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Ringresonator:Abstract model
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� Ringresonator� 2 couplers+ 2 cavity segments

� CW description: E ; H � ei ! t , ! = k c, k = 2� =� .
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Couplers: Scatteringmatrices
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� Uniform polarization,
singlemodewaveguides.

� Linear, nonmagnetic
(attenuating)elements.

� Backre�ectionsarenegligible.

� Interactionrestrictedto thecouplers
$ “port” de�nition.
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Coupler symmetries
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Cavity segments
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Fieldevolution � e� i 
 s

alongthecavity core,
propagationdistances.


 = � � i � ,

� : phasepropagationconstant,
� : attenuationconstant.

Relationsof amplitudesat theendsof thecavity segments:

c� = b+ e� i � L=2 e� � L=2; a+ = d� e� i � L=2 e� � L=2;

b� = c+ e� i � L=2 e� � L=2; d+ = a� e� i � L=2 e� � L=2:
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Output amplitudes
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Power transfer
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Powerdrop: PD = jD� j2,

Transmission: PT = jB� j2.

PD = Pin
j� j4 e� � L

1 + j� j4 e� 2� L � 2j� j2 e� � L cos(� L � 2' )

PT = Pin
j� j2(1 + j� j2d2 e� 2� L � 2j� jde� � L cos(� L � ' �  ))

1 + j� j4 e� 2� L � 2j� j2 e� � L cos(� L � 2' )

d ei  := � � � 2=� ,

L 6= 2� R.
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Spectral response
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Resonances

PD = Pin
j� j4 e� � L

1 + j� j4 e� 2� L � 2j� j2 e� � L cos(� L � 2' )

(� )

PT = Pin
j� j2(1 + j� j2d2 e� 2� L � 2j� jde� � L cos(� L � ' �  ))

1 + j� j4 e� 2� L � 2j� j2 e� � L cos(� L � 2' )

(� )

� � Resonances:
Singularitiesin thedenominatorsof PD, PT , origin: � (� ).

� Correctionfor �nite couplerlengthl :
� L � 2' = � L cav � � , � = 2� l + 2' , L cav = 2� R, @� � � 0.

� Resonancecondition: cos(� L cav � � ) = 1, or

� =
2m� + �

L cav
=: � m integerm; PDj� = � m

= Pin
j� j4 e� � L

(1 � j� j2 e� � L )2
:
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Freespectral range

� Resonancenext to � m :

� m� 1 =
2(m � 1)� + �

L cav
= � m �

2�
L cav

� � m +
@�
@�

�
�
�
�
m

� �

� @� � = ?
qj : waveguideparameterswith dimensionlength,
� (a�; aqj ) = � (�; qj )=a, @a ja=1

@�
@�

= �
1
�

�
� +

X

j

qj
@�
@qj

�
� �

�
�

:

FSR: � � = �
2�

L cav

�
@�
@�

�
�
�
�
m

� � 1

�
� 2

ne� L cav

�
�
�
�
m

; ne� = � =k.

11



Freespectral range

� Resonancenext to � m :

� m� 1 =
2(m � 1)� + �

L cav
= � m �

2�
L cav

� � m +
@�
@�

�
�
�
�
m

� �

� @� � = ?
qj : waveguideparameterswith dimensionlength,
� (a�; aqj ) = � (�; qj )=a, @a ja=1

@�
@�

= �
1
�

�
� +

X

j

qj
@�
@qj

�
� �

�
�

:

FSR: � � = �
2�

L cav

�
@�
@�

�
�
�
�
m

� � 1

�
� 2

ne� L cav

�
�
�
�
m

; ne� = � =k.

11



Freespectral range

� Resonancenext to � m :

� m� 1 =
2(m � 1)� + �

L cav
= � m �

2�
L cav

� � m +
@�
@�

�
�
�
�
m

� �

� @� � = ?
qj : waveguideparameterswith dimensionlength,
� (a�; aqj ) = � (�; qj )=a, @a ja=1

@�
@�

= �
1
�

�
� +

X

j

qj
@�
@qj

�
� �

�
�

:

FSR: � � = �
2�

L cav

�
@�
@�

�
�
�
�
m

� � 1

�
� 2

ne� L cav

�
�
�
�
m

; ne� = � =k.

