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Abstract: Placedbetweentwo waveguidesthatsene asinputandoutputports,awide segment
of athird high contrastmultimodedielectricwaveguidecanconstitutethe cavity in anintegrated
opticalmicroresonatorWe considerthesedevicesin a spatial2D settingby meansof a bidirec-
tional coupledmodetheory(CMT) basedon the guided x ed-frequeng modesof the two port
waveguidesandthe cavity segment.Combinedwith thenumericallycomputede ectivity of the
cavity facetsthe CMT equationsanbe solvedfor the power transmissiorof theresonatorsin
goodagreementvith rigorousmodeexpansionsimulations.The CMT modelallows to virtually
detachthe cavity from the port waveguides. Resonanton gurationscanthusbe found assin-
gularitiesin the matrix denominatoof the CMT equations.Inspiredby the eld shapeandthe
quality of someof the resonancess moredetailedlook at the cavity facetsrevealsan effect of
almosttotal re ection for speci ¢ slabmodesuperpositionsBoth resultstogethershowv thata
slabwaveguidemodesolveris in principle sufcient for anapproximatedenti cation andclas-
si cation of theresonancem therectangulacavities. Severalnumericalexamplesillustratethe
designprocedure.
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1 Intr oduction

Applicationsin optical wavelengthdivision multiplexing area major objectve of the currentresearctefforts
directedtowardscompacthighly integratedopticaldevices. Somepromisingconceptgely on microresonator
elementsasbasicbuilding blocks[1, 2], where,for reason®f size,the emphasigs on stronglyguiding struc-
tureswith high refractive index contrasts. In a typical resonatorelement,a small optical cavity is placed
betweentwo parallel straightwaveguidesthat sene asinput and outputports. The characteristicspectralre-
sponsenableghedesignof microresonatodeviceswith avariety of differentprospectie functionalitiese.g.
for purpose®f Itering, switching,routing,or modulation(seee.g.[1, 3, 4] andreferencegitedtherein).

While traditionally mostinvestigationsdeal with cylindrical [5, 6, 7, 8, 9, 10, 1, 11, 3, 4] or elliptical [12,
13] cavity geometriescon gurationswith squareor rectangularcavity shapeshave attractedsomeinterest
aswell. Recentstudiesconsiderthe rectangulamicroresonatorby meansof a time domaincoupledmode
theory tted to nite differencetime domaincalculationg[14], by meansof numericallyrigorousanalytical
regularizationf contourintegral equation$15], or alternatvely by meansf afrequeny domainbidirectional
mode expansiontechnique[16], whereall investigationsare restrictedto a spatialtwodimensionaketting.
Despitetheir rigorousnesstheseapproachegive unfortunatelyonly little insightin the designprinciplesfor
therectangulamicrocavities.

Temptedby the apparentesemblanc&ith commonthree-coradirectionalcouplerg17, 18, 19 or radiatively
coupledwaveguides[20, 21], we proposeto apply a coupledmodetheory[22, 23] to the resonatordevice,
basedntheguidedfrequeny domainmodessupportedy theportwaveguidesandby thecavity segment.The
formulationresembleghatgivenin Ref.[21] for the unidirectionallight propagatioralonga threewaveguide
coupler Aiming at the simulationof resonancegghenomenaforward andbackward traveling versionsof the
coupled elds have to be consideredgsimultaneously Combinedwith the numericallycomputedyuidedwave
re ectivity of the cavity endfacetg[24], the coupledmodeequationgor both propagatiordirectionsallow to
evaluatethe paower transmissiorof theresonatodevice. This s the subjectof Section3 of this paper
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In particular the coupledmodemodelallows to considerthe cavity separatedrom the port waveguides.Res-
onantwavelengthsand eld patternsof the dielectricrectanglesanthusbe identi ed assingularitiesin the
matrix denominatoof the coupledmodeequationsWe evaluatethis aspectin Sectiond. Theobserationsmo-
tivatea closelook in Sections atthe multimodewaveguidefacetshatterminatehe microresonatocavities. If
oneacceptgheslabmoderepresentationf the elds insidethecavities, this viewpointleadsdirectly to simple
designguidelinesfor constructingcavities thatsupportspeci ¢ resonanceataprescribedrequeng. Sectioné
is concerneawith this (approximateyeasoning Exampledor resonanton gurationsdeterminedn this way
canbefoundin Section?.

2 Rectangular microcavities

Figure 1 sketchesheresonatoicon guration. We restrictthe problemto two spatialdimensions , , andto
TE polarizationwhereonly thesingle -orientedcomponent of theelectric eld is presentAll simulations
in this paperare meantfor light with constantangularfrequenyg c c , given by the vacuum
wavenumber , thevacuumspeedf light ¢, andthe vacuumwavelength .
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b g T Figure 1: The microresonatorgeometry Two identical
= waveguidesof width — areplaceda distance apartfrom
i the rectangulacavity of length andwidth . Theguid-
in | ing regions with refractive index g, the waveguide cores
== |A | B | —=  andthecavity, areembeddedh a backgroundnediumwith
A | B refractive index . CapitallettersA to D denotethe input
- - respectiely outputportsof the device.

