermudan option with
exercise dates t,, ...,t,. At time f,, sell all A;, units of this Bermudan option and with the
proceeds buy A,, units of Bermudan option with exercise dates f3, ...,f,. Continue this
trading strategy at time #3 and subsequent times ¢; until ¢,.

Clearly this is a self-financing trading strategy. Therefore its price (portfolio value) is a
claim, which we denote by C. By its definition C;, equals the net value of Bermudan options
sold at time #;. Since A;, units of Bermudan options with exercise date t;, ..., t, are sold, each
unit of which is priced at V,,, we conclude that C;,, = A, V..

Moreover, the number of share (units) A is previsible by construction. It is also increasing.
Indeed, if it is not optimal to exercise at t;, then A, = A; because the sold Bermudan
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options at time #; are identical to the ones next bought at #;. And otherwise, if it is optimal to
exercise at t;, then A,,, > A, because unit price of the sold options is Z;, which is by
optimality greater than unit price E(V,,,, | F;) of bought options.

8.2 Additive decompositions and domineering claims

Given a numeraire B, let us interpret the invariant Doob—Meyer decomposition V. = C — AB
of Proposition 3.15, where C is a domineering claim and A is an increasing and predictable
process with Ag = 0.

As in Section 8.1, we discretize and at time O buy one unit of the Bermudan option
with exercise dates ?q, ...,t,. At time ¢, sell it and with the proceeds buy one unit of the
Bermudan option with exercise dates t,, ...,f, and a; units of the numeraire B. (Clearly
a; = 0.) At time #,, sell the Bermudan options bought at #; and with the proceeds buy one
unit of the Bermudan option with exercise dates t3,...,f, and a, = 0 units of the
numeraire B. Continue this self-financing trading strategy at 73 and subsequent times ¢
until ¢,.

Define the claim C to be the price process of this self-financing portfolio. Set A, =0
and for i =2, define A;, =a; +---+a;—;. Clearly, A is previsible and increasing. By
construction, A;, is the number of shares of the numeraire B held in the portfolio at
time #; before any transaction (that is the number of shares brought forward from
time f;—p).

The value C;, of the portfolio, looked at time ¢; just before any transaction, equals the value
of one unit of the Bermudan option carried forward, i.e. V,,, plus the value of the A,, units of
numeraire B brought forward, i.e. A, B,,. Therefore, C = V + AB.

8.3 Invariance of the multiplicative decomposition

As the above shows, investments in the (generalized) additive decomposition V = C — AB
are rolled over both the numeraire B and (one unit of) the newly issued American option V
(in the case of V = C — A, the reference numeraire is implicitly B = 1), whereas in the
multiplicative case all investment is rolled over V. As such, in contrast to the additive
decomposition, the multiplicative decomposition does not rest on any reference numeraire
for its existence.

8.4 A formula for the compensator of the Snell envelope (pure diffusion)

Consider the (decreasing) compensator V7 of V. From Corollary 3.11 or Section 5.3, we
know V7 is constant while Z < V, that is, V” does not decrease while it is not optimal to
exercise. So, dV?” = 17—y, dV”. Assuming Z and V are continuous, on the stopping
region {Z =V} we expect dV? = dZ”. This indicates that in the continuous case we
have,

de - l{Z:\/} de

Since V is a supermartingale, dV” = 0. Hence the formula dV? = 17—y, dZ” implies
dZ? = 0 on the stopping region {Z = V}, that is Z is a supermartingale there.
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8.5 The American call

The payoff process of a standard American call option with expiration m and strike K € R on
an asset with price process S is Z = (S — K). Clearly, on the stopping region {Z = V}, we
have S = K, usually S > K. Therefore on this region, Z = S — K, indicating dZ” = dS”.
Hence, for the American call in the diffusion case,

dvr = 1{V=S—K} dSp.

If S is a submartingale, the stopping region is empty and the above gives, V” = 0,i.e. Visa
martingale, as expected. The stopping region will be nonempty if dS” < 0.

