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Abstract: Thepropagationof guidedandnoncon�nedopticalwavesat �x edfrequency through
dielectricstructureswith piecewiseconstant,rectangularpermittivity is consideredin two spa-
tial dimensions.Bidirectionalversionsof eigenmodes,computedfor sequencesof multilayer
slabwaveguides,constitutethe expansionbasisfor the optical electromagnetic�eld. Dirichlet
boundaryconditionsaresuf�cient to discretizethemodesets.Superpositionsof two suchexpan-
sions(bidirectionaleigenmodepropagation(BEP) �elds), orientedalongthe two perpendicular
coordinateaxes,establishrigoroussemianalyticalsolutionsof therelevantHelmholtzwaveequa-
tion on anunbounded,cross-shapedcomputationaldomain.Theoverlapof thelateralwindows
of the two BEPsetscanbeviewedasa rectangularcomputationalwindow with fully transpar-
entboundaries.Simulationresultsfor a seriesof modelsystems(Gaussianbeamsin freespace,
Bragggratings,waveguidecrossings,a squarecavity with perpendicularports,anda 90� bend
in aphotoniccrystalwaveguide)illustratetheperformanceof theapproach.
Keywords: waveguideoptics,numericalmodeling,eigenmodepropagationtechniques,omnidi-
rectionallight propagation,Helmholtzproblems
PACS codes: 42.82.–m42.82.Et

1 Intr oduction

With their potentialfor high integrationdensities,devicesbasedon optical microcavities [1] or on photonic
crystals[2] attractconsiderableattentionin photonicsresearchat present.Speci�c obstaclesfor themodeling
originatefrom the high permittivity contrastswhich areexploited for effective guiding andtrappingof light
waves: Phenomenalike wide anglepropagationandpronouncedre�ections areessentialfor the interference
effectsthatthenew structuresrely upon.

Amongthecurrentsimulationtoolsfor scatteringproblemsin integratedoptics,thepopularbeampropagation
methods[3] are not applicableat all, due to the underlyingapproximations.Concerningrigorousnumeri-
cal simulationsbasedon spatialdiscretizations,�nite-dif ference-time-domain (FDTD) simulations[4] arethe
mostcommonchoice(frequency domainprograms(Helmholtz-solvers)[5] exist aswell, but receive muchless
attention).Unfortunatelythesefully general,�nite-dif ferenceor �nite-elementbasedschemesareusuallyquite
expensive in termsof computationaleffort, evenin a2D setting.

Whereapplicable,rigoroussemi-analyticsimulationtools, the classof bidirectionaleigenmodepropagation
(BEP) or modeexpansiontechniques[6, 7, 8], can frequentlyoffer a robust, accurate,and quite effective
alternative. Packageswith academic[9] andcommercialbackgrounds[10, 11] areavailable;theformalismin
this paperis basedon anown implementationasdescribedin [12, 13]. For simulationsin theoptical regime,
theBEPalgorithmsaresofar setup exclusively alongonemajoraxisof light propagation.This viewpoint is
decidedlyinadequatefor thehigh contraststructures,whereonewould expectthata rigorous(2D) simulation
treatsbothrelevantcoordinateaxesexactlyalike. Theapproachoutlinedin thispaperrealizesthatrequirement,
basicallyby meansof superpositionof eigenmodeexpansionsalongthetwo perpendicularaxes.

Section2 startswith a speci�cationof theproblemsetting.Basis�elds for themodeexpansionandtherelated
modeproducts(overlapintegrals)areintroducedin Section2.1. Hereonecanrestrictto eigenmodesof multi-
layerslabsegmentson �nite crosssectionintervalswith simpleDirichlet boundaryconditions.In contrastto
thecomplex modesde�ned by perfectlymatchedlayers(PMLs) [14], thatarenecessaryin conventionalBEP
schemesto realizetransparentboundaries,thebasisfunctionsusedheresatisfysimple,well establishedorthog-
onalityproperties.At leastfor thepresentlosslessstructures,themodepro�les arereal;propagationconstants
areto besearchedon therealaxis,not in thecomplex plane.Themoreor lessstandardspectraldiscretization
procedurecanbeimplementedin a quiterobustandef�cient way.
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The ansatzfor the optical �eld is the subjectof Section2.2. By suitableprojectionon the basiselements
the problemis reducedto a setof linear equations.Section2.3 outlinesthis projectionproceduretogether
with our strategy to solve the problemfor the coef�cients in the modeexpansion. Modespropagatingin
positive and negative directionalong two coordinateaxes play a role in this approach,hencethis could be
calleda “quadridirectionaleigenmodepropagation”(QUEP) method. Section3 summarizesthe outcomeof
calculationsfor several(benchmark)structuresof currentinterest.