The rectangularsegmentedstructurescan be simulatedquite accuratelyand ef ciently by mode expansion
methodgbidirectionaleigenmoderopagatioriechniques)22, 25|, wherewe referto Refs.[26, 16] for details
of the presenimplementationThesesimulationsarerigorousup to convergencewith respecto the extension
of the computationalvindow andwith respecto the densityof the spectradiscretizationwhereforward and

backward traveling, radiatedand guidedpartsof the optical elds aretaken fully into account. Calculations
of thatkind sene asa numericalreferenceor the more approximatediscussionin this paper;all eld plots

includedbelow areresultsfrom therigorousmodel.
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Figure 2: Wavelengthresponseof a resonatordevice accordingto Figure 1 with dimensions m,
m, m, m for refractive indices and ¢ (seethe rst row of Table1).

A to  p aretherelative power fractionsthatarere ected respectiely transmittednto portsA to D. The bold curves
shaw the resultsof rigorousmodeexpansionsimulations[16]; the thin lines, partially shadevedin the left inset, were
computedaccordingto Eqs.(13) by meansof the coupledmodetheorysketchedn the following section.



Figure 2 shawvs a spectralresponsepredictedin this way by a seriesof calculationswith varying vacuum
wavelength for a speci ¢ resonatogeometrywith arelatively large, rectangularcavity. The device is excited
in port A by the normalized right-trareling guidedmodeof the lower core. For mostwavelengthsthe input
power is directly transmittedto port B, apartfrom a small power fraction lost to radiation. Resonanttates
appeamsadropin thedirecttransmission g anda simultaneousncreasedn the relative power fractions a,

c, and p, thatarere ectedinto port A, or droppedinto portsC andD, respectiely, wherethethreecurves
relatedto A, ¢, and p coincidealmostcompletely

The structurehasbeenoptimizedfor theresonanceat m, magni ed in theright partof Figure2. At
resonanc@neobsenresrelative power transmissionsf A . B . C ,and p

, i.e. theunit input power is nearlyequallydistributedamongthe four outputports. The corresponding
resonanteld pro le in Figure3 shavs outwardstraveling guidedwavesin portsB, C, andD. The eld in port
A is apartly traveling, partly standingwave, the superpositiorof the unitinput andthere ection with quarter
amplitude.Insidethe cavity, a purely standingvave patternappearswith anextremalshapeasplotted.

Figure 3: Field patternfor the pronouncedeso-
nancein Figures2, 4. The plot shavs the real op-
tical electric eld ata time positionwherethe eld
inside the cavity is extremal. White andblack re-
gionsindicatepositive andnegative eld strength;
thegraybackgroundnarksthe zerolevel.

While similar featuresandtheir prospectie applicationfor wavelength Iter devicesare describedn much
moredetailin Refs.[14, 16], thenumericaltechniquesisedin thoseinvestigationgprovide hardlyany meango
classifyandto predicttheratherirregularly appearingesonancesisiblein Figure2. Thereforan thefollowing
sectionwe reconsidethestructuresn termsof anapproximatelower dimensionaperturbationamodel.

3 Coupledmodetheory modeling

Thecavity region of themicroresonatocanberegardedasa sggmentof length  of asymmetrical
corventionaldirectionalcoupler constitutedoy the threeparallelcoresof the port waveguidesandthe cavity.
We applyacorrespondingoupledmodeformalism[21] to describeheunidirectionalguidedlight propagation
alongthe cavity segment. Startingpoint are the guidedmodesrelatedto the symmetricslab waveguidesof
thicknesses and thatconstitutethe portsandthe cavity of the device. The basis elds aregiven by the
electricpart andthe magneticpart i of the TE modepro les, and
by the correspondindpositive) propagatiorconstants , where , , and arereal quantities.
Usingcommoncomplex notation,theforward propagatingptical electromagneticeld attime in the cavity
sgmentis thenassumedo be a superposition

S i (1)

of the singlemodes,normalizedby d , with coefcients which includethe har
monic dependencen the propagatiordistance Eachmodeis assignedhedifference between
the permittiity pro le thatdescribesheentirethreeguidestructureandthe permittvity  of thesingleslab
structurefor which themodewascalculated.