11



Freespectral range

� Resonancenext to � m :

� m� 1 =
2(m � 1)� + �

L cav
= � m �

2�
L cav

� � m +
@�
@�

�
�
�
�
m

� �

� @� � = ?
qj : waveguideparameterswith dimensionlength,
� (a�; aqj ) = � (�; qj )=a, @a ja=1

@�
@�

= �
1
�

�
� +

X

j

qj
@�
@qj

�
� �

�
�

:

FSR: � � = �
2�

L cav

�
@�
@�

�
�
�
�
m

� � 1

�
� 2

ne� L cav

�
�
�
�
m

; ne� = � =k.

11



Freespectral range

� Resonancenext to � m :

� m� 1 =
2(m � 1)� + �

L cav
= � m �

2�
L cav

� � m +
@�
@�

�
�
�
�
m

� �

� @� � = ?
qj : waveguideparameterswith dimensionlength,
� (a�; aqj ) = � (�; qj )=a, @a ja=1

@�
@�

= �
1
�

�
� +

X

j

qj
@�
@qj

�
� �

�
�

:

FSR: � � = �
2�

L cav

�
@�
@�

�
�
�
�
m

� � 1

�
� 2

ne� L cav

�
�
�
�
m

; ne� = � =k.

11



Spectralwidth of the resonances

� PD = Pin
j� j4 e� � L

1 + j� j4 e� 2� L � 2j� j2 e� � L cos(� L cav � � )
;

PD j� m
= PD;res :

� PD j� m + � � = PD;res=2: � � = ?

� Expansionof cos-terms
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Finesse& Q-factor

Finesse: F =
� �
2� �

= �
j� j e� � L=2

1 � j� j2 e� � L :

Q-factor: Q =
�

2� �
= �

ne� L cav

�
j� j e� � L=2)

1 � j� j2 e� � L =
ne� L cav

�
F :

or Q = kRne� F for L cav = 2� R :
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Performanceversuscoupling length & losses

Assumption: Losslesscouplerelements,j� j2 = j� j2 = 1 � j� j2.
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Tuning

� Resonancecondition: � = (2� m + � )=Lcav = � m ,
a peakat � m : � (� m ) = � m .

� In�uence of anexternal(small)parameterp: � (p; � ) ; � (0; � m ) = � m .

� Tuning0 ! p: Resonanceshiftsto ~� m with � (p; ~� m ) = � m .

� (p; ~� m ) � � (0; � m ) + p
@�
@p

�
�
�
�
0;� m

+ (~� m � � m )
@�
@�

�
�
�
�
0;� m

= � m :

Wavelengthshift effectedby theperturbation:

� p� m = p
@�
@p

� m

� m
or � p� m = p

@�
@p

� 2
m

2� ne� ;m
:
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Tuning, speci�c

� Electrooptictuning,
anexternal�eld strengthEt changesthecavity permittivity :

�̂ (Et ) = �̂ (0) + Et ê:

� Approximation: Bend! straightwaveguide,
modepro�le E = (Ex ; Ey; iEz), H = (Hx ; Hy; iHz)

@�
@Et

=
! � 0

2

ZZ
E � êE dxdy

ZZ
(ExHy � EyHx) dxdy

:

Wavelengthshift effectedby theelectrooptictuning:

� E t � = Et
�

2ne�

r
� 0

� 0

ZZ
E � êE dxdy

ZZ
(ExHy � EyHx) dxdy

:
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Bend modeproperties

0

z

x
�

nb ng nb

r

b

R

Homogeneityalong�

bendmodeansatz
�

E
H

�
(r; � ; t) =

1
2

Re
�

E b
0

H b
0

�
(r ) ei ! t � i 
 R� ;

pro�le E b
0, H b

0,
propagationconstant
 = � � i � .

d2�
dr 2 +

1
r

d�
dr

+
�

k2n2 �

 2R2

r 2

�
� = 0;

n(r ) : piecewiseconstant, � = E b
0;y (TE), � = H b

0;y (TM).