Necessarily, with theHelmholtzwaveequationbeingconsideredonacrossshapeddomainlimited by Dirichlet
boundaryconditions(perfectlyconductingwalls), thesimulationsetupresemblesa crossingof hollow metal
microwave waveguides,for which similar modelingapproacheshave beenformulated.Generalformulations
involving analyticexpansionsfor differenttypesof relatively simplemicrowavestructureshavebeengivene.g.
in Refs.[15, 16, 17, 18]; similar lines of reasoninghave beenfollowed in the framework of the methodof
lines[19, 20, 21, 22,23, 24]. However, herewe areinterestedin regimesof simulationparameterswhereone
canentirelydisregardany in�uencesof theenclosingwalls. Thefocusis on the�eld in theregion aroundthe
opticaldevice,givenasarefractive index inhomogeneityatthecenterof thedomain,andaroundtheconnecting
dielectricopticalwaveguides,thatextendalongthehalf-in�nite endsof thecross.

2 Quadridir ectional eigenmodeexpansion

The propagationof continuousoptical electromagneticwavesin linear isotropicdielectricstructuresis to be
simulated.Thevacuumwavelength� = 2� =k = 2� c=! speci�esthe�x edangularfrequency ! corresponding
to a time dependence� exp(i ! t) of all �elds, for vacuumwavenumberk andvacuumspeedof light c. For
a descriptionin two spatialdimensions,we choosea Cartesiancoordinatesystemwith relevant directionsx
(vertical)andz (horizontal),whereall �elds andtheopticalpermittivity areassumedto beconstantalongthe
y-axis. Thestructureunderinvestigationis givenby a piecewiseconstant,rectangularrefractive index pro�le,
with the dielectric interfacesbeing parallel to either the x or z-axis. We restrict to losslessstructures;all
refractive index valuesarereal.
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Figure1: Rectangulardecompositionof thecomputationaldomain.
Horizontal interfacesat x l , l = 0; : : : ; Nx andvertical interfaces
at zs, s = 0; : : : ; Nz divide the interestinginner region (x; z) 2
[x0; xN x ]� [z0; zN z ] into Nx horizontalinnerlayersandNz vertical
innerslices.Theouterregionswith layerindices0 andN x + 1 and
sliceindices0 andNz + 1 areoutwardsunbounded.

Interestis in whathappensinsidea rectangularcomputationalwindow [x 0; xN x ] � [z0; zN z ]. Figure1 sketches
thedivision of thedomaininto anumberof verticalslicesandhorizontallayers.Heretwo viewpointsarepos-
sible: Whatfollows canberegardedasanapproachto solve thewave propagationproblemon therectangular
innerdomain,enclosedby four boundariesat x = x0; xN x andz = z0; zN z thataretransparentfor outgoing
wavesandthat allow a speci�cationof incoming�elds. Alternatively, onecanview this asa methodto ap-
proximatea solutionof thewave equationon anunboundeddomain,consistingof theinnerrectangleandthe
outwardsunboundedexternallayersandslices.Both equivalentviewpointsareoccasionallyreferredto in the
following discussion.

Thespectraldiscretizationof theoptical �eld is enforcedby prescribingDirichlet boundaryconditionson the
externalborderlines z = z0; zN z , x < x0 or x > xN x andx = x0; xN x , z < z0 or z > zN z . Onehasto
restrictthe simulationsto con�gurations,for which theassumptionof vanishingbasis�elds on theselines is
reasonable.Thenext sectionstatesthediscretizationmoreprecisely.
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2.1 Basis�elds & modeproducts

For thepresent2D structuresmadeof isotropicmaterials,theopticalelectromagnetic�eld splits into TE and
TM polarizedparts.Dueto thelinearity of theproblem,bothpartscanbetreatedseparately(andthesolutions
latersuperimposed,wherenecessary).Theformulationbelow appliessimultaneouslyto TE andTM polarized
�elds.

We �rst focus on the decompositioninto vertical slices, which representthe waveguide segmentsin a
conventional bidirectionaleigenmodepropagationalgorithm. Within slice numbers, the region (x; z) 2
[x0; xN x ] � [zs� 1; zs], the refractive index is constantalong z, but x-dependent(piecewise constant). We
choosetheeigenmodesassociatedwith themultilayerslabpro�le of thesliceaselementsfor the�eld expan-
sion in Section2.2, wherethe modespectrumis discretizedby Dirichlet boundaryconditions,i.e. the basic
componentsEy (TE) or H y (TM) of themodepro�les areassumedto vanishat x = x0 andx = xN x , aswell
asoutsidethatinterval.