Thenareasoningoy meansof reciprocitytechniqueg22, 21] leadsto the following coupledmodeequations,

written directly in matrix form for the vector of forwardmodeamplitudes:
i 2
The real symmetricmatrices (positve) and collectthe power coupling
coefcients
- d 3
andpropagatiorconstantveragesrespectiely, while for losslessnaterials is the Hermitianmatrix
of couplingcoefcients
- d (4)
The coupledmodeequationg2) arereadilysolved by anexponentialansatz
— i (%)

where and aretheconstanamplitudevectorsandphaseconstantshatdescribeheso-calledsupermodes
of the structure normalizedby T superimposewith coefcients . Beingthe (real) solutions
of thegeneralizeaigewalueproblem

(6)
the supermodevectorssatisfythe orthogonalityproperties T . HereT denoteghetranspose,
, and if . Projectionon a given initial amplitudevector yields the expansion
coefcients T , suchthatthe generalsolutionof Eq. (2) for the forward propagation
alongtheentirecavity sggment canbewrittenas
(7)
with
— i T (8)

Detailsontheonly brie y sketchedderivationabove andon relatedissuescanbefoundin Ref. [21].

A completelyanalogouseasonindoldsfor the backwardlight propagationbasedn the backwardstraveling
versionsof the guidedmodepro les of the threecoresandthe correspondingnegative propagatiorconstants.
Thepropagatiormatrix asde nedin (8) relateghebackwardmodeamplitudes atthebeginning

of the cavity seggmentto theamplitudesat as

9)
With the descriptionof the bidirectionalguidedlight propagatioralongthe cavity segmentat hand,the next

steptowardsa modelfor the microresonatodevice is to separatéthe modesn the portchanneldrom the elds
in the cavity waveguide. Thereforewe split theamplitudevectors and andthepropagatiormatrix as

p pp pc (10)

c cp cc
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wheretheindicesp andc indicateport andcavity relatedentries.Now |, and , canberegardedas
theinputto thedevice, , and , aretheamplitudesof theoutput elds.

To completethe resonatomodel, the cavity modeamplitudes . and . areto be relatedat the positions

and of the facetsof the cavity waveguide. Neglecting completelythe presenceof the port
coresasa— rough— approximationwhenhandlingthe cavity facetproblem,we apply the modeexpansion
technique[26, 16] mentionedn Section2 to the facetstructureconstitutedoy a semi-in nite sggmentof the
isolatedcavity waveguide. Thesesimulationsconsiderigorouslythe optical elds aroundthe facet,including
thetransmittedandre ectedradiation.Restrictedo the guidedincidentandre ected modesn the corelayer,
theresultsestablisHinearrelations

c c c c (12)

betweerthe modeamplitudesnvolved in the two independentdenticalfacetproblemsat and ,
with acomple, nonunitary symmetricre ectivity matrix (cf. Ref.[24]).

The total guided optical power, the integrated -componentof the pointing vector associatedvith a eld

superpositior{l) is , where denotegheadjoint. The propagatiormatrix conseresthis quantity:
. Being perfectlyadequatéf oneremainsin thein the framevork of the coupledmode
descriptionwith nonorthogonabasis elds, this impliesthat is a nonunitarymatrix. But to connectthe

description(10) of the propagatioralongthe cavity segmentandthe facetmodel(11), onehasto leave that
framevork. The modeamplitudesare viewed as belongingto two separatgroblems,eachincluding a set
of pairwiseorthogonalbasis elds (eitherbecausef the distancebetweenthe cores,or becausef the exact
orthogonalityof modesin thesamemultimodecore),andconsequentlyhetotal poweris to be evaluatedasthe

absolutesquare of the modeamplitudevectors. Pover conseration for the amplitudetransferbetween
and in this settingrequires to beunitary
Splitting the power coupling matrix as T, the matrix , with asin Eg. (8), hasthe desired

property Thereforeverede nethepropagatiormatrixandaccordinglyEqgs.(7), (9), and(10)in asymmetrized
form as

— i T (12)

where T and arethe factorsof the Cholesk decompositiorof , that are actually alreadyusedto solve
Eq. (6). Beinga directconsequencef the approximationsnherentin the coupledmodeansatz1) andin the
changeof viewpoints(10), this inconsisteng leadsto realistic,non-ampli ed powver transmissiorcurves(Note
thatthedif culty doesnotshav up, if the offdiagonalpower couplingcoefcients area priori neglectedasin
mary coupledmodetheoryformulations).

Now theindependenexpressiong7), (9), (10) for the propagatioralongthe cavity segmentand(11) for the

re ection atthefacetcanbecombinedwheredueto thesymmetryof thelineardeviceit is sufcient to consider

aninputfrom onesideonly. In caseof anexcitation ,  fromtheleft andnoincoming eld from theright
P , oneobtains

p PP pc cc cp p p pc o p (13)

for thetransmissionthroughthedevice andfor there ections causedy theresonatgrwhile the eld insidethe
cavity is givenby

c cp p c cc cp p (14)

All expressiongregovernedby aresonancelenominatoin matrix form

cc  cc (15)



Besidegheresonanceelatedmatricestheexpression(13)for |,  containsa rst termthatis independent
fromthere ectivity matrix. Representinghedirectcouplingin standaradcouplermodels(seeRefs.[17, 18,19
or[20, 21]), for the presenshort,weakly coupledstructuregheeffectis a slightasymmetryin theforwardand
backward drop anda small traveling wave contrilution to the eld insidethe cavity with a slov wavelength
dependencedenceherewe do not pay specialattentionto this nonresonaniechanismthoughit is included
in all simulationsof completeresonators.