8.6 A formula for the Snell envelope (pure-diffusion)

As V,, = Z,, we have V" = E(V"|F,) = E(Z,, — V? |F,). Hence, in general (see also

Proposition 3.17),
V= [E(Zm — J del}',).
t

In the case of pure diffusion, we can substitute dV? = 1;7—y,dZ” and thus get

t

V; - [E(Zm - J 1{2(:\/{} de'Ift)
For an American call payoff process Z = (S — K)*, this and the previous section implies

V, = [E((Sm - K)* —J

m

Liv,=s,— k) deI]-",).
1
(We stress again 17—y} dZf = 1(z -v,; dV? = 0.) More generally, for any numeraire B,

(Sm - K)Jr " ds?
Vi=B B ———— | L5k 5> 1F ).
t t < Bm . {Vi=S,—K} Bs | t

8.7 Pure diffusion with interest rates

Relaxing previous setting, let r denote the instantaneous interest rate process. Now, V
denotes the smallest process such that V =Z and e - "y s a supermartingale: V, :=
€ss. SUp;=reT [E(e_jr s dSZTIJ-',). By Section 8.6,

‘ m m s P
e_J‘or: dsvt — [E(e—fo T dsZm _ I{ZX:VX} d<e—J]0ru duzx) |-7:r)

Jir

= [E(ej:r“' dsZm - 1{Zs=Vs} efﬁ)r“ du (dZ{: - FSZS dS) |f,) .

t

Thus, we arrive at the general formula in the pure diffusion case:

7

v, = [E(e_L”“ “Z,\F)) + E( !

t

e_jjr“ dlll{VlY=ZA] (rsZs ds — dZ[;)lfl> . (81)
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In particular, for a call Z = (S — K)" struck at K on a continuous semimartingale S, letting
y denote the dividend yield process defined via dS?” = (r — y)S dz, we get

v, = [E({f TS~ KFIE) + [E(J e Ly e 08y = 1K ds|f,>.
t
Other payoffs can also be considered, such as the American option on the minimum two
assets studied in Ref. [11]. As a simpler example, consider an American swaption payoff
Z=(E-K", just like a call, but K a semimartingale too rather than a constant. Then,

v, = [E(e*fzm’f“(sm - K,,,)ﬂf,)

N [E< J o firan (iesi—k.y (rs(Sy — Ky)ds — dS? + dKI;)|f,>.

t

8.8 Delayed exercise compensation

The above results have an intuitive financial interpretation, originally arrived at in Ref. [19]
(1989) we reckon. Commonly, [ rSdr — SP is interpreted as the cumulative dividend of any
process S. So, the process y defined by dS” = (r — y)Sdr represents the (continuous)
dividend yield. By the call pricing formula following equation (8.1), the price V of the
American call equals the European call price plus the present value of the nonnegative
cashflow 1{y—s k(S — rK)ds.

It follows that an American call option is equivalent to the European call option plus the
nonnegative continuous cashflow 1;y—s—gy(yS — rK).

A supporting arbitrage argument is that whenever it is optimal to exercise the call, we have
S > K. If we delay optimal exercise for an infinitesimal amount of time df, we still can
exercise at t + dr. All we loose by this delay is the dividend yS dz paid by the stock. But, we
gain the interest 7K dr on the strike. Because of continuity, we gain no further. So, if we were
compensated for this dividend less the interest, we could delay optimal exercise without
incurring any net gain or loss. As we continue delaying and being compensated, the
underlying asset price may go down so that it is no longer optimal to exercise. Naturally, we
will not exercise then, but will receive no compensation either. If subsequently asset price
rises and it becomes optimal again to exercise, we continue delaying optimal exercise and
again receive instead the dividend compensation less interest on strike and so on.

In this way, we never exercise early and are left in the end with the European call payoff
(S,, — K)™, plus the cumulative delayed exercise compensation fglwzs_ Ky (S — rK)de.

8.9 Single-state variable diffusion case by inhomogeneous PDE

In 1989, four working papers and sequels on an “early exercise premium” formula appeared,
eventually published as [5,16,19,24]. By a complex integration by parts calculation, [24]
initially simplified the free-boundary American option pricing formula of [29]. Soon after,
using specialized identities for the normal distribution, [5] further improved this calculation.
In short order, based on the high-contact condition in [29] but not on the formula there, [19]
provided an easy derivation of the simplified/improved formula, presented its interpretation
and extended it to dividends and bond options. Independently, [16] arrived at the formula by
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probabilistic methods. Some of the authors also presented other derivations and further
characterizations in various revisions subsequent to the initial iteration.

