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Abstract: Placedbetweentwo waveguidesthatserve asinput andoutputports,a wide segment
of a third highcontrastmultimodedielectricwaveguidecanconstitutethecavity in anintegrated
opticalmicroresonator. We considerthesedevicesin a spatial2D settingby meansof a bidirec-
tional coupledmodetheory(CMT) basedon theguided�x ed-frequency modesof the two port
waveguidesandthecavity segment.Combinedwith thenumericallycomputedre�ectivity of the
cavity facets,theCMT equationscanbesolvedfor thepower transmissionof theresonators,in
goodagreementwith rigorousmodeexpansionsimulations.TheCMT modelallows to virtually
detachthecavity from theport waveguides.Resonantcon�gurationscanthusbe foundassin-
gularitiesin thematrix denominatorof theCMT equations.Inspiredby the �eld shapeandthe
quality of someof the resonances,a moredetailedlook at thecavity facetsrevealsaneffect of
almosttotal re�ection for speci�c slabmodesuperpositions.Both resultstogethershow thata
slabwaveguidemodesolver is in principlesuf�cient for anapproximateidenti�cation andclas-
si�cation of theresonancesin therectangularcavities. Severalnumericalexamplesillustratethe
designprocedure.
Keywords: integratedoptics, numericalmodeling, coupledmode theory, optical microres-
onators,rectangularmicrocavities
PACS codes: 42.82.–m42.82.Et

1 Intr oduction

Applicationsin opticalwavelengthdivision multiplexing area majorobjective of thecurrentresearchefforts
directedtowardscompact,highly integratedopticaldevices.Somepromisingconceptsrely on microresonator
elementsasbasicbuilding blocks[1, 2], where,for reasonsof size,theemphasisis on stronglyguidingstruc-
tureswith high refractive index contrasts. In a typical resonatorelement,a small optical cavity is placed
betweentwo parallelstraightwaveguidesthatserve asinput andoutputports. The characteristicspectralre-
sponseenablesthedesignof microresonatordeviceswith avarietyof differentprospective functionalities,e.g.
for purposesof �ltering, switching,routing,or modulation(seee.g.[1, 3, 4] andreferencescitedtherein).

While traditionally most investigationsdeal with cylindrical [5, 6, 7, 8, 9, 10, 1, 11, 3, 4] or elliptical [12,
13] cavity geometries,con�gurationswith squareor rectangularcavity shapeshave attractedsomeinterest
aswell. Recentstudiesconsiderthe rectangularmicroresonatorsby meansof a time domaincoupledmode
theory �tted to �nite differencetime domaincalculations[14], by meansof numericallyrigorousanalytical
regularizationsof contourintegralequations[15], or alternatively by meansof afrequency domainbidirectional
modeexpansiontechnique[16], whereall investigationsare restrictedto a spatial twodimensionalsetting.
Despitetheir rigorousness,theseapproachesgive unfortunatelyonly little insight in thedesignprinciplesfor
therectangularmicrocavities.

Temptedby theapparentresemblancewith commonthree-coredirectionalcouplers[17, 18, 19] or radiatively
coupledwaveguides[20, 21], we proposeto apply a coupledmodetheory [22, 23] to the resonatordevice,
basedontheguidedfrequency domainmodessupportedby theportwaveguidesandby thecavity segment.The
formulationresemblesthatgiven in Ref. [21] for theunidirectionallight propagationalonga threewaveguide
coupler. Aiming at the simulationof resonancephenomena,forward andbackward traveling versionsof the
coupled�elds have to beconsideredsimultaneously. Combinedwith thenumericallycomputedguidedwave
re�ectivity of thecavity endfacets[24], thecoupledmodeequationsfor bothpropagationdirectionsallow to
evaluatethepower transmissionof theresonatordevice. This is thesubjectof Section3 of thispaper.
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In particular, thecoupledmodemodelallows to considerthecavity separatedfrom theport waveguides.Res-
onantwavelengthsand�eld patternsof the dielectricrectanglescanthusbe identi�ed assingularitiesin the
matrixdenominatorof thecoupledmodeequations.Weevaluatethisaspectin Section4. Theobservationsmo-
tivateacloselook in Section5 at themultimodewaveguidefacetsthatterminatethemicroresonatorcavities. If
oneacceptstheslabmoderepresentationof the�elds insidethecavities, thisviewpoint leadsdirectly to simple
designguidelinesfor constructingcavities thatsupportspeci�c resonancesataprescribedfrequency. Section6
is concernedwith this (approximate)reasoning.Examplesfor resonantcon�gurationsdeterminedin this way
canbefoundin Section7.

2 Rectangularmicrocavities

Figure1 sketchestheresonatorcon�guration. We restricttheproblemto two spatialdimensions� , � , andto
TE polarization,whereonly thesingle � -orientedcomponent��� of theelectric�eld is present.All simulations
in this paperaremeantfor light with constantangularfrequency 	�

� c 
���� c��� , given by the vacuum
wavenumber� , thevacuumspeedof light c, andthevacuumwavelength� .
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b Figure 1: The microresonatorgeometry. Two identical
waveguidesof width � areplaceda distance� apartfrom
therectangularcavity of length  andwidth ! . Theguid-
ing regions with refractive index " g, the waveguidecores
andthecavity, areembeddedin a backgroundmediumwith
refractive index " b. CapitallettersA to D denotethe input
respectively outputportsof thedevice.

The rectangular, segmentedstructurescanbe simulatedquite accuratelyandef�ciently by modeexpansion
methods(bidirectionaleigenmodepropagationtechniques)[22, 25], wherewereferto Refs.[26, 16] for details
of thepresentimplementation.Thesesimulationsarerigorousup to convergencewith respectto theextension
of thecomputationalwindow andwith respectto thedensityof thespectraldiscretization,whereforwardand
backward traveling, radiatedandguidedpartsof the optical �elds aretaken fully into account.Calculations
of that kind serve asa numericalreferencefor the moreapproximatediscussionin this paper;all �eld plots
includedbelow areresultsfrom therigorousmodel.
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Figure 2: Wavelengthresponseof a resonatordevice accordingto Figure 1 with dimensions $#&%�')(+*-,/. m, ! #
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3 (seethe �rst row of Table1).
;

A to
;

D arethe relative power fractionsthatarere�ected respectively transmittedinto portsA to D. The bold curves
show the resultsof rigorousmodeexpansionsimulations[16]; the thin lines, partially shadowed in the left inset,were
computedaccordingto Eqs.(13)by meansof thecoupledmodetheorysketchedin thefollowing section.
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Figure 2 shows a spectralresponsepredictedin this way by a seriesof calculationswith varying vacuum
wavelength,for a speci�c resonatorgeometrywith a relatively large,rectangularcavity. Thedevice is excited
in port A by the normalized,right-traveling guidedmodeof the lower core. For mostwavelengthsthe input
power is directly transmittedto port B, apartfrom a small power fraction lost to radiation. Resonantstates
appearasa dropin thedirect transmission< B anda simultaneousincreasein therelative power fractions < A ,

< C, and < D, thatarere�ected into port A, or droppedinto portsC andD, respectively, wherethethreecurves
relatedto < A , < C, and < D coincidealmostcompletely.