Assigningindices1 and2 to the modesof the lower andupperport waveguides,respectiely, for aninputin
portA representetly , “in T, thecoupledmodemodelpredicts

A p, in B p, in C p, in D p, in (16)

for therelative amountof re ected, directly transmittedandforwardsandbackwardsdroppedoptical power.

Figures2 and4 compardransmissiorcurvesthatarecomputedoy meansof this approximatenodelwith the
resultsof rigoroussimulations. Regardingthe quite adverseconditionsfor the applicationof coupledmode
theory— the high refractive index contrast,andthe long (unfolded)interactionlength— the agreements
reasonable.Obviously the eld insidethe cavity canbe representedvell by a bidirectionalversionof the
superpositior{l) of guidedmodesn the correspondinglabwaveguide.

4 Multimode resonances

Resonanton gurationsaredistinguishedy an abruptraiseor dropin the powver transmissionandby a sin-
gularhigh eld intensityinsidethe cavity [16]. In the productsof matricesin Eqgs.(13), (14), theterm is
the only commonfactorthatis likely to beresponsibldor thatphenomenon.

Consideringe.g.theexpression(14)for theamplitudes .  attheendof thecavity, ahugeintensityrequires
thata eld is excitedthere—theinput , mappedy ¢, — thatissigni cantly ampli ed by theterm
Thisholdsfor anamplitudevector thatcorrespondso alarge(in termsof absoluteralue)comples eigevalue

of ; the cavity thenampli es the intensityaccordingto by afactor . Fora
X edcavity con guration,themaximumampli cation is givenby thelargesteigevalue of , alternatvely
by the smallesteigewalue of , or by theeigewalue of <« ¢ thatisclosesto . Thislast

characterizatiomllows a quite descriptve interpretationin aresonanstate,a eld is excitedatthe endof the
cavity, thatis exactly reproducedafter beingre ected onceat the cavity facet,beingpropagatedackwards
throughthe cavity, beingre ected a secondime, andbeingtransferredorwardsto its original position.

Writing the eigewvalue i of < thatis nearesto or in termsof its absolutevalue andits
amgument , theampli cation factor reads

(17)

is de ned in termsof and .. While the formeris by constructiona propertyof the isolatedcavity,
the latter becomesa propertyof the cavity only, if the port waveguidesare removed: In the limit of a large
gap width , the cavity propagatiormatrix assumeghe diagonalform ¢ diag i ,
wherethe diagonalelementsarethe phasdactorscorrespondingo the propagatiorof the modesof the cavity
waveguide. Consequentlyin the limit of absentport waveguides,the evaluationof the ampli cation factors
yields a quantitatve characterizatiof the resonancem a 2D dielectricrectangle.This reasoningnaturally
leadsto consideringhe cavity length asatuningparameterfor x edvacuumwavelengthof theinputlight.
Figure4 shaws the correspondinglependencefcludingthe pronouncedesonancérom Figure2.

Appliedto thedescriptiorof anentireresonatodevice, this viewpoint obviously disregardsthein uence of the
port waveguidescompletely Neverthelesone canexpectthatthe cavity propertiesdominatethe position of
the peaksobseredin the powertransmissiorof the device, with only a minor perturbatiordueto the presence
of the ports. Simultaneouslythe port waveguide con guration determineghe strengthof the excitation, or
whetheraresonanceppearsat all. Thesenotionsarejusti ed by the numericalexperimentsof Ref. [16], but
alsoby thecoincidence®f the peakpositionsin the curvesof Figure4.
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With thecoefcients of  beingonly numericallyde ned, in general17) doesnot permitanexplicit analytical

evaluation,if all guidedmodesof the cavity waveguide areincluded(in the examplesof Figures2—4 these

are 11 basis elds). Assuming,however, thatonly a single modeplaysa dominantrole, the matricesreduce

to scalarquantities [ and [ given by the propagatiorconstant  of the

relevant cavity modeandby therelatedentry of thefacetre ectivity matrix with absolutevalue  andphase
[ . Thecorrespondingmpli cation factorreads

(18)

Consequentlycavities with lengths , for natural , shouldsupporta resonanceelatedto cavity
mode , wherethe quality is determinedoy the relatve amountof powver | thatis re ected backinto that
modeatthefacets.
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Figure4: Bottom: Power transmissiorthrougha device accordingto Figure 1 versusthe cavity length . Geometrical
parametersire m, m, m; the vacuumwavelengthis kept at m. Thick

andthin curvescorrespondo therigorousandcoupledmoderesonatomodels.Top: Ampli cation factors(17)and(18)

relatedto the characteristieesonancelenominatorg15) of theisolatedcavities. and  arerestrictionsof Eq. (17)

tothemodesof order , ,and , respectiely. Seethetext for a conciseinterpretatiorof thesecurves.