Propagatingandevanescentmodesupto acertainorderM x
s � 1areincludedin theexpansions.Weapplyanota-

tion closeto thatintroducedin Ref.[12]. Pro�le symbols d
sm = (E d

sm;x ; E d
sm;y ; E d

sm;z ; H d
sm;x ; H d

sm;y ; H d
sm;z )

collect thesix electricandmagneticcomponentsof modenumberm on slices, thepro�le componentsarein
generalcomplex valuedfunctionsof x, suchthat for the presentlosslessproblemseachcomponentis either
purely real or purely imaginary. Modesthat travel in the positive (forwards)andnegative z-direction(back-
wards)are identi�ed by symbolsd = f andd = b. With eachbasis�eld a propagationconstant� sm (real
for propagating�elds, purely imaginaryfor evanescentmodes)is associated,suchthat � > 0 (� < 0) for a
forwards(backwards)travelingpropagatingmode,or � i � < 0 (� i � > 0) for a forwards(backwards)traveling
evanescentmode.

For purposesof �eld projectionandpower summation,we employ thefollowing productof two generalelec-
tromagnetic�elds  1 = (E 1; H 1) and 2 = (E 2; H 2):

�
 1;  2

� z
[xa ;x b] =

1
4

Z xb

xa

(E �
1;x H2;y � E �

1;yH2;x + H �
1;yE2;x � H �

1;x E2;y )(x; z) dx : (1)

Heretheasteriskdenotescomplex conjugation.Thenotationis meantto bestretchedasrequired,e.g.thez-
positionis omittedin casetheexpressionis appliedto two only x-dependentmodepro�les. With thesame�eld
substitutedfor botharguments,theproduct(1) computesthez-componentof thetimeaveragedPoyntingvector
of that�eld. Assumingthatequivalentpro�les areemployedfor thedirectionalmodevariants,thepowerassoci-
atedwith eachindividualmodepro�le, usedfor purposesof normalization,readsPsm =

�
� �  f

sm ;  f
sm

�
[x0 ;x N x ]

�
� ,

if modem is propagating,andPsm =
�
��  f

sm ;  b
sm

�
[x0 ;x N x ]

�
� in casemodem is evanescent.SeeRef. [12] for

theorthogonalitypropertiesof thebasismodesets,expressedby theproduct(1).

Uponviewing thestructurealternatively asastackof layers,ananalogousspectraldiscretizationprocedurecan
beapplied.Layerl comprisestheregion (x; z) 2 [x l � 1; x l ] � [z0; zN z ]; within eachlayer, therefractive index
is constantalongthex-direction. Theeigenmodesassociatedwith theselayers,now discretizedby Dirichlet
boundaryconditionsat z = z0 and z = zN z , constitutea secondset of basiselementsfor the total �eld
expansion.

We usea hat accentto mark quantitiesthat arerelatedto the wave propagationalongthe vertical axis. Ac-
cordingly, thepro�le symbolof modem on layer l , that travelsupwardsin thepositive x-directiond = u or

downwardsin thenegative x-directiond = d, reads ̂
d
lm = (E d

lm;x ; E d
lm;y ; E d

lm;z ; H d
lm;x ; H d

lm;y ; H d
lm;z ). Each

pro�le is accompaniedby apropagationconstant�̂ lm , with thesignconventionasintroducedabove. Perlayer
anddirectionof propagation,M z

l modesup to orderM z
l � 1 areincludedin theexpansions.

Analogouslyto Eq. (1), a productmeantfor �elds  ̂ 1 = (E 1; H 1) and ̂ 2 = (E 2; H 2) that travel alongthe
x-axiscanbeintroduced,now with anintegrationalongahorizontalline:



 ̂ 1;  ̂ 2

� x
[za ;zb] =

1
4

Z zb

za

(E �
1;yH2;z � E �

1;zH2;y + H �
1;zE2;y � H �

1;yE2;z)(x; z) dz ; (2)

thepower associatedwith theindividual verticalmodepro�les is expressedasP̂lm =
�
�
  ̂

u
lm ;  ̂

u
lm

�
[z0 ;zN z ]

�
� , if

modem is propagating,andP̂lm =
�
�
  ̂

u
lm ;  ̂

d
lm

�
[z0 ;zN z ]

�
� in casemodem is evanescent.
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Note that the formulationis somewhat redundant.Assumingthat a horizontally traveling modewith pro�le
 (x) = (Ex ; Ey ; Ez; H x ; H y ; H z)(x) andpropagationconstant� hasbeencalculated,for a local refractive
index pro�le n(x) on an interval x 2 [a;b]. Thenthesamefunctionn, now thoughtasbeingrotatedby 90�

andviewed as the refractive index pro�le n(z) of a layer, supportsa vertically traveling modewith pro�le
 ̂ (z) = (� Ez; Ey ; � Ex ; � H z; H y ; � H x )(z) andpropagationconstant�̂ = � onaninterval z 2 [a;b]. Hence
theentiresetof basismodescanberepresentedby auniformdatastructure.