The method of [19] (1989) views the Snell envelope drift (dV?/d¢) as an inhomogeneous
term entering the fundamental PDE. The solution was represented by a discounted
expectation, similar to formula (8.2) below, with the inhomogeneous term serving as a
continuous cash flow. As such, in contrast to the normal-distribution formulae and
manipulations predating it, this technique furnished directly a Markovian version of the
expectation formula (8.1). Here, we rework it in a form simultaneously applicable to stocks
and bonds, but more importantly, we point out the formula’s connection to the Doob—Meyer
decomposition.

In this setting, asset prices P are functions P, = P(¢, X;) of time ¢ and a state variable X that
follows an It6 process dX, = u(t, X,) dt + o(t, X,) dW,, with W a Brownian motion under the
risk-neutral measure P. The instantaneous interest rate process r is similarly of form
r; = r(t,X,). The discounted price e rdp of any asset with zero continuous dividends (e.g.
a European call) is assumed to be a [P-martingale, implying dP” = rP dz. More generally, the
price process P of a derivative with a continuous dividend ¢, = ¢(#, X,) (cumulative dividend
| ¢ dr) satisfies dP? = (rP — ¢) dt. Applying Itd’s formula to the discounted process e~ J rdip,
we see that LP + ¢ = 0, where L is the differential operator

9 of 1,02
sz—f—i-,ui—i-faz—f

) axz_'fa f:f(t7x)-

We first consider an American call struck at K on a stock or bond with price process
S, = 8(t,X,) > 0. As above, rS — (dS?/d¢) is interpreted as continuous dividend (or coupon).
So, y =y(t,X) ==r — (1/8)(dS?/d¢) is the dividend yield: dS? = (r — y)Sdr. For stocks,
normally S(z,x) = x and r and y assumed nonnegative constants. For bonds, usually r(z, x) = x.

In general, LS + yS = 0 by the above. We assume S(, x) is monotone in x, say increasing.

As is well known (e.g. [3,18,23]), there exists an “optimal boundary” x*(¢), above which
the American call is optimally exercised and below which it is kept. As American call
V, = V(1,X,) equals S, — K at or above x"(¢), it follows LV = LS — LK = —(yS — rK) = 0
on the (¢, x) region x > x*(¢). Below x*(¢), the American call is not exercised and behaves like
any asset with zero continuous dividend. So, LV = 0 on the (z,x) region x < x*(1).

The function V(t,x) is continuous everywhere and smooth outside the optimal boundary
{(t,x"(1)) : t € [0,m]}. In order to make sense of LV as an LlloC function on the whole (¢, x)
region (including the boundary), we invoke the following smooth fit assumption: V is dz-
absolutely continuous and (9 V/dx) exists and is dx-absolutely continuous, so that (9V /9r) and
(82V /9x?) are well-defined as L] . functions (in both Radon—Nykodym and distributional
sense). Since LV + (yS — rK) = 0 above the optimal boundary and LV = 0 below, we
conclude

LV 4+ 1oy (n(S — rK) =0,  V(m,x) = (S(m,x) — K)".

By the Feynman—Kac formula, the solution V to this inhomogeneous parabolic PDE is

V= [E(ei“[‘t rA\dS(Sm - K)+|Xl) + [E(J ei“[\’r”dul{X.\->x*(s)}(ysss = rsK) dSlX,) . (8.2)

t
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This is a special case of equation (8.1). The first term is the European option price and the
second the early exercise premium. Equation (8.2) evaluated at X; = x(¢) yields an integral
equation for the optimal boundary x*(¢), as the left hand side becomes S(z,x*(¢)) — K.