Figure4 includesa plot of the ampli cation factor  for the 8-th ordercavity mode. In the full resonator
simulationsthe port con guration was designedsuchthat the individual port waveguidesare phasematched
with thatcavity mode.Clearlyresonanceareexcitedregularly at thelengthspredictedby Eq. (18), wherethe
amountof power thatis droppedre ected, or lost, respectiely, dependn the preciseexcitation conditions,
i.e. grows with the interactionlength. Two examplesof eld pro les for thesesingle moderesonancein
Figure 12 exhibit the expectedregular standingwave patternswith 8 horizontalnodallindesinsidethe cavity,
surroundedy arelatively large amountof radiation.



Dueto the speci c tailoring of excitation conditions,amongthe 11 guided elds the singlemoderesonances
relatedto the 8-th ordermodearethe dominantones.Apart from these several otherpeaksappeaitirregularly
in the resonatorspectrumof Figure 4, someof which are much narraver and much more pronounced.An
extraordinaryquality is alsoobseredfor the peakdocatedatafew of thesingleresonanceositions,ncluding
theresonancemphasizeih Figure2. Therelated eld patternsgxempli ed by theplotin Figure3, arenot of
the simpleshapeof Figure12. Consequentlymorethanonecavity modemustbe suspectedo berelevantin
thesecases.

Thecurweslabeled in Figure4 indicatethata setof two guidedcavity elds is sufcient to identify mostof
theresonancesThevalues arecomputedoy restrictingEq. (17) to thetwo basismodesof order and

In thelimit thetwo modespropagaténdependenthalongthe cavity, beingconnectedia there ection
atthefacets.Hencetheampli cation appearsimply asthemaximumof thefactors and relatedto
theindividual modesif atalength thephaserelationfor singlemoderesonanceis satis edfor only oneof
thetwo modes.Theregularfeaturesof —  canthusbefoundin the curvesfor - in Figure4.

If, however, properphaserelationsaremetfor bothmodessimultaneouslymuchmorepronouncedesonances
canoccur This requiresa mechanisnthatyields a signi cantly higherguidedwave re ectivity, comparedo
singlemodeincidence,if superpositionsvith speci c relative amplitudeof two cavity modesareincidenton
thefacets.Thepronouncedimodalresonancem arelocatedwherethe singlemodepeaksn  and
passover eachotherwith growing |, providedtheindividual peaksapproactsufciently, whereonly for some
of thesdengthsa pronouncedesonancshavs up. Apparently aspeci c relative phaseelationof theincident
elds isrequiredfor ahighbimodalre ectivity, aconditionwhichis notsatis edfor all of thelengthsindicated
by theapproachingpeaksn  and

Being eigenfuncton®f a symmetricslab structure the basismodesin the cavity waveguide have a de nite

symmetry Re ection atthecavity facetgpreseresthatsymmetryi.e.theoffdiagonalcoefcients in there ec-

tivity matrix relatedto modesof differentsymmetryvanish. Hencethe ampli cation factors for aneven

modeorder andanoddorder (notshawvn in Figure4) arejust the maximaof thetwo singlemodecurnes
and ; only modeswith equalsymmetrycanestablisha bimodalresonance.

5 Multimode re ection at the cavity facets

For anexplanationof thehighre ectivity effect predictedn thelastsectionareasoningn termsof thefamiliar
ray picturefor guidedwave propagationn adielectricslabis helpful. Accordingto Figure5, themodeangle
associateevith amodewith propapagtiortonstant 9 canalternatvely beregardedastheincidence
angleof thecorrespondingvaveson the facetinterface.

A
9 9:
 ——

Figure5: A facetof the waveguidethatformsthe cavity of the microres-
onatorin Figure1. A propagationconstant anda modeangle are
assignedo eachguidedmode.

Consequentlyin this framewvork a highre ectivity canbeexpectedor anindividual mode,if its angleis larger
thanthecritical angle i for total re ection ataninterfacebetweertwo dielectricawith refractve indices ¢
and p, givenby crit b g- Figure6 shaws rigorousresultsfor therelatve power re ected backinto
speci ¢ setsof incidencemodesfor the elds relevantin thecon gurationsof Figures3—4and12.

Thesinglemodere ectivities indeedmeetthe expectationsThefundamentabndlow ordermodeswith small
modeanglesaresubjectto smallre ectivitiesjustabosethelevel 4 g b forthere ectionofa
perpendicularlyncidentplanewave. Thesinglemodere ectivity raisesfor modeswith anglesaround it and
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larger, anddropsagainfor the highestordermodeswith anglescloseto the maximumvalue max b g

wherea major part of the pro le existsin the backgroundmedium , i.e. doesnot feel the facet
interface.But evenfor theintermediateelds of order , , , with are ectivity of about there ection is
by no meandotal.