2.2 Field ansatz

Using thesymbolsasintroducedabove andcommoncomplex notation,we write the following ansatzfor the
optical�eld in theoverlapregion of slices andlayerl :

�
E
H

�
(x; z; t) =

M x
s � 1X

m=0

Fsm
1

p
Psm

 f
sm (x) ei ! t � i � sm (z � zs� 1)

+
M x

s � 1X

m=0

Bsm
1

p
Psm

 b
sm (x) ei ! t + i � sm (z � zs)

+
M z

l � 1X

m=0

Ulm
1

q
P̂lm

 ̂
u
lm (z) ei ! t � i �̂ lm (x � x l � 1)

+
M z

l � 1X

m=0

D lm
1

q
P̂lm

 ̂
d
lm (z) ei ! t + i �̂ lm (x � x l ) ;

(3)

valid for zs� 1 < z < zs, s = 1; : : : ; Nz, andx l � 1 < x < x l , l = 1; : : : ; Nx . Notethat thecoef�cients Fsm

andBsm of theforwardandbackwardversionsof modem on slices arerelevant for all layersl = 1; : : : ; N x .
Likewise,thecoef�cients Ulm andD lm of theupwardanddownwardversionsof modem on layerl contribute
to the�eld onall slicess = 1; : : : ; Nz .

A similar ansatzis usedfor theouterregions,whereonly modestraveling alongtherespective coordinateaxes
arepresent.The�eld in thehalf-in�nite slicess = 0 ands = N z + 1 only consistsof forwardandbackward
modeswith coef�cients F0m , B0m , FN z +1 m , BN z +1 m . On thehalf-in�nite layersl = 0 andl = N x + 1, the
�eld is expandedsolely into vertical, upwardsanddownwardstraveling modeswith coef�cients U0m , D0m ,
UN x +1 m , DN x +1 m . For theexternalregionsthecoordinateoffsetsin theexponentialsareobsoleteandformally
interpretedasz� 1 = z0, zN z +1 = zN z , x � 1 = x0, xN x +1 = xN x .

A givenscatteringproblemprescribesthecoef�cients F0m , BN z +1 m , U0m , DN x +1 m of the incomingwaves.
For a problemwith guidedwave input, typically only a few (or only one)of theseamplitudesarenonzero,
which correspondto the approximations(Dirichlet boundaryconditions)of the physicallyunboundedinput
modes.A moregeneralexciting �eld pro�le is to beexpandedinto thebasismodeseton therespective slices
or layers,wherefor aphysicallyrelevantsolutiononly propagating(i.e.nonevanescent)modescontribute.One
is interestedin all remainingcoef�cients, in particularin theamplitudesof theoutgoingwavesB 0m , FN z +1 m ,
D0m , UN x +1 m .

With theabove modenormalization,orthogonalityof thebasis�elds with respectto theproducts(1) and(2)
allows to write thetotalopticalpower thatis sentinto thestructureasthesumof thesquaredinputamplitudes:

Pin =
X

m;propag.

jF0m j2 +
X

m;propag.

jBN z +1 m j2 +
X

m;propag.

jU0m j2 +
X

m;propag.

jDN x +1 m j2: (4)

Analogously, thetotal scattered,outgoingopticalpower reads

Pout =
X

m;propag.

jB0m j2 +
X

m;propag.

jFN z +1 m j2 +
X

m;propag.

jD0m j2 +
X

m;propag.

jUN x +1 m j2: (5)

Energy conservation requiresthat thesequantitiescoincide(thereareno evanescentwaves in the incoming
�elds, hencetheevanescentmodesdo not contribute to thepower balance[12]). If externalwaveguidecores
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arepresent,oneis usuallyinterestedin theguidedpartof theoutwardsscatteredpower. Thesumin Eq. (5) is
thento berestrictedto thecoef�cients of theinterestingcon�ned modes.

Now it isconvenienttocombinethepreviouscoef�cients andthemodenormalizationfactorsintodimensionless
modeamplitudesf sm = Fsm =P1=2

sm , bsm = Bsm=P1=2
sm , ulm = Ulm=P̂1=2

lm , dlm = D lm=P̂1=2
lm . For a more

compactnotation,thesearemergedinto amplitudevectorsf s = (f sm ), bs = (bsm ), u l = (ulm ), d l = (dlm ).