Thestructurehasbeenoptimizedfor theresonanceat �=
?>�@BA�ADC m, magni�ed in theright partof Figure2. At
resonanceoneobservesrelative power transmissionsof < A 
?�FEG@HEJI , < B 
$��AK@BA5I , < C 
?�FEG@BA5I , and < D 


�FEG@B�5I , i.e. theunit input power is nearlyequallydistributedamongthefour outputports. Thecorresponding
resonant�eld pro�le in Figure3 shows outwardstravelingguidedwavesin portsB, C, andD. The�eld in port
A is a partly traveling, partly standingwave, thesuperpositionof theunit input andthere�ection with quarter
amplitude.Insidethecavity, apurelystandingwavepatternappears,with anextremalshapeasplotted.
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Figure 3: Field patternfor the pronouncedreso-
nancein Figures2, 4. Theplot shows the realop-
tical electric�eld at a time positionwherethe�eld
insidethe cavity is extremal. White andblack re-
gionsindicatepositive andnegative �eld strength;
thegraybackgroundmarksthezerolevel.

While similar featuresandtheir prospective applicationfor wavelength�lter devicesaredescribedin much
moredetailin Refs.[14, 16], thenumericaltechniquesusedin thoseinvestigationsprovidehardlyany meansto
classifyandto predicttheratherirregularlyappearingresonancesvisiblein Figure2. Thereforein thefollowing
sectionwe reconsiderthestructuresin termsof anapproximate,lower dimensionalperturbationalmodel.

3 Coupledmodetheory modeling

Thecavity region LNM4�NM7O of themicroresonatorcanberegardedasasegmentof length O of asymmetrical
conventionaldirectionalcoupler, constitutedby thethreeparallelcoresof theport waveguidesandthecavity.
Weapplyacorrespondingcoupledmodeformalism[21] to describetheunidirectionalguidedlight propagation
alongthe cavity segment. Startingpoint are the guidedmodesrelatedto the symmetricslabwaveguidesof
thicknessesP and Q that constitutetheportsandthe cavity of the device. The basis�elds aregiven by the
electricpart RTSU
�VWLYX[Z\S^] �_X[L_` andthemagneticpart abSU
cVWdeS^] fYX[LYX i deS\] g6` of theTE modepro�les, and
by the corresponding(positive) propagationconstantsh/S , where Z^S^] � , deS^] f , and dNS\] g arereal quantities.
Usingcommoncomplex notation,theforwardpropagatingopticalelectromagnetic�eld at time i in thecavity
segmentis thenassumedto beasuperposition

jNk

lnm

Vo�pX[�GXqi[`r
:s

S
t

S
VW�J`

>

u

<vS

j

RTS

awS

m

Vo�/`JxzyK{DV i 	|iq` (1)

of thesinglemodes,normalizedby <|S}
•~•€2Z^S\] �FdeS\] f d�‚��� , with coef�cients
t

S which includethehar-
monicdependenceon thepropagationdistance.Eachmodeis assignedthedifferenceƒ…„6Sw
:„r~†„qS between
thepermittivity pro�le „ thatdescribestheentirethreeguidestructureandthepermittivity „-S of thesingleslab
structurefor which themodewascalculated.
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Thena reasoningby meansof reciprocitytechniques[22, 21] leadsto thefollowing coupledmodeequations,
writtendirectly in matrix form for thevector ‡}
ˆV

t

S ` of forwardmodeamplitudes:

‰‹Š

gŒ‡}
U~ i VŽ•••w‘’`“‡:@ (2)

The real symmetricmatrices
‰


”VW•‚– S ` (positive) and •&
—VW•˜– S Voh™–/•wh‹Sš`q���5` collect the power coupling
coef�cients

•™– S 


~›>

E

u

<D–œ<vSž•

VWZŸ– ] � dNS\] f\• Z\S^] �-dN– ] f ` d� (3)

andpropagationconstantaverages,respectively, while for losslessmaterials‘¡
ˆV£¢v– S ` is theHermitianmatrix
of couplingcoef�cients

¢‹– S 
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V£ƒN„¥–J•¨ƒN„[S©`“RTS d�›@ (4)

Thecoupledmodeequations(2) arereadilysolvedby anexponentialansatz
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where
­

«

and h

«

aretheconstantamplitudevectorsandphaseconstantsthatdescribetheso-calledsupermodes
of thestructure,normalizedby <
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of thegeneralizedeigenvalueproblem
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´ . Projectionon a given initial amplitudevector ‡ªVWL_` yields the expansion
coef�cients ¬
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‡ªVWL_` , suchthat thegeneralsolutionof Eq. (2) for theforwardpropagation
alongtheentirecavity segment LeMµ�…MµO canbewrittenas

‡ªVWO¶`r
ž·ŸVWO¸`“‡•VWL_` (7)

with

·ŸVWO¶`r
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s
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Detailson theonly brie�y sketchedderivationabove andon relatedissuescanbefoundin Ref. [21].