This changedrastically if one considerssuperposition®f two incident modeswith crit With equal
symmetry The continuousbarsin Figure6 markthe maximumre ectivity levelsfor alinear combinationof
thetwo modesindicatedby the barends.The simulationpredictsa highestvalueof for themodesTE

andTE , with thedifferenceto full re ection beingalmostbeyondthe accurag thatcanbe expectedfrom the
numericalcomputations.

The origin of this effect is revealedby the eld patternsin Figure7. For incidenceof the individual modes
TE andTE , oneobseres mainly standingwavesinside the core, exponentialmodetails at the upperand
lower waveguideinterface,anda similar eld decayacrossthe facet. The radiationoutsidethe core appears
astwo cylindrical waves,originatingfrom the edgesdn thefacetplane. If the relatve amplitudeandphaseof
thetwo modesareadjustedsuchthattheir superpositiorvanishesn thesepoints,the cylindrical wavesfound
for the singlemodeincidencesnterferedestructiely; almostthe entireincidentpower is re ectedinto thetwo
guided elds. Thevery highre ectivity level of achiered with this adjustmenbdf inputamplitudesand
the agreemenof theresulting eld pro le with the standingwave patterninsidethe microresonatocavity in
Figure3 indicateshatthis is indeedthe mechanisnthatenableghe bimodalresonances.

Figure7: Extremal eld pro les aroundthefacetof amultimodewaveguidewith the parametersf thecavity of Figure3,
for anexcitationby individualmodef order6 (left) and8 (center) andfor aspeci ¢ superpositiomf thesgwo incoming
elds (right).

Similar seriesof high contrastmultimodewaveguidefacetshave beeninvestigatedn Ref.[24], whereexplicit
expressiongor therelevantmodeamplitudesaregiven,thatleadto thetotal re ection effect. Apparently these
amplitudesestablisthemselesautomaticallyin caseof therectangularcavity resonances.

The resultsabore complementhe ndings concerningthe ampli cation factorsin Section4: Obviously the



destructie interferenceof the cylindrical wavesis impossiblejf the participatingmodesare of oppositesym-
metry with respecto . Comparedo there ectivity levelsthatcanbeachie/edin the bimodalcasethe
moderatesinglemodere ectivities renderthe singlemoderesonancesatherweak. A resonanceequiresthe
cavity lengthto matchthepropagatiortycles,suchthat elds liketheonesn theleft andcentemplot of Figure7

emegearoundbothcavity facets At abimodalresonancéuilt from modes and |, thisconditionis to bemet
for two modessimultaneouslyhencepeaksn and  have to coincide.For destructie interferenceof the
correspondingadiation,additionallyequalsymmetrywith respecto the vertical plane is required.
Thesignsof the eld amplitudegelatedto mode shouldmatchthoserelatedto mode simultaneoushatall

four cornerpointsof the cavity. Only in thatcasethe ampli cation factor shavs a peakhigherthanjust
themaximumof  and

6 Slabmodereasoning

Acceptingtheresultof Sectiord, thatanapproximatiorby slabwaveguidemodess adequatéor the eld inside
the cavity, we consideragainan isolateddielectricrectangleassketchedin Figure8. To facilitate symmetry
amgumentsthe origin of the coordinatesystemis shiftedto the centerof the structure.

(A) i (B) %

g 97 2
4 N = 7*/ﬂ |~ Figure8: A rectangularcavity

| 9 ‘ g g | b viewed as a nite segmentof

a horizontally (A) or vertically
(B) orientedslabwaveguide.

Apart from the time dependencandup to an arbitrarycomplex amplitude the -componentf the electrical
(TE) eld of aresonanceorrespondingo a singlemodewith prole  andpropagatiorconstant canbe
statedin theform

el e (29)
restrictedto the segment , Where is therelative amplitudeof the backwardstraveling part
of the eld. Themodepro le isof ade nite symmetrywith aharmonic -dependencinsidethe cavity:

e | e for with (20)

suchthatthe eld insidethe cavity reads

| e

e e e (22)
This correspond#o viewpoint (A) in Figure8, wherethecavity is regardedasa nite sggmentoflength of a
horizontally orientedslabwaveguide of thickness . Obviously the setting(B), wherethe cavity is regarded
asasegmentof length  of avertically orientedslabwith thickness , shouldbecompletelyequivalent. Thus,
if Eq.(21)is supposedo describethe eld of a singlemoderesonanceit mustbe interpretableasa modeof

theslabof thickness , travelingin positive andnegative -direction.

Having exchangedhe rolesof and in this way, the symmetryconditionwith respectto canbe
satis ed by requiring , andonehasto identify the secondactor e ! e inEq.(21)as
themodepro le, correspondingo the propagatiorconstant . Here 9 and 9
arerelatedvia themodeangles and associateavith and , respectiely.