2.3 Algebraic procedure

Assumingthatthebasismodesareproperlyconstructed,thesuperposition(3) satis�estheMaxwell equations
exactly in all pointsof the computationaldomain,with the exceptionof the slice andlayer interfaces. The
coef�cients of theexpansionareto bedeterminedsuchthatacrosstheinterfacesthetangentialcomponentsof
thetotal electricandmagnetic�eld arecontinuous.Via thecurl-equations,this impliessuitablecontinuityor
discontinuityof thenormalcomponentsof E andH .

2.3.1 Horizontal bidir ectionaleigenmodeexpansion

Consideran inner vertical interface�rst, that separatesslicess ands + 1. The �eld expansionsrelatedto
theadjacentslicesareevaluatedat the interfacepositionz = zs, andformally equated.Theequationshould
includeonly thetangentialcomponentsEx , Ey , H x , H y ; only thesearerelevant for theproduct(1). Assuming

exactpro�les  ̂
d
lm (z) of thevertically travelingmodes,thecontributionsfrom thesebasis�elds to theequation

cancelin caseof aninnerinterfacewith index s 2 f 1; : : : ; N z � 1g.

To extractalgebraicrelationsbetweentheinvolvedcoef�cients, theequationis projectedontothebasismodes
of thetwo slicesby applyingtheproducts

�
 d

sn ; :
�

[x0 ;x N x ] and
�
 d

s+1 n ; :
�

[x0 ;x N x ]. In the�rst caseoneobtains
thefollowing setof equations,writtendirectly in matrix form:

Ds
df T

sf s + Ds
dbbs = (Os

fd)� f s+1 + (Os
bd)� Ts+1 bs+1 ; for d = f; b; (6)

wheretheasteriskdenotestheadjoint.Theelementsof thedirectionaloverlapmatricesaregivenby

(Ds
dr )nm =

�
 d

sn ;  r
sm

�
[x0 ;x N x ] and (Os

dr )nm =
�
 d

s+1 n ;  r
sm

�
[x0 ;x N x ] : (7)

The diagonalmatricesDs
dr containthe orthogonalitypropertiesof the basismodes[12] on a speci�c slice.

Overlapsbetweenthemodepro�les of differentslicesarestoredin theoperatorsOs
dr . Thediagonaltransfer

matrices

(Ts)nm = e� i � sm (zs � zs� 1) � nm ; (8)

representthe exponentialdependenceof the modalsolutionson the propagationcoordinate,herethe z-axis,
with � nm = 1 if n = m, and� nm = 0 otherwise.

Likewise,theprojectionontothebasis�elds of slices + 1 yieldstheequation

Os
df T

sf s; + Os
dbbs = Ds+1

df f s+1 + Ds+1
db Ts+1 bs+1 ; for d = f; b: (9)

By usingtheoverlapmatricesasde�ned in (7) assub-matricesfor thelargeraggregates

Ds =
�

Ds
� Ds

fb
Ds

bf Ds
bb

�
; Os =

�
Os

� Os
fb

Os
bf Os

bb

�
; (10)

andby combiningtheseinto theoperators

Ms;� = (Ds)� 1(Os)� ; Ms;+ = (Ds+1 )� 1Os; Ms;� =
�

Ms;�
� Ms;�

fb
Ms;�

bf Ms;�
bb

�
; (11)
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Eqs.(6), (9) canbegiventhemorecompactform:

�

�
Tsf s

bs

�
=

�
Ms;�

� Ms;�
fb

Ms;�
bf Ms;�

bb

� �
f s+1

Ts+1 bs+1

�
;

�
�

f s+1
Ts+1 bs+1

�
=

�
Ms;+

� Ms;+
fb

Ms;+
bf Ms;+

bb

� �
Tsf s

bs

�
: (12)

Assumefor themomentthatonly thesystem(12)determineswhathappensaroundthejunctionatz = zs. Then
f s andbs+1 mustberegardedasgivencoef�cients of incidentwaves;thejunctionscatteringproblemis to be
solved for the coef�cients f s+1 andbs of theoutgoingwaves. Oneobservesthat the system(12) is twofold
overdetermined.

In the limit of an in�nite numberof terms,the modalbasisfunctionsusedfor the �eld expansionsrepresent
completesetsof functionson theinterval [x0; xN x ]. Hence,in this limit, theformalequalityof �elds thatafter
projectionleadsto Eqs.(6), (9), becomesexact;correspondinglyEqs.(6), (9) andlikewisethe�rst andsecond
partof Eq. (12)becomeequivalent.