A completelyanalogousreasoningholdsfor thebackwardlight propagation,basedon thebackwardstraveling
versionsof theguidedmodepro�les of thethreecoresandthecorrespondingnegative propagationconstants.
Thepropagationmatrix ·©VWO¶` asde�ned in (8) relatesthebackwardmodeamplitudes» at thebeginning �¼
žL

of thecavity segmentto theamplitudesat �½
žO as

»†VWL_`¾
ž·ŸVWO¸`“»†VWO¸`®@ (9)

With thedescriptionsof thebidirectionalguidedlight propagationalongthecavity segmentat hand,thenext
steptowardsamodelfor themicroresonatordevice is to separatethemodesin theportchannelsfrom the�elds
in thecavity waveguide.Thereforewesplit theamplitudevectors‡ and » andthepropagationmatrixas

‡}


j

‡ p

‡ c
m

X »&


j

» p

» c
m

X · 


j

· pp · pc

· cp · cc
m

X (10)
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wherethe indicesp andc indicateport andcavity relatedentries.Now ‡ p VWL_` and » p VWO¶` canberegardedas
theinput to thedevice, ‡ p VWO¶` and » p VWL_` aretheamplitudesof theoutput�elds.

To completethe resonatormodel, the cavity modeamplitudes‡ c and » c are to be relatedat the positions
�w
¿L and �w
—O of the facetsof the cavity waveguide. Neglecting completelythe presenceof the port
coresasa — rough— approximationwhenhandlingthecavity facetproblem,we apply themodeexpansion
technique[26, 16] mentionedin Section2 to the facetstructureconstitutedby a semi-in�nite segmentof the
isolatedcavity waveguide.Thesesimulationsconsiderrigorouslytheoptical�elds aroundthefacet,including
thetransmittedandre�ectedradiation.Restrictedto theguidedincidentandre�ectedmodesin thecorelayer,
theresultsestablishlinearrelations

» c VWO¶`r
UÀ/‡ c VWO¶`ÁX ‡ c VWL_`�
UÀ/» c VWL_`ÁX (11)

betweenthemodeamplitudesinvolved in the two independentidenticalfacetproblemsat �Â
$L and �ª
nO ,
with acomplex, nonunitary, symmetricre�ectivity matrix À (cf. Ref. [24]).

The total guidedoptical power, the integrated � -componentof the pointing vector, associatedwith a �eld
superposition(1) is ‡ÄÃ

‰

‡ , where
Ã

denotestheadjoint.Thepropagationmatrix ·©VWO¶` conservesthisquantity:
VW·©VWO¶`q`

Ã

‰

·ŸVWO¸`¼


‰

. Being perfectlyadequateif oneremainsin the in the framework of the coupledmode
descriptionwith nonorthogonalbasis�elds, this implies that ·ŸVWO¸` is a nonunitarymatrix. But to connectthe
description(10) of the propagationalongthe cavity segmentandthe facetmodel(11), onehasto leave that
framework. The modeamplitudesareviewed as belongingto two separateproblems,eachincluding a set
of pairwiseorthogonalbasis�elds (eitherbecauseof the distancebetweenthecores,or becauseof theexact
orthogonalityof modesin thesamemultimodecore),andconsequentlythetotalpower is to beevaluatedasthe
absolutesquare‡ÄÃq‡ of themodeamplitudevectors.Power conservation for theamplitudetransferbetween

�¼
žL and �½
žO in thissettingrequires·ŸVWO¸` to beunitary.

Splitting the power couplingmatrix as
‰


ÆÅ

T
Å , the matrix År·rÅ\Ç/È , with · as in Eq. (8), hasthe desired

property. Thereforewerede�nethepropagationmatrixandaccordinglyEqs.(7), (9), and(10)in asymmetrized
form as

·ŸVWO¶`r
¯Åe¹
s

«

>

<

«

xzyK{vV“~ i h

«

O¸`

­

«

V

­

«

`

T º

Å

T
X (12)

where Å

T and Å arethe factorsof the Cholesky decompositionof
‰

, that areactuallyalreadyusedto solve
Eq. (6). Beinga directconsequenceof theapproximationsinherentin thecoupledmodeansatz(1) andin the
changeof viewpoints(10), this inconsistency leadsto realistic,non-ampli�edpower transmissioncurves(Note
that thedif�culty doesnot show up, if theoffdiagonalpower couplingcoef�cients area priori neglectedasin
many coupledmodetheoryformulations).

Now the independentexpressions(7), (9), (10) for thepropagationalongthecavity segmentand(11) for the
re�ection atthefacetcanbecombined,wheredueto thesymmetryof thelineardeviceit is suf�cient to consider
aninput from onesideonly. In caseof anexcitation ‡ p VWL_` from theleft andno incoming�eld from theright

» p VWO¸`�
žL , oneobtains

‡ p VWO¶`|
ˆVW· pp • · pc À/É

Ç/È

· cc À˜· cp`“‡ p VWL_`®X » p VWL_`r
ž· pc À/É

Ç/È

· cp ‡ p VWL_` (13)

for thetransmissionthroughthedeviceandfor there�ectionscausedby theresonator, while the�eld insidethe
cavity is givenby

‡ c VWO¶`�
ÊÉ

Ç/È

· cp ‡ p VWL_`®X » c VWL_`r
ÊÉ

Ç/È

· cc À˜· cp ‡ p VWL_`®@ (14)

All expressionsaregovernedby a resonancedenominatorin matrix form

É7
UË\~Ì· cc À‚· cc À¼@ (15)

5



Besidestheresonancerelatedmatrices,theexpression(13) for ‡ p VWO¶` containsa �rst termthat is independent
from there�ectivity matrix. Representingthedirectcouplingin standardcouplermodels(seeRefs.[17, 18,19]
or [20, 21]), for thepresentshort,weaklycoupledstructurestheeffect is aslightasymmetryin theforwardand
backward drop anda small traveling wave contribution to the �eld insidethe cavity with a slow wavelength
dependence.Henceherewe do not payspecialattentionto this nonresonantmechanism,thoughit is included
in all simulationsof completeresonators.

Assigningindices1 and2 to themodesof the lower andupperport waveguides,respectively, for an input in
portA representedby ‡ p VWL_`r
ˆV

u

< in X[L_`

T, thecoupledmodemodelpredicts

< A 
?Í Î p,
È

VWL_`+Í Ï-�F< in X < B 
$Í

t

p,
È

VWO¸`+Í Ï6�F< in X < C 
$Í

t

p,
Ï

VWO¸`+Í Ï6�F< in X < D 
?Í Î p,
Ï

VWL_`+Í Ï-�F< in (16)

for therelative amountsof re�ected,directly transmitted,andforwardsandbackwardsdroppedopticalpower.