Consequentlyone can expectthat a single moderesonancean be excited inside a rectangularcavity with
dimensions and , if simultaneouslyheplanarsymmetricslabwaveguideof thickness supportsaguided
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Figure 9: Angles (thick lines)

associateavith theguidedmodes
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modewith modeangle , while the planarsymmetricslabof thickness supportsa modewith angle
. Resonanton gurationscanthusbe constructedy consideringa plot of the modeanglesversus
the slabwaveguidethicknesdik e Figure9.

Forasinglemoderesonancegnecouldstartwith ahorizontalline atangle within theintenal it max
Choosinganintersectiorpoint with a bold curve x esonesidelength  of the cavity andthe corresponding
angle . An intersectionpoint with a thin cune yields the secondcavity dimension andthe angle
. In Figure9, an exampleis marked by the symbolof con gurations(8) and(9) from Table 1.
Dueto the harmonicdependencef the slabmodepro les on thetransersecoordinatethe CUrvescross
the horizontallines at equidistanipoints: If the waveguide of thickness. supportsa modewith angle , all
waveguideswith thicknesses g g , forinteger , supporimodes
with the sameangle.With 9 , thiscorrespondslirectly to theperiodicallyappearinginglemode
resonancein aplot of thetransmissiowersughecavity length(cf. Figure4). Notethatheretheweaktransition
fromlow to highfacetre ectivity around i; (seeFigure6) becomeswell de nedlimit: Constructingasingle
moderesonancasoutlinedrequires max andconsequently max  crit-

An ansatZike (19) for a bidirectionalsuperpositiorof two basismodesinitiatesan analogouseasoningor
bimodalresonancedn this framewvork a bimodalresonanceanbe excited, if the slabwaveguideof thickness

supportdwo modeswith angles , , while simultaneouslyheslabof thickness guidestwo modeswith
angles , . De ning g , g , the eld associatedvith
the purestandingwave insidethe cavity is to bewritten

| | eI | eI

| €

e e e e | e (22)
Accordingto Section5, a high quality resonanceequiresa zero eld strengthin the cavity corners.A eld

thatvanishessimultaneoushat all four cornerpointscanindeedberealizedby a properlyestablishedelatve
(real)amplitude , providedthatthethetwo 'horizontal' modesandat the sametime thetwo 'vertical' modes

involved areof equalsymmetry

Geometricaldenti cation of con gurationsthatarelikely to exhibit bimodalresonances straightforvard for
squarecavities: Onehasto selecta sidelength , suchthatthe slabwith thatthicknesssupportswo
modesof equalsymmetrywith modeangles and in therangebetween it and max. The
examplesn Figure9 correspondo con gurations(3) — (7) of Tablel. Identi cation of non-squareectangular
cavities with bimodalresonancegs more a matterof chance: Two constructionsas sketchedfor the single
moderesonanceblave to be matchedsuchthatthey leadto thesamedimensions and . Figure9 indicates
examplesfor the parametersf con gurations(0), (1), (2) in Tablel.
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The slabmodeviewpoint leadsimmediatelyto a classi cation of the resonance termsof the numbersof
horizontalandvertical nodallinesin the involved basis elds. In Table1 we usethe notation for
singlemoderesonanceand for bimodalexcitations,respeciiely. and arethe
ordersof the modeswith -dependenpro les propagatingalongthe -axis, and  arethe numbersof
nodesin the -dependenpro les thatpropagatén the  -direction.

A few constraintgfor the designof resonantcon gurationscanbe nameddirectly Basismodesmust exist
insidethe cavity with angles it max- Theseareonly supportedy the equivalentcavity waveguides
for asufcient refractve index contrast g ~ p, Where,for pronouncedesonances substantiallyarger
contrasis desirable.

Basedon the commonresultsfor transerseresonanceand cutoff propertiesof slab waveguides[22], one
canderive conditionsfor the occurrencenf speci ¢ resonancesAt a given wavelength , a symmetricslab

waveguideconstitutedoy materials gand p supportsTE modesof order  with angles it masa 1T
its corethickness is within theinterval ©° crt with
o _ and ©t — — _ _ (23)
g b 5 g b 5

where s the cutoff thicknesdor themodeof order , while thethemodeangle dropsbelonv i atthe

thickness . Whenattemptingto designa device that shavs a speci ¢ resonance at wavelength
, expressiong23), evaluatedfor and or for and , respectiely, restrictthe

admissiblerangefor the geometricdimensionsAlternatively, Egs.(23) canbearrangedo establisHimits

b g b b g b— (24)

for thewavelength associatewvith thesinglemoderesonance in adevicewith givengeometry

7 Examplesfor resonantcon gurations

Figures10-12illustratethe extremal eld patternsof resonanstructureghat are designedn this way, uni-
formly for a vacuumwavelengthof m. Table 1 collectsthe correspondingieometricalparameterand
the classi cationsof the resonancesThe marker symbolsincludedin the eld plotsandin the tableindentify
the con gurationsin Figure9. Note that the gray levels have beenscaledfor eachplot individually. In all
casegheportwaveguidesareadjustedo be phasematchedwith therelevantcavity modeof highestorder The
correspondingnodepro le extendsfurthestin thebackgroundnedium,thusenablinganeffective couplingto
theincominglight in theportchannels.