Equation (8.2) yields the Doob—Meyer decomposition of e J "4y for it can be
rewritten as

e iy — (8.3)

where M is the martingale

M, = [E<e‘fo” S — K"+ J

s d
e J’lor ul{Xv>x$(S)}(yXSX - rSK) dSlXt) 5
0

and A is the increasing continuous process,

1 s

=] rud

A= [ e 008, - g,
0

Similar arguments yield similar formulae for American puts where Z = (K — S)7, e.g.

V,= [E(e_jf s dS(K - Sm)+|X,) +E (J e_“r’ru dul{Xx<x*(5)}(rsK - ysSs) dSlX,) .
t
To calculate the expectations for bond options, the additional step of changing to the
forward numeraire measure (for m and each s) is to be taken, as in [19], where a general 1-
factor short-rate model is developed then applied to get explicit formulae in the Vasicek and
the CIR models (and in the general one-factor Gaussian model in the 1989 version.)

8.10 Extension to Markovian jump-diffusion

Recently, [7] have extended the inhomogeneous PDE approach of [19] to (stochastic
volatility and to) an inhomogeneous IPDE for the case of exponential Lévy underlyers (e.g.
Merton’s lognormal jump-diffusion model). The IPDE is solved explicitly using the Fourier
transform, resulting in a coupled 2 X 2 system of integral equations for the American call
price V and the optimal boundary S*. They extend the financial interpretation as follows. In
addition to instantaneously compensating for dividend and penalizing for interest on strike as
in pure diffusion, the infinitesimal expectation to jump down at the next instant from the
stopping region into the continuation region is penalized too, because then the option price
depreciates less than if it had been exercised. Here, we propose a general formulation based
on the Ito—Meyer formula, while still assuming rather than proving smooth paste and any
needed regularity.
As already seen several times, in the zero-interest rates case, we have in general,

V, = [E(Zm — J dVﬁ.’I]-"t). (8.4)
t

To calculate dV” (which equals 1;y =5 -k} dV?), we assume Z = (§ — K)t for some

positive special semimartingale S and constant K. We further assume V, = V(t,S,) for

some C! function V(z,S) such that as a distribution (62V/ 95?) is locally integrable on

[0,m] X (0, 00). In particular, V is a difference of two convex functions in S. As such,

(a time-dependent version of) Ito—Meyer formula is applicable. Applying it, then taking
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compensator,

192V
dV”z—dt —dSP ——d
+E)S +28S2 [5°]

aV
+ J (V(',S_ +y -V, S5-) -~ yaS(uS—)> v(dr, dy),
y#0

where ¥ = ¥(dt,dy) is the compensator measure of S (the jump-size intensity). We are
interested in this formula in the stopping region {V = § — K}, as it is zero outside it. We
assume a continuous optimal boundary curve ¢+ S*(¢), meaning {V, =S, — K}
={S, = S5°(®)}. So, dV? = l(g=5-)dV". We further assume dS”, d[S°], v(dz,dx) and
hence dV? are drf-absolutely continuous. Then dV? = 1{5_>g;,dV?. On the region
{S— > S*}, we have V(-,5_)=S_ — K, so, (0V/dt) = (9*°V/8S?) =0 and (0V/0S) =1
(evaluated at (¢, S;—)). Thus,

dVP = 15 =5 (dS” + J (V(,5- +y) — (S— +y — K)p(dt, dy)).
y#0

Equating the last two expressions for dV? gives an IPDE for V, as addressed shortly. But, it
more usual to model the jumps of X :=log(S). Let »= »(dz,dx) denote its compensator
measure. Interestingly then, the jump integral transforms multiplicatively:

192V

dV"z—dt —dS’7 ——dS
+BS +2682 5"

+J (V(-,S_e")—V(-,S_)—( s Y (S))v(dt,dx).
x#0

(This follows by a similar application of It6—Meyer formula to the function
o(t,X) = V(t,S), where S= e*. Then one mampulates especially using that by It0’s
formula dS? =S_dX? + (1/2)S d[xe<] + j#oe (e* —1—x)v(dt,dx).) Now, dV? =
I{s. >s-ydV? and as before, on the region {S_- > S"}, we have V(,5-)=S_ —K,
(E)V/BS) =1, etc. Thus,

dvr = 1{57>S*} (dS” + J V(,S- ex) - S_e"+ K)v(dt, dx)) .
x

#0
Since V(¢,S;— e*) — S;— e* + K = 0 for S,— e* = §7(¢), we can also write the integral as
log(S™/S-)