Figures2 and4 comparetransmissioncurvesthatarecomputedby meansof this approximatemodelwith the
resultsof rigoroussimulations.Regardingthe quite adverseconditionsfor the applicationof coupledmode
theory— the high refractive index contrast,and the long (unfolded)interactionlength— the agreementis
reasonable.Obviously the �eld inside the cavity can be representedwell by a bidirectionalversionof the
superposition(1) of guidedmodesin thecorrespondingslabwaveguide.

4 Multimode resonances

Resonantcon�gurationsaredistinguishedby anabruptraiseor drop in thepower transmission,andby a sin-
gularhigh �eld intensityinsidethecavity [16]. In theproductsof matricesin Eqs.(13), (14), theterm É

Ç/È is
theonly commonfactorthatis likely to beresponsiblefor thatphenomenon.

Consideringe.g.theexpression(14) for theamplitudes‡ c VWO¸` at theendof thecavity, ahugeintensityrequires
thata�eld is excitedthere— theinput ‡ p VWL_` mappedby · cp — thatis signi�cantly ampli�ed by theterm É›Ç/È .
Thisholdsfor anamplitudevector Ð thatcorrespondsto alarge(in termsof absolutevalue)complex eigenvalue

Ñ of ÉÒÇ/È ; thecavity thenampli�es theintensityaccordingto Í É¼Ç/ÈqÐrÍ

Ï


�Í

Ñ

Í

Ï

Í ÐrÍ

Ï

by a factor Ó?
ÔÍ

Ñ

Í

Ï

. For a
�x edcavity con�guration,themaximumampli�cation is givenby thelargesteigenvalue Ñ of É

Ç/È , alternatively
by thesmallesteigenvalue >6�

Ñ of É , or by theeigenvalue >Ÿ~ž>6�

Ñ of · cc À‚· cc À that is closestto > . This last
characterizationallows a quitedescriptive interpretation:In a resonantstate,a �eld is excitedat theendof the
cavity, that is exactly reproducedafter beingre�ected onceat the cavity facet,beingpropagatedbackwards
throughthecavity, beingre�ectedasecondtime,andbeingtransferredforwardsto its originalposition.

Writing theeigenvalue ²’xzyY{vV i Õ’` of · cc À that is nearestto ~Ö> or •e> in termsof its absolutevalue ² andits
argumentÕ , theampli�cation factor Ó reads

Ów


>

>¶•×²�Ø¸~†�F²

Ï/ÙzÚ5Û

V£�5ÕD`

@ (17)

Ó is de�ned in termsof À and · cc. While the former is by constructiona propertyof the isolatedcavity,
the latter becomesa propertyof the cavity only, if the port waveguidesareremoved: In the limit of a large
gap width ÜÊÝ Þ , the cavity propagationmatrix assumesthe diagonalform · cc Ý diagVoxzyY{vV“~ i h

S
O¸`q` ,

wherethediagonalelementsarethephasefactorscorrespondingto thepropagationof themodesof thecavity
waveguide. Consequently, in the limit of absentport waveguides,the evaluationof the ampli�cation factors
yieldsa quantitative characterizationof the resonancesin a 2D dielectricrectangle.This reasoningnaturally
leadsto consideringthecavity length O asa tuningparameter, for �x edvacuumwavelengthof theinput light.
Figure4 shows thecorrespondingdependences,includingthepronouncedresonancefrom Figure2.

Appliedto thedescriptionof anentireresonatordevice,thisviewpointobviouslydisregardsthein�uenceof the
port waveguidescompletely. Neverthelessonecanexpectthat the cavity propertiesdominatethepositionof
thepeaksobservedin thepower transmissionof thedevice,with only aminorperturbationdueto thepresence
of the ports. Simultaneously, the port waveguidecon�guration determinesthe strengthof the excitation, or
whethera resonanceappearsat all. Thesenotionsarejusti�ed by thenumericalexperimentsof Ref. [16], but
alsoby thecoincidencesof thepeakpositionsin thecurvesof Figure4.
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With thecoef�cients of À beingonly numericallyde�ned, in general(17)doesnotpermitanexplicit analytical
evaluation,if all guidedmodesof the cavity waveguideare included(in the examplesof Figures2–4 these
are11 basis�elds). Assuming,however, that only a singlemodeplaysa dominantrole, the matricesreduce
to scalarquantities·c
&xzyY{vV“~ i h®S©O¶` and ÀÊ
&²6SªxzyY{vV i ß’SÒ` given by the propagationconstanth˜S of the
relevantcavity modeandby therelatedentryof thefacetre�ectivity matrix with absolutevalue ²KS andphase

xzyY{vV i ß’SÒ` . Thecorrespondingampli�cation factorreads

Ó^Sw


>

>¾•×²

Ø

S

~•�F²

Ï

S

ÙzÚ5Û

V£�Fß¨~•�Fh S O¸`

@ (18)

Consequently, cavities with lengths Voß¨•†à_�p`q�-h˜S , for naturalà , shouldsupporta resonancerelatedto cavity
mode á , wherethequality is determinedby therelative amountof power ²

Ï

S

, that is re�ected backinto that
modeat thefacets.
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Figure4: Bottom: Power transmissionthrougha device accordingto Figure1 versusthecavity length  . Geometrical
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Figure4 includesa plot of the ampli�cation factor Ó›ê for the 8-th ordercavity mode. In the full resonator
simulationsthe port con�guration wasdesignedsuchthat the individual port waveguidesarephasematched
with thatcavity mode.Clearlyresonancesareexcitedregularlyat thelengthspredictedby Eq.(18),wherethe
amountof power that is dropped,re�ected,or lost, respectively, dependson thepreciseexcitationconditions,
i.e. grows with the interactionlength. Two examplesof �eld pro�les for thesesingle moderesonancesin
Figure12 exhibit theexpectedregularstandingwave patternswith 8 horizontalnodallindesinsidethecavity,
surroundedby a relatively largeamountof radiation.
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Due to thespeci�c tailoring of excitationconditions,amongthe11 guided�elds thesinglemoderesonances
relatedto the8-th ordermodearethedominantones.Apart from these,severalotherpeaksappearirregularly
in the resonatorspectrumof Figure4, someof which aremuchnarrower andmuchmorepronounced.An
extraordinaryquality is alsoobservedfor thepeakslocatedata few of thesingleresonancepositions,including
theresonanceemphasizedin Figure2. Therelated�eld patterns,exempli�ed by theplot in Figure3, arenotof
thesimpleshapeof Figure12. Consequently, morethanonecavity modemustbesuspectedto berelevant in
thesecases.