Symbol | Modeorder m m m m

O (0)

O @)

X (2)

O () Table1: Geometricaparametersindrele-
Y (4) vantmodeordersfor theresonanceshavn
<] (5) in Figures3, 10, 11, and12. The refrac-
A (6) tiveindicesof theguidingregionandof the
> (7) backgroundare ¢ and .
¥ (8) All patternsare obsened for the vacuum
% (9) wavelength m.

Figure 10 shavs two more examplefor high quality bimodal resonance large rectangularcavities. Vari-
oussymmetrieof the eld insidethe cavity canbe realized: Con guration (0) (Figure3) is symmetricwith
respecto both the horizontalandthe vertical symmetryplanes. Con guration (1) is symmetricwith respect
to thevertical plane,andantisymmetriovith respecto the horizontalplane;thesesymmetriesarereversedin
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Figure10: Field patternsof the bimodalresonancesorrespondingo the marker symbolsin Figure9 andTablel, for the
resonator$1) and(2) with rectangulacavities.

con guration (2). The ordersof therelevanthorizontalmodesdifferby , , and , for con gurations(0), (1)
and(2), respectiely.

In the seriesof squarecavities of Figure 11, the resonance@ the smallercavities are basedon modesthat
arerelatively closeto the cutof-angle, with a only moderatebimodal facetre ectivity (cf. Figures9, 6).
Consequentlyhe cavity loss,the amountof radiationseenaroundthe cavity, decreasesvith growing cavity
sizeor with increasingorderof theresonanceespectiely.

Figure11: Field patternsof the bimodalresonancesorrespondingo the marker symbolsin Figure9 andTablel, for the
squarecavity con gurations(3) — (7).

Figure12 shaws the regular standingwave patternof two singlemoderesonanceswhile the eld strengthat
the cavity cornersalmostvanishedor the bimodalexcitationsof Figures10, 11, the single moderesonances
shav amuchlarger eld atthesepoints. This leadsto relatively large lossesat the cavity facetswith radiation
patternsthat resemblethe cylindrical waves of Figure7. Hencetheseresonancesausemainly a dip in the
directtransmission g, withoutalarge contritution to the power dropinto the otherresonatoports.

8 Conclusions

Supplementetby re ectivity matricesfor the incidenceof guidedwaveson facetsof high contrastmultimode
slabs,we have applieda 2D coupledmodetheory modelto integratedoptical microresonatodevices, where
a rectangularcavity connectswo adjacentparallelwaveguides. Comparisorwith rigorousmodeexpansion
simulationsled to a reasonablegreement.Being of a more approximatenature,wherethe high refractve

13



Figure 12: Field patternsfor the single moderesonancesnarked in Figure 9, with parameterss given in Table 1,
con gurations(8) and(9).

index contrastandthelong light pathin aresonanton guration constitutesomavhat extremeconditions the
coupledmodeapproachs neverthelessan ab-initio modelwithout free parametershat givessomeinsightin
thefunctionalbehaiour andproperdesignof the devices.

By meansof the eigemwaluesof the matrix denominatothatappearsn the coupledmodeequationsthe CMT

modelallows to identify the resonanceassociatedvith speci ¢ slabmodesin isolatedrectangularcavities.

This concernsboth the position and the quality of the excitations. The model predictsregularly appearing
singlemoderesonancefor modeswith anglesin a suitablerange.A nearlytotal facetre ectivity asobsered

for modesuperpositionsvith vanishing eld atthe cavity edgedeadsto moreirregularly occurringbimodal
resonanceghatareof substantiallyhigherquality in termsof lossego radiationandin termsof theamountof

droppedoower.

Resonanstatesin the rectangulaicavities canbe properlyrepresentedby guidedslabmodes. Applying this

obsenration two timesfor modepropagatioralongthe two cavity dimensiongprovidesa meansto determine
device geometrieswhich shaw a speci c resonancet a prescribedvacuumwavelength. The procedureis

basedon the dependencesf propagationconstantr modeangleson the thicknessof the slab waveguide
cores.Althoughthereforeexplicit analyticexpressionsannotbe given,acommonmodesolver for symmetric
singlelayerslabwaveguidesis in principlesufcient to predictresonangeometriespr resonancavavelengths,
respectiely, of therectangulamicroresonators.

Perhapsan analogouseasoningcanalsobe helpful whenhaving to estimatewhetherre ections mightplay a
signi cantrolein waveguidesegmentswith abruptends asthey areemplo/edin — ata rst glancequitesimilar
— designsof e.g. multimodeinterferencedevices or integratedoptical directional couplers. In an entirely
differentregime of parametersthe relatively stringentconditionsconcerningthe geometryandthe refractive
index contraswill usuallypreventthatawaveguidesegmentformsa cavity, whereresonanc@henomenanay
becomeelevant.
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