Bendmodes: � Nonzerosolutions,

� boundedat theorigin, � J
 R(nbkr ) for r < R � b,

� outgoingexterior �elds, � H (2)

 R (nbkr ) for r > R,

� continuityat interfaces: � & dr � (TE), � & (dr � )=n2 (TM).
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Bend modes,examples
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Bend modes,examples
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Propagationconstantvs.bend radius
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Coupler modeling,CMT ansatz
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Bb

g s
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R b

ng ngnb nbnb�0

Known: Modesof thebentandstraightcores
�

E b
H b

�
(r; � ) =

�
E b

0
H b

0

�
(r ) e� i 
 bR� ;

�
E s
H s

�
(x; z) =

�
E s

0
H s

0

�
(x) e� i � sz:

Coupledmodeansatz:
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E
H

�
(x; z; t) =

1
2

Re
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Ab(z)
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E b
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�
(x; z) + As(z)
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E s
H s
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(x; z)

�
ei ! t :

Ab(z), As(z) = ?
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Coupledmodeequations
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(E ; H ; � )

=

z

x

r

R b

ng nbnb�0

(E b; H b; � b)

+

z

xs

ng nb0 nb

(E s; H s; � s)

Suitableintegral form of Maxwellsequations(“reciprocity theorem”)
�

� bb � bs
� sb � ss

�
d
dz

�
Ab
As

�
=

�
cbb cbs
csb css

� �
Ab
As

�
;

� pq =
1
4

Z
(E �

pxHqy � E �
pyHqx + H �

pyEqx � H �
pxEqy) dx;

cpq = � i
! � 0

4

Z
E �

p(� � � q)E q dx; p;q = b; s:

Numericalevaluation Ab(z), As(z) : : : � , � , � .
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CMT coupler model,examples
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2D, TE,
nb = 1:45, ng = 1:60, b = s = 1:0 � m, � = 1:55 � m,
R = 50� m, g = 0:90 � m.
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j� j2 = 0:93, j� j2 = 0:07, j� j2 = 0:92.
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CMT coupler model,examples
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Coupling coef�cients vs.coupler geometry
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Circulartravelingwave resonators

Rectangularstandingwave resonators

x

0 z

CD

A B

b

g
s

nb

ng

r�

R

g
w

x

0

A

D

L

z
W

B

C

ngnb

30



RectangularResonator:Abstract model
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z
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L

(II)(I)

� Resonator� centralcavity segment+ 2 facets

� CW description: E ; H � ei ! t , ! = k c, k = 2� =� .
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Central coupler segment:Basis�elds & transfer matrix

0 zL

0 zL

 c
m, � c

m

 p
l , � p

l

� Basis:Guided�elds  p
l ,  c

m , andpropagationconstants� p
l , � c

m ,
of port andcavity cores.

� F , B : Amplitudesof forwardandbackwardcopiesof thebasismodes.

� Propagationalongthecavity segment:

F (L) = T F (0), B (0) = T B (L),

T : Cavity transfermatrix.
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Facets:Multimode re�ection

0

A

D

z

B

C

L

(II)(I)
Facets:

� noeffecton  p
l ,

strongeffecton  c
m .

F =
�

F p
F c

�
; B =

�
B p
B c

�
:

Guidedwave re�ection at thefacet:

B c(L ) = RF c(L), F c(0) = RB c(0),

R: Facetre�ectivity matrix.
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Output amplitudes& power

0

A

D

z

B

C

L

(II)(I)

Cavity transfermatrix

T =
�

Tpp Tpc
Tcp Tcc

�

+ Facetre�ectivity matrix R
+ Externalinputamplitudes

F p(0) =
�

1
0

�
, B p(L ) =

�
0
0

�

Externaloutputamplitudes:

F p(L ) = (Tpp + TpcR
 � 1TccRTcp)F p(0),
B p(0) = TpcR
 � 1Tcp F p(0), 
 = 1 � TccRTccR .

PA = jBp;1(0)j2, PB = jFp;1(L )j2, PC = jFp;2(L )j2, PD = jBp;2(0)j2.
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Spectral response
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nb = 1:45, ng = 3:40; TE.