Thenumericalimplementation,however, requiresarestrictionto a�nite, suf�ciently largenumberof expansion
terms,whereonecanexpectthat theformerstatementsarestill approximatelysatis�ed. To proceed,a subset
of thesystem(12) needsto beselected.We choosethesub-equationsindicatedby thesymbols� in Eq. (12),
for thefollowing reasons.Basedon this choice,thealgorithmasoutlinedbelow allows to avoid applyingthe
inversesof the matricesTs (which would includeexponentialsgrowing with the slice length, relatedto the
presenceof evanescentmodes).The procedureis formally applicableto expansionswith differing sizesM x

s
on eachslice,andthealgorithmis “as implicit aspossible”.Concerningthenumbersof expansiontermsand
theextensionof theslicesandlayers,thesimulationsappearto beunconditionallystable(cf. thecorresponding
remarksin Ref.[13]). Perhapsotherchoicesarepossibleanduseful;whatfollows is basedonthetwo equations

bs = Ms;�
bf f s+1 + Ms;�

bb Ts+1 bs+1 ; f s+1 = Ms;+
� Tsf s + Ms;+

fb bs ; (13)

establishedfor eachinnerverticalinterfaceatz = zs, s = 1; : : : ; Nz � 1.

Now Eqs.(13) areto becombined,with a twofold aim. For thesubsequentconnectionwith the �elds on the
outerslicesandwith theperpendicular�eld expansion,ontheonehandonewould like to relatetheamplitudes
on slices = 1 to thoseon slices = Nz. On theotherhand,theamplitudeson theintermediateslicesareto be
expressedexplicitly in termsof thoseonslices1 andN z.

As a �st step,Eqs.(13) arerearrangedsuchthat for eachjunctionat z = zs theamplitudesof the“outgoing”
wavesareexplicitly givenin termsof theamplitudesof the“incident” waves.After computing

Js
� = (1 � Ms;+

fb Ms;�
bf )� 1Ms;+

� ; Js
fb = (1 � Ms;+

fb Ms;�
bf )� 1Ms;+

fb Ms;�
bb ;

Js
bf = (1 � Ms;�

bf Ms;+
fb )� 1Ms;�

bf Ms;+
� ; Js

bb = (1 � Ms;�
bf Ms;+

fb )� 1Ms;�
bb ;

(14)

this reads

f s+1 = Js
� Tsf s + Js

fbTs+1 bs+1 ;
bs = Js

bf T
sf s + Js

bbTs+1 bs+1 ;
s = 1; : : : ; Nz� 1 : (15)

Theniteratively matricesareassembledthatcoverasequenceof slicesin thesameway, i.e.thatfor thesequence
of innerslices2 to s relatethecoef�cients b1 andf s+1 of “outgoing” wavesexplicitly to thecoef�cients f 1
andbs+1 of “incident” modes(obviously this is relevantonly for N z � 2):

f s+1 = Ks
� T1f 1 + Ks

fbTs+1 bs+1 ;
b1 = Ks

bf T
1f 1 + Ks

bbTs+1 bs+1 ;
s = 1; : : : ; Nz� 1 : (16)

Startingwith K1
dr = J1

dr andusingtheintermediatequantities

As
� = (1 � Ks

fbTs+1 Js+1
bf Ts+1 )� 1Ks

� ; As
fb = (1 � Ks

fbTs+1 Js+1
bf Ts+1 )� 1Ks

fbTs+1 Js+1
bb ;

As
bf = (1 � Js+1

bf Ts+1 Ks
fbTs+1 )� 1Js+1

bf Ts+1 Ks
� ; As

bb = (1 � Js+1
bf Ts+1 Ks

fbTs+1 )� 1Js+1
bb ;

(17)
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thematricesKs
dr canbecalculatedalongtherecipe:

Ks+1
� = Js+1

� Ts+1 As
� ; Ks+1

fb = Js+1
� Ts+1 As

fb + Js+1
fb ;

Ks+1
bf = Ks

bf + Ks
bbTs+1 As

bf ; Ks+1
bb = Ks

bbTs+1 As
bb :

(18)

After the�nal step,thematricesKN z � 1
dr cover theentireinnersequenceof slices,asrequired:

f N z
= KN z � 1

� T1f 1 + KN z � 1
fb TN z bN z ;

b1 = KN z � 1
bf T1f 1 + KN z � 1

bb TN z bN z :
(19)