ThecurveslabeledÓÒ– S
in Figure4 indicatethatasetof two guidedcavity �elds is suf�cient to identify mostof

theresonances.ThevaluesÓš– S arecomputedby restrictingEq.(17) to thetwo basismodesof order ë and á .
In thelimit ÜeÝ—Þ thetwo modespropagateindependentlyalongthecavity, beingconnectedvia there�ection
at thefacets.Hencetheampli�cation ÓÖ– S appearssimplyasthemaximumof thefactorsÓÖ– and ÓŸS relatedto
theindividual modesif at a length O thephaserelationfor singlemoderesonancesis satis�edfor only oneof
thetwo modes.Theregularfeaturesof Ó

Ø

– Ó©ì canthusbefoundin thecurvesfor Ó

Ø[í

– ÓÒî“ì in Figure4.

If, however, properphaserelationsaremetfor bothmodessimultaneously, muchmorepronouncedresonances
canoccur. This requiresa mechanismthatyieldsa signi�cantly higherguidedwave re�ectivity, comparedto
singlemodeincidence,if superpositionswith speci�c relative amplitudeof two cavity modesareincidenton
thefacets.Thepronouncedbimodalresonancesin Ó›– S arelocatedwherethesinglemodepeaksin ÓÖ– and ÓŸS

passovereachotherwith growing O , providedtheindividual peaksapproachsuf�ciently, whereonly for some
of theselengthsapronouncedresonanceshowsup. Apparently, aspeci�c relativephaserelationof theincident
�elds is requiredfor ahighbimodalre�ectivity, aconditionwhichis notsatis�edfor all of thelengthsindicated
by theapproachingpeaksin ÓÖ– and Ó

S .

Being eigenfunctonsof a symmetricslabstructure,the basismodesin the cavity waveguidehave a de�nite
symmetry. Re�ection at thecavity facetspreservesthatsymmetry, i.e. theoffdiagonalcoef�cients in there�ec-
tivity matrix relatedto modesof differentsymmetryvanish.Hencetheampli�cation factorsÓe–

S
for aneven

modeorder ë andanoddorder á (not shown in Figure4) arejust themaximaof thetwo singlemodecurves
Ó©– and ÓŸS ; only modeswith equalsymmetrycanestablishabimodalresonance.

5 Multimode re�ection at the cavity facets

For anexplanationof thehighre�ectivity effectpredictedin thelastsectionareasoningin termsof thefamiliar
raypicturefor guidedwavepropagationin adielectricslabis helpful. Accordingto Figure5, themodeangleï

associatedwith amodewith propapagtionconstanth¡
w�Kð g ÙzÚ5Û

ï canalternatively beregardedastheincidence
angleof thecorrespondingwaveson thefacetinterface.

ñ

ò ó

ô

g

ô

b

õ

ö

ô

g ÷

ø

Figure5: A facetof thewaveguidethat formsthecavity of themicrores-
onator in Figure 1. A propagationconstantù and a modeangle ú are
assignedto eachguidedmode.

Consequently, in this framework ahighre�ectivity canbeexpectedfor anindividualmode,if its angleis larger
thanthecritical angle ï crit for total re�ection at aninterfacebetweentwo dielectricawith refractive indicesð g

and ð b, givenby
Û¥ûœü

ï crit 
?ð b �-ð g. Figure6 shows rigorousresultsfor therelative power re�ected backinto
speci�c setsof incidencemodesfor the�elds relevantin thecon�gurationsof Figures3–4and12.

Thesinglemodere�ectivities indeedmeettheexpectations.Thefundamentalandlow ordermodeswith small
modeanglesaresubjectto smallre�ectivities justabove thelevel Voð g ~Âð b `

Ï

�YVoð g •ýð b `

Ï

for there�ection of a
perpendicularlyincidentplanewave. Thesinglemodere�ectivity raisesfor modeswith anglesaroundï crit and
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Figure 6: Re�ectivities þ of single modes
(�lled circles)andof two modesuperposi-
tions (bars)versusthediscretemodeangle,
for a waveguide facetwith the parameters
of the cavity of Figure3. Continuousand
dottedbarscorrespondto superpositionsof
the two �elds with anglesat theendpoints,
wherethe input amplitudesaredetermined
such that the re�ectivity is maximum, or
suchthat the optical electric �eld vanishes
at thefacetedges,respectively.

larger, anddropsagainfor thehighestordermodeswith anglescloseto themaximumvalue
ÙzÚ5Û

ï max 
¯ð b �-ð g,
wherea major part of the pro�le exists in the backgroundmedium Í �’Í^ÿÆQ ��� , i.e. doesnot feel the facet
interface.But evenfor theintermediate�elds of order � , � ,

¦

, with a re�ectivity of about
¦

L_I there�ection is
by nomeanstotal.

This changesdrastically, if one considerssuperpositionsof two incident modeswith ïUÿ¿ï crit with equal
symmetry. Thecontinuousbarsin Figure6 mark themaximumre�ectivity levels for a linearcombinationof
thetwo modesindicatedby thebarends.Thesimulationpredictsa highestvalueof ���K@HEJI for themodesTE

í

andTEê , with thedifferenceto full re�ection beingalmostbeyondtheaccuracy thatcanbeexpectedfrom the
numericalcomputations.

The origin of this effect is revealedby the �eld patternsin Figure7. For incidenceof the individual modes
TE

í

andTEê , oneobserves mainly standingwaves insidethe core,exponentialmodetails at the upperand
lower waveguideinterface,anda similar �eld decayacrossthe facet. The radiationoutsidethe coreappears
astwo cylindrical waves,originatingfrom theedgesin thefacetplane. If therelative amplitudeandphaseof
thetwo modesareadjustedsuchthat their superpositionvanishesin thesepoints,thecylindrical wavesfound
for thesinglemodeincidencesinterferedestructively; almosttheentireincidentpower is re�ectedinto thetwo
guided�elds. Thevery high re�ectivity level of ���K@��5I achievedwith thisadjustmentof inputamplitudes,and
theagreementof the resulting�eld pro�le with thestandingwave patterninsidethemicroresonatorcavity in
Figure3 indicatesthatthis is indeedthemechanismthatenablesthebimodalresonances.