X=—00

AV? = 15 =) (dS" + J (V(-,5_ e — S_e" + K)v(dt, dx)> . (89

(Note log (§*/S-) < 0 here.) Plugging into equation (8.4), we get, for the case of zero
interest rates,

m log(S™(s)/Ss—)
V,=E (Sm—K)+—J Lis, >s*@s) dS’;—i—J (V(s,S—e)—S,—e"+K)v(ds,dx) |[S, |.

t X=—00
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Now consider an integrable spot rate process 7. Let S, V denote undiscounted processes as
before. Then, applying the above to the payoff process e I rd'(S — K)" finalizes to

1 s
—| r.d
Lis, s € Jirua ((sSs — rsK) ds

t

v, =F (e‘f, s, — Kyt + J

(8.6)
log (5 (5)/S;-)
—J (V(s, S;—e") — S;—e* + K)v(ds, dx)) |S,> .

xX=—00

Here, we also took the liberty to express in terms of dividend yield process y
(dS? =: (r — y)S— dr), while reversing a sign. To derive the IPDE, we simply equate equation
(8.5) with the one before its preceding (the one with partials) and divide by dr—ditto for
nonzero r. It yields, denoting o the volatility process (d[S¢]=:¢25>dr) and
7 (t,dx)dr :== v(dt, dx),

oV v 1 0%V
ur _ S - 2S2 - -V
azHr y) aS+2U 982 "

+ J (V(t, S_e%) — V(1,5-) — (" — 1)S_ %(.,S_)> (t, dx)
x7#0

log (S /5-)

+ 1(s_>s%) <ys — K — J (V(t,S_e) — S_ e+ K)i(t, dx)> =0.

x=—00

This is general, e.g. Jix|<lx2ﬁ(t’ dx) < oo. When r=r(t,5), o= o(t,S), y=y(,S),
7(t,dx) = #(t,S;,dx) are functions of (z,S5), it results in an IPDE. All terms (even really
r,y, o) are then functions of S—, which as a dummy variable is replacable by S. For constant
r,y,o/S and v(dr, dx) = A drv(dx) with finite activity L 0 (dx) < oo, [7] solve the IPDE in
closed-form (by Fourier inversion) as an infinite sum of double integrals. Evaluating at
S, = §*(r) gives an integral equation for $*(¢) (in terms of V(-,S)), which 2 X 2 integral
equation system (V,S™) they solve numerically by an iterative Volterra equation algorithm.

8.11 An American deal no one should buy

We conclude with the observation that no reasonable investment value can be attached to an
“American option” whose underlying payoff process has no optimal stopping time. The
argument works in general, but we assume the Black—Scholes setting with constant rate
r = 0 and a zero-dividend stock with geometric Brownian motion price process S such that
(e™"S,)_, is a martingale.

Consider the (undiscounted) payoff process Z, = (S, — )" fort < mand Z,, = (S,, — 2)".
It has no optimal stopping time. It is easy to see that Vo = e "[E(S,, — 1)". Indeed, both sides
equal supp=<,, € "*E(S; — 1)™, using the fact that the European option price e *[E(S; — 1)* is
increasing in expiration s. But, if we successfully sell this contract at a pitched “fair” price of
Vo, we will make an arbitrage profit, no matter how small, with the hedge that goes long one
European call of expiration m and strike 1. Indeed, the buyer will eventually have to exercise
early before m if the payoff is in the money, for his payoff will drop at m if he procrastinates.
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But, even if he wisely exercises at some time ¢ < m, we pay him only S; — 1, which is /ess than
what our European option hedge is worth then.

At least in theory therefore, an investor is strictly better off at the same cost with the
European option than this contract. This suggests that such contracts are not proper financial
options. As in [20], one can view an option as a pair (7, O), with random expiry 7 € 7 and
random payoff O € Fr. For a reward process Z that does have an optimal stopping time 7,
the American option can then properly be defined as the pair (T, Zz+).
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