In akind of backsubstitutionprocess,thesystemis solvedfor theintermediatecoef�cients, giventheamplitudes
of the “incident” modeson the outerslicesof the sequence(this is relevant only if N z � 3). Startingwith
SN z � 1

dr = AN z � 2
dr , iteratively matricesSs

dr arebuilt accordingto theequations

Ss� 1
� = As� 2

� + As� 2
fb TsSs

bf ; Ss� 1
fb = As� 2

fb TsSs
bb ;

Ss� 1
bf = As� 2

bf + As� 2
bb TsSs

bf ; Ss� 1
bb = As� 2

bb TsSs
bb ;

(20)

suchthat

f s = Ss
� T1f 1 + Ss

fbTN z bN z ;
bs = Ss

bf T
1f 1 + Ss

bbTN z bN z :
(21)

As anintermediatesummary, theseformulasallow to computematricesKdr = KN z � 1
dr andSs

dr thatconnectall
amplitudesof horizontallytraveling modeson theinnerslicesin anexplicit way:

�
f N z

b1

�
=

�
K� Kfb

Kbf Kbb

� �
T1f 1

TN z bN z

�
;

�
f s
bs

�
=

�
Ss

� Ss
fb

Ss
bf Ss

bb

� �
T1f 1

TN z bN z

�
; s = 2; : : : ; Nz � 1: (22)

Basically, theprecedingformalismrepresentsaconventionalBEPalgorithm,thoughonethattakesinto account
simultaneousin�ux from bothendsof theslicesequence.

2.3.2 Vertical bidir ectionaleigenmodeexpansion

We now switchto a viewpoint, thatconsidersthestructureunderinvestigationasa stackof layers,in placeof
theformersequenceof slices.By substitutinglayersfor slices,replacingtheproduct(1) by (2), andapplying
projectionsonto thebasismodesrelatedto thedecompositioninto layers,connectormatricesfor thevertical
wavepropagationcanbeestablishedin apreciselyanalogousway. Theresultingrelationsread

�
u N x

d1

�
=

�
K̂uu K̂ud

K̂du K̂dd

� �
T̂1u 1

T̂N x dN x

�
;

�
u l

d l

�
=

�
Ŝl

uu Ŝl
ud

Ŝl
du Ŝl

dd

� �
T̂1u 1

T̂N x dN x

�
; l = 2; : : : ; Nx � 1: (23)

Hereagainthehataccentidenti�es thequantitiesrelatedto the“vertical” BEPsetting.

2.3.3 Combination of the horizontal and vertical expansions

It remainsto look at the boundariesof the computationalwindow, i.e. at the interfacesbetweenthe inner
rectangleandtheouter, half in�nite slicesor layers,respectively. This will leadto a connectionof thetwo —
sofar independent— BEPrepresentationsfor theinterior.

We �rst focuson theleft verticalboundaryof thecomputationalwindow. On slice0 on theleft of thejunction
atz = z0, the�eld expansionconsistsof forwardsandbackwardstravelingmodesonly, while in slice1 on the
right of the junction, the full expansion(3) applies.As before,thecomponentsEx , Ey , H x , H y , evaluatedat
z = z0, areequated.With theverticalmodepro�les vanishingontheleft of thejunction,now thecontributions
of theupwardsanddownwardstravelingbasis�elds donotcancelin theseequations.Wefollow theprocedure
alongEqs.(6)–(13),whereadditionaltermsrelatedto thecoef�cients u l andd l have to betakeninto account.
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Theprojection
�
 d

0n ; :
� z0

[x0 ;x N x ] of theequatedexpansionsontothebasispro�les of theexternalslice0 results
in theequations

D0
df f 0 + D0

dbb0 = (O0
fd)� f 1 + (O0

bd)� T1b1 +
N xX

l=1

C0l z0
du u l +

N xX

l=1

C0l z0
dd d l ; for d = f; b: (24)

De�nitions (7) and(8) apply;additionallythecross-overlaps

(Csl z
dr )nm =

8
<

:

�
 d

sn ;  ̂
u
lm (z) e� i �̂ lm (x � x l � 1) � z

[x l � 1 ;x l ]
for r = u;

�
 d

sn ;  ̂
d
lm (z) ei �̂ lm (x � x l )

� z
[x l � 1 ;x l ]

for r = d;
(25)

appear. Eqs.(23)canbeusedto eliminatethecoef�cients relatedto theinternallayers.Thatleadsto thesimpler
equations

D0
df f 0 + D0

dbb0 = (O0
fd)� f 1 + (O0

bd)� T1b1 + V0 z0
du u1 + V0 z0

dd dN x ; for d = f; b; (26)

wherethesummationsarenow shiftedto thematrices

Vs z
du =

N x � 1X

l=2

�
Csl z

du Ŝl
uu + Csl z

dd Ŝl
du

�
T̂1 + Cs1 z

du + Cs N x z
du K̂uu T̂1 + Cs1 z

dd K̂duT̂1 ;