 

 

 

 

 

 

TE ��� TE 	TE 	TE �

Figure7: Extremal�eld pro�les aroundthefacetof amultimodewaveguidewith theparametersof thecavity of Figure3,
for anexcitationby individualmodesof order6 (left) and8 (center),andfor aspeci�c superpositionof thesetwo incoming
�elds (right).

Similar seriesof high contrastmultimodewaveguidefacetshave beeninvestigatedin Ref. [24], whereexplicit
expressionsfor therelevantmodeamplitudesaregiven,thatleadto thetotal re�ection effect. Apparently, these
amplitudesestablishthemselvesautomaticallyin caseof therectangularcavity resonances.

The resultsabove complementthe �ndings concerningthe ampli�cation factorsin Section4: Obviously the
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destructive interferenceof thecylindrical wavesis impossible,if theparticipatingmodesareof oppositesym-
metrywith respectto � 
UL . Comparedto there�ectivity levelsthatcanbeachieved in thebimodalcase,the
moderatesinglemodere�ectivities renderthesinglemoderesonancesratherweak. A resonancerequiresthe
cavity lengthto matchthepropagationcycles,suchthat�elds like theonesin theleft andcenterplot of Figure7
emergearoundbothcavity facets.At abimodalresonancebuilt from modesë and á , thisconditionis to bemet
for two modessimultaneously, hencepeaksin Ó›– and ÓŸS have to coincide.For destructive interferenceof the
correspondingradiation,additionallyequalsymmetrywith respectto theverticalplane �•
}O¸��� is required.
Thesignsof the�eld amplitudesrelatedto modeë shouldmatchthoserelatedto modeá simultaneouslyatall
four cornerpointsof thecavity. Only in thatcasetheampli�cation factor Ó¼– S

shows a peakhigherthanjust
themaximumof ÓÒ– and ÓŸS .

6 Slab modereasoning

Acceptingtheresultof Section4, thatanapproximationbyslabwaveguidemodesisadequatefor the�eld inside
thecavity, we consideragainan isolateddielectricrectangleassketchedin Figure8. To facilitatesymmetry
arguments,theorigin of thecoordinatesystemis shiftedto thecenterof thestructure.




�

�


��

g �

�

�

b

�

g

�

�




�

�


��

g

�

�

b

�

g

�




�

�


��

g �

�

g

�

�

b

(A) (B)

Figure8: A rectangularcavity
viewed as a �nite segment of
a horizontally(A) or vertically
(B) orientedslabwaveguide.

Apart from the time dependenceandup to anarbitrarycomplex amplitude,the � -componentof theelectrical
(TE) �eld Z^� of a resonancecorrespondingto a singlemodewith pro�le Õ andpropagationconstanth canbe
statedin theform

Z\�KVo�vX[�J`�
ÊÕ¶Vo�/`zV e~ i hp�

•�� ei hv�

`®X (19)

restrictedto thesegment ~\O¶���ÂMÊ�ªMÊO¸��� , where � is therelative amplitudeof thebackwardstraveling part
of the�eld. Themodepro�le Õ is of ade�nite symmetry, with aharmonic� -dependenceinsidethecavity:

Õ¾Vo�/`�
 e~ i �p��� ei � �

X for ~†Q ���eM �ýM4Q ��� with �¡


�

�

Ï

ð

Ïg ~¡h

Ï

X (20)

suchthatthe�eld insidethecavity reads

Z\�KVo�vX[�J`�
ˆV e~ i � ��� ei � �

`zV e~ i hp�

•�� ei hp�

`®@ (21)

Thiscorrespondsto viewpoint (A) in Figure8, wherethecavity is regardedasa �nite segmentof length O of a
horizontallyorientedslabwaveguideof thicknessQ . Obviously thesetting(B), wherethecavity is regarded
asasegmentof length Q of averticallyorientedslabwith thicknessO , shouldbecompletelyequivalent.Thus,
if Eq. (21) is supposedto describethe�eld of a singlemoderesonance,it mustbe interpretableasa modeof
theslabof thicknessO , traveling in positive andnegative � -direction.

Having exchangedthe rolesof � and � in this way, the symmetryconditionwith respectto �7

L canbe
satis�edby requiring �^


�

> , andonehasto identify thesecondfactor ß©VW�J`¸
 e ~ i hp�

� ei hp� in Eq. (21) as
themodepro�le, correspondingto thepropagationconstant� . Here h¡
w�Kð g ÙzÚ5Û

ï and � 
Ê�Kð g ÙzÚ5Û

VW�p���Ò~•ïK`

arerelatedvia themodeanglesï and �p���š~Ìï associatedwith Õ and ß , respectively.

Consequently, onecanexpect that a singlemoderesonancecanbe excited insidea rectangularcavity with
dimensionsO and Q , if simultaneouslytheplanarsymmetricslabwaveguideof thicknessQ supportsaguided
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associatedwith theguidedmodes
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of thickness� andcore/ cladding
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% for TE polar-
ized light with a vacuumwave-
lengthof 8-' %-%‚. m; thethin curves
are the levels ���

0! 

ú . The up-
per horizontal line indicatesthe
maximum admissiblemode an-
gle ú max, the lower line is placed
at the critical angle ú crit for to-
tal re�ection at a dielectic inter-
facewith refractiveindex contrast
of " g "

" b. The remainingmarker
symbolsandtheconnectinglines
correspondto the�eld patternsof
Figures3, 10,11,and12. Seethe
text for a conciseinterpretation.

modewith modeangle ï$# , while theplanarsymmetricslabof thicknessO supportsa modewith angle ï&% 


�p���¼~ ï'# . Resonantcon�gurationscanthusbeconstructedby consideringa plot of themodeanglesversus
theslabwaveguidethicknesslike Figure9.