CMT,
Rigoroussimulations(BEP).
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Resonant�eld pattern

Ey(x; z; t):
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Detachingthe cavity

� Resonances$ Singularitiesin 
 .

� Thecavity ampli�es a �eld F c(L ) = v thatcorrespondsto a large
eigenvaluea of 
 � 1: 
 � 1v = av, 
 v = (1=a) v, ampli�cation A = jaj2.

Resonantcon�gurations:
� 
 = 1 � TccRTccR hasa zeroeigenvalue.
� TccRTccR hasaneigenvalue1:

F c(L ) R� ! B c(L )
Tcc� ! B c(0) R� ! F c(0)

Tcc� ! F c(L ) :
� TccR hasaneigenvalue � = +1 or � = � 1.

Ampli�cation for a �eld v with TccRv = � v, � = r ei � :

A =
1

j� 2 � 1j2
=

1
1 + r 4 � 2r 2 cos(2� )

:

� Isolatedcavity:

Tcc
g ! 1

diag
�

e� i � c
1L ; : : : ; e� i � c

N L
�

:
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Resonantcon�gurations, CMT model

Am , Am;l :
cavity modes
m or m & l.

classi�cation
of resonances.
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Abstractmodel& examples

Waveguidefacets
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Multimode facet re�ecti vity
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sin � crit = nb=ng, sin � max =
q

1 � n2
b=n2

g ,

� > � crit $ ng >
p

2nb .
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� Singlemodere�ectivity

� � Two modesuperposition,
maximumre�ectivity

nb = 1:45,
ng = 3:40,
W = 2:524� m,
� = 1:55 � m.
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Multimode facet re�ecti vity
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Single-and bimodal re�ections
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Waveguidefacets

Slabmoderesonances
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Resonances,slabmodereasoning

�

�
�

���

g
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�

g

�

�

�

�
�

���

g

�

�

b

�

g

�

�

�
�

���

g

�

�

g
�

�

b

(A) (B)

Field in � W=2 < x < W=2, � L=2 < z < L=2:

(A) Ey(x; z) = E0 � (x)( e� i � z + bei � z), � (x) = e� i � x � ei � x ,

(B) Ey(x; z) = E0  (z)( e� i � x + dei � x ),  (z) = e� i � z � ei � z.

(A) = (B) : b = � 1, d = � 1.

Resonantcon�gurationsW, L for given� = 2� =k, ng, nb:
Theslabwaveguideof thicknessW supportsamodewith angle � ,
while theslabof thicknessL guidesa �eld with angle � =2 � � .

Bimodalresonance:Two pairsof modeswith propersymmetry
($ facetedges)satisfytheconditionssimultaneously.

43



Resonances,slabmodereasoning
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Looking up resonantcon�gurations

: : : in aplot
modeangle�
vs.slabthicknesst :
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Filter device basedon rectangularcavities
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Filter: Resonant�eld pattern
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T = 5:11 fs.

PD = 0:02, PC = 0:68,
PA = 0:02, PB = 0:03.
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Grating assistedresonator

g

z

B

C

PB

PC

A

D

PA

PD

Pin

x

0

wng

nb

W

L p s

1 : : : Np

w = 1:0 � m, g = 1:6 � m,
W = 9:955� m, L = 79:985� m,
p = 1:538� m, s = 0:281� m, N p = 40,
nb = 1:45, ng = 1:60; 2D, TE.

1.5485 1.549 1.5495 1.55 1.5505 1.551 1.5515
0

0.2

0.4

0.6

0.8

1

l  [mm] 

P
A

�D

P
A,C,D

P
B

0.18 nm

1.51 1.52 1.53 1.54 1.55 1.56 1.57 1.58 1.59
0

0.2

0.4

0.6

0.8

1

l  [mm] 

P
A

�D

P
A,C,D

P
B

7.6 nm

48



Grating assistedresonator:Resonant�eld pattern
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Resonatorwith perpendicular ports
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Concluding remarks

Analyticalapproachesto opticalmicroresonators:

Circulartravelingwave resonators

� Alternativeviewpoint:
Time-domaingallerymodes

� Extensionto 3D:
Straightforward,if : : :
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