Forasinglemoderesonance,onecouldstartwith ahorizontallineatangleï within theinterval ï crit Mµï…Mµï max.
Choosingan intersectionpoint with a bold curve �x esonesidelength Q of thecavity andthecorresponding
angle ïÌ
&ï

# . An intersectionpoint with a thin curve yields the secondcavity dimensionO andthe angle
ï 
$�p���½~ ï�% . In Figure9, anexampleis markedby thesymbolof con�gurations(8) and(9) from Table1.
Due to theharmonicdependenceof theslabmodepro�les on the transversecoordinatethe ï™Voi[` curvescross
thehorizontallinesat equidistantpoints: If thewaveguideof thicknessL supportsa modewith angle ï(% , all
waveguideswith thicknessesO �

à_�p�YV£�Kð g ÙzÚ5Û

VW�p���™~Òï�%/`q`r
žO

�

à5�p�YV£�Kð g ÙzÚ5Û

ï'#Â` , for integer à , supportmodes
with thesameangle.With hý
w�Kð g ÙzÚ5Û

ï
# , thiscorrespondsdirectly to theperiodicallyappearingsinglemode

resonancesin aplot of thetransmissionversusthecavity length(cf. Figure4). Notethatheretheweaktransition
from low to highfacetre�ectivity aroundï crit (seeFigure6) becomesawell de�ned limit: Constructingasingle
moderesonanceasoutlinedrequiresï$%•Mµï max andconsequentlyï�#Ô
w�p���Ö~¡ï�%•ÿ¨�p���›~Ìï max 
žï crit.

An ansatzlike (19) for a bidirectionalsuperpositionof two basismodesinitiatesan analogousreasoningfor
bimodalresonances.In this framework abimodalresonancecanbeexcited,if theslabwaveguideof thickness

Q supportstwo modeswith anglesï

È

, ï

Ï

, while simultaneouslytheslabof thicknessO guidestwo modeswith
angles�p���½~ ï

È

, �p���¼~×ï

Ï

. De�ning h™S?
?�Kð g ÙzÚ5Û

ï-S , �pSU
?�Kð g ÙzÚ5Û

VW�p���¼~×ï6S©` , the �eld associatedwith
thepurestandingwave insidethecavity is to bewritten

Z\�KVo�vX[�J`�
ˆV e~ i �

È

�

� ei �

È

�

`zV e~ i h

È

�

� ei h

È

�

`/•

Ñ

V e~ i �

Ï

�

� ei �

Ï

�

`zV e~ i h

Ï

�

� ei h

Ï

�

`®@ (22)

Accordingto Section5, a high quality resonancerequiresa zero�eld strengthin thecavity corners.A �eld
thatvanishessimultaneouslyat all four cornerpointscanindeedberealizedby a properlyestablishedrelative
(real)amplitudeÑ , providedthatthethetwo 'horizontal' modesandat thesametime thetwo 'vertical' modes
involvedareof equalsymmetry.

Geometricalidenti�cation of con�gurationsthatarelikely to exhibit bimodalresonancesis straightforwardfor
squarecavities: Onehasto selecta sidelength O?
 Q , suchthat the slabwith that thicknesssupportstwo
modesof equalsymmetrywith modeanglesï

È

and ï

Ï


}�p���2~ ï

È

in the rangebetweenï crit and ï max. The
examplesin Figure9 correspondto con�gurations(3) – (7) of Table1. Identi�cation of non-squarerectangular
cavities with bimodal resonancesis morea matterof chance:Two constructionsassketchedfor the single
moderesonanceshave to bematchedsuchthatthey leadto thesamedimensionsO and Q . Figure9 indicates
examplesfor theparametersof con�gurations(0), (1), (2) in Table1.
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The slabmodeviewpoint leadsimmediatelyto a classi�cationof the resonancesin termsof the numbersof
horizontalandvertical nodal lines in the involved basis�elds. In Table1 we usethe notation á f*) á g for
singlemoderesonancesand á È

f

) á È

g

•µá

Ï

f

) á

Ï

g

for bimodalexcitations,respectively. á f and á,+

f arethe
ordersof the modeswith � -dependentpro�les propagatingalongthe � -axis, á•g and á-+

g arethe numbersof
nodesin the � -dependentpro�les thatpropagatein the �

� -direction.

A few constraintsfor the designof resonantcon�gurationscanbe nameddirectly. Basismodesmustexist
insidethecavity with anglesï crit M:ï•MÊï max. Theseareonly supportedby theequivalentcavity waveguides
for a suf�cient refractive index contrastð g ÿ

u

�Dð b, where,for pronouncedresonances,a substantiallylarger
contrastis desirable.

Basedon the commonresultsfor transverseresonanceand cutoff propertiesof slab waveguides[22], one
canderive conditionsfor the occurrenceof speci�c resonances.At a given wavelength � , a symmetricslab
waveguideconstitutedby materialsð g and ð b supportsTE modesof order á with anglesï crit Mµï-S:Mµï max, if
its corethicknessi is within theinterval i

co
S

Mµi¶M¨i

crit
S

with

i

co
S




á

�

�/.

�

ð

Ïg ~¡ð

Ïb and i

crit
S




�

ð b

j

á

�

•

>

�10'2

Ù43

0

ü

�

ð

Ïg �-ð

Ïb ~•�

m

M

�

ð b

án•¯>

�

X (23)

wherei

co
S

is thecutoff thicknessfor themodeof order á , while thethemodeangle ïJS dropsbelow ï crit at the
thicknessi

crit
S

. Whenattemptingto designa device that shows a speci�c resonanceá¡f ) áÂg at wavelength
� , expressions(23), evaluatedfor á”
}á•f and iš
cQ or for á 
náÂg and iÖ
}O , respectively, restrictthe
admissiblerangefor thegeometricdimensions.Alternatively, Eqs.(23) canbearrangedto establishlimits

ð b
Q

á f^•ž>

M

�‹S65-] S87

�

M

�

ð

Ïg ~¡ð

Ïb
Q

á f

X ð b
O

áÂgr•w>

M

�‹S65-] S67

�

M

�

ð

Ïg ~Ìð

Ïb
O

áÂg

X (24)

for thewavelength�™S85-] S67 associatedwith thesinglemoderesonanceá f
)

áÂg in adevicewith givengeometry.

7 Examplesfor resonantcon�gurations

Figures10–12illustratethe extremal �eld patternsof resonantstructuresthat aredesignedin this way, uni-
formly for a vacuumwavelengthof >�@BA�ADC m. Table1 collectsthecorrespondinggeometricalparametersand
theclassi�cationsof theresonances.Themarker symbolsincludedin the�eld plotsandin thetableindentify
the con�gurationsin Figure9. Note that the gray levels have beenscaledfor eachplot individually. In all
casestheportwaveguidesareadjustedto bephasematchedwith therelevantcavity modeof highestorder. The
correspondingmodepro�le extendsfurthestin thebackgroundmedium,thusenablinganeffective couplingto
theincominglight in theport channels.

Symbol Modeorder !1�˜. m  9�˜. m �8�‚. m �:�˜. m
(0) ;=<

0

3?>Â,=<Ä8@;

0

' %

0+1

%�')(+*-, 3_' 8-8

0

35'

1

%63

(1) (/<

0-0

>1A=<Ä8@;

0

' %

0+1

;5' A63

0

3_' 3�;6, 35'

1

,-3

(2) ;=<T8-8�>Â,=<BA

0

' ;F%6% *5'9868-8 3_' 8 *63 35' *-%63

(3) 8C<¼*D>ª*=<Ä8 3_' ,_8Á3 35' ,58 3 3_' 3-*-% 35'

1

A-3

(4)
0

<

1

>

1

<

0

8-' 8 *

0

86'98Á*

0

3_' 3F%EA 35'

1

3-3

(5) *=<2%?>•%F<2* 8-'

1

%�8 86'

1

%58 3_' 3�(+* 35'

1

3-3

(6)
1

<G;D>H;=<

1

8-'H(-(

0

86')(6(

0

3_' 3-,6* 35' *

0

3

(7) 8Á3F<Ä8

0

>Ì8

0

<T8 3 *_' ;�AI; *5' ;IA�; 3_' 8 36, 35'

1F0

3

(8) ,=<T8 *

0

' %

0+1 1

' ;6,

0

3_' 8-8

0

35'

1

%63

(9) ,=<T8 ,

0

' %

0+1

;5'

1F0

* 3_' 8-8

0

35'

1

%63

Table1: Geometricalparametersandrele-
vantmodeordersfor theresonancesshown
in Figures3, 10, 11, and12. The refrac-
tiveindicesof theguidingregionandof the
backgroundare " g #•*_'

1

3 and " b #786'

1

% .
All patternsare observed for the vacuum
wavelengthã›#µ86'H%6%/. m.

Figure10 shows two moreexamplefor high quality bimodalresonancesin large rectangularcavities. Vari-
oussymmetriesof the �eld insidethecavity canbe realized:Con�guration (0) (Figure3) is symmetricwith
respectto both the horizontalandthevertical symmetryplanes.Con�guration (1) is symmetricwith respect
to theverticalplane,andantisymmetricwith respectto thehorizontalplane;thesesymmetriesarereversedin
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Figure10: Fieldpatternsof thebimodalresonancescorrespondingto themarkersymbolsin Figure9 andTable1, for the
resonators(1) and(2) with rectangularcavities.

con�guration(2). Theordersof therelevanthorizontalmodesdiffer by E , � , and � , for con�gurations(0), (1)
and(2), respectively.

In the seriesof squarecavities of Figure11, the resonancesin the smallercavities arebasedon modesthat
are relatively closeto the cutoff-angle, with a only moderatebimodal facetre�ectivity (cf. Figures9, 6).
Consequentlythe cavity loss,the amountof radiationseenaroundthe cavity, decreaseswith growing cavity
sizeor with increasingorderof theresonance,respectively.

 

 

 

 

 

 

 

 

 

 

Figure11: Fieldpatternsof thebimodalresonancescorrespondingto themarkersymbolsin Figure9 andTable1, for the
squarecavity con�gurations(3) – (7).

Figure12 shows theregularstandingwave patternof two singlemoderesonances.While the �eld strengthat
thecavity cornersalmostvanishesfor thebimodalexcitationsof Figures10, 11, the singlemoderesonances
show a muchlarger �eld at thesepoints.This leadsto relatively largelossesat thecavity facetswith radiation
patternsthat resemblethe cylindrical wavesof Figure7. Hencetheseresonancescausemainly a dip in the
directtransmission< B, withouta largecontribution to thepower dropinto theotherresonatorports.

8 Conclusions

Supplementedby re�ectivity matricesfor theincidenceof guidedwaveson facetsof high contrastmultimode
slabs,we have applieda 2D coupledmodetheorymodelto integratedopticalmicroresonatordevices,where
a rectangularcavity connectstwo adjacentparallelwaveguides. Comparisonwith rigorousmodeexpansion
simulationsled to a reasonableagreement.Being of a moreapproximatenature,wherethe high refractive
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Figure 12: Field patternsfor the single moderesonancesmarked in Figure 9, with parametersas given in Table 1,
con�gurations(8) and(9).

index contrastandthelong light pathin a resonantcon�gurationconstitutesomewhatextremeconditions,the
coupledmodeapproachis neverthelessanab-initio modelwithout freeparametersthatgivessomeinsight in
thefunctionalbehaviour andproperdesignof thedevices.

By meansof theeigenvaluesof thematrix denominatorthatappearsin thecoupledmodeequations,theCMT
modelallows to identify the resonancesassociatedwith speci�c slabmodesin isolatedrectangularcavities.
This concernsboth the positionand the quality of the excitations. The model predictsregularly appearing
singlemoderesonancesfor modeswith anglesin a suitablerange.A nearlytotal facetre�ectivity asobserved
for modesuperpositionswith vanishing�eld at the cavity edgesleadsto moreirregularly occurringbimodal
resonances,thatareof substantiallyhigherquality in termsof lossesto radiationandin termsof theamountof
droppedpower.

Resonantstatesin the rectangularcavities canbe properlyrepresentedby guidedslabmodes.Applying this
observation two timesfor modepropagationalongthe two cavity dimensionsprovidesa meansto determine
device geometrieswhich show a speci�c resonanceat a prescribedvacuumwavelength. The procedureis
basedon the dependencesof propagationconstantsor modeangleson the thicknessof the slabwaveguide
cores.Althoughthereforeexplicit analyticexpressionscannotbegiven,acommonmodesolver for symmetric
singlelayerslabwaveguidesis in principlesuf�cient to predictresonantgeometries,or resonancewavelengths,
respectively, of therectangularmicroresonators.

Perhapsananalogousreasoningcanalsobehelpful whenhaving to estimatewhetherre�ectionsmight play a
signi�cant rolein waveguidesegmentswith abruptends,asthey areemployedin — ata�rst glancequitesimilar
— designsof e.g. multimodeinterferencedevices or integratedoptical directionalcouplers. In an entirely
differentregimeof parameters,the relatively stringentconditionsconcerningthegeometryandthe refractive
index contrastwill usuallypreventthatawaveguidesegmentformsacavity, whereresonancephenomenamay
becomerelevant.
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