Vs z
dd =

N x � 1X

l=2

�
Csl z

du Ŝl
ud + Csl z

dd Ŝl
dd

�
T̂N x + Cs N x z

dd + Cs N x z
du K̂ud T̂N x + Cs1z

dd K̂dd T̂N x :

(27)

Likewise,theprojection
�
 d

1n ; :
� z0

[x0 ;x N x ] ontothemodesof slice1 leadsto theexpressions

O0
df f 0 + O0

dbb0 = D1
df f 1 + D1

dbT1b1 + V1 z0
du u 1 + V1 z0

dd dN x ; for d = f; b: (28)

Usingthede�nitions (10), (11)andadditionally

Vs z =
�

Vs z
fu Vs z

fd
Vs z

bu Vs z
bd

�
; R0;� = (D0)� 1V0 z0 ; R0;+ = (D1)� 1V1 z0 ; R0;� =

�
R0;�

fu R0;�
fd

R0;�
bu R0;�

bd

�
; (29)

Eqs.(26), (28)canbegiventheform

�

�
f 0
b0

�
=

�
M0;�

� M0;�
fb

M0;�
bf M0;�

bb

� �
f 1

T1b1

�
+

�
R0;�

fu R0;�
�

R0;�
bu R0;�

bd

� �
u 1

dN x

�
;

�
�

f 1
T1b1

�
=

�
M0;+

� M0;+
fb

M0;+
bf M0;+

bb

� �
f 0
b0

�
�

�
R0;+

fu R0;+
�

R0;+
bu R0;+

bd

� �
u 1

dN x

�
:

(30)

As for the internal interfaces,the system(30) is twofold overdetermined;only the two rows marked by the
symbol� , i.e. only theequations

b0 = M0;�
bf f 1 + M0;�

bb T1b1 + R0;�
bu u1 + R0;�

bd dN x ;
f 1 = M0;+

� f 0 + M0;+
fb b0 � R0;+

fu u 1 � R0;+
fd dN x

(31)

enterthefurtherprocedure.

Analogously, the remainingboundariesof the computationalwindow canbe handled. Using the de�nitions
(10), (11), (27),and

RN z ;� = (DN z )� 1VN z zN z ; RN z ;+ = (DN z +1 )� 1VN z +1 zN z ; RN z ;� =

 
RN z ;�

fu RN z ;�
fd

RN z ;�
bu RN z ;�

bd

!

; (32)
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oneobtainstheequations

bN z = MN z ;�
bf f N z +1 + MN z ;�

bb bN z +1 � RN z ;�
bu u 1 � RN z ;�

bd dN x ;
f N z +1 = MN z ;+

� TN z f N z
+ MN z ;+

fb bN z + RN z ;+
fu u 1 + RN z ;+

fd dN x

(33)

for theright, verticalboundaryatz = zN z .

With thecross-overlapson theupperandlowerhorizontalinterfaces

(Ĉl s x
dr )nm =

8
<

:



 ̂

d
ln ;  f

sm (x) e� i � sm (z � zs� 1) � x
[zs� 1 ;zs ] for r = f ;



 ̂

d
ln ;  b

sm (x) ei � sm (z � zs) � x
[zs� 1 ;zs ] for r = b;

(34)

with therelatedmatrices

V̂l x
df =

N z � 1X

s=2

�
Ĉl s x

df Ss
� + Ĉl s x

db Ss
bf

�
T1 + Ĉl1 x

df + Ĉl N z x
df K� T1 + Ĉl1 x

db Kbf T1 ;

V̂l x
db =

N z � 1X

s=2

�
Ĉl s x

df Ss
fb + Ĉl s x

db Ss
bb

�
TN z + Ĉl N z x

db + Ĉl N z x
df KfbTN z + Ĉs1 x

db KbbTN z ;

(35)

andassignmentsanalogousto Eqs.(29), (32)

V̂l x =
�

V̂l x
uf V̂l x

ub
V̂l x

df V̂l x
db

�
; R̂0;� = (D̂0)� 1V̂0 x0 ; R̂0;+ = (D̂1)� 1V̂1 x0 ; R̂0;� =

�
R̂0;�

uf R̂0;�
ub

R̂0;�
df R̂0;�

db

�
; (36)

R̂N x ;� = (D̂N x )� 1V̂N x xN x ; R̂N x ;+ = (D̂N x +1 )� 1V̂N x +1 xN x ; R̂N x ;� =

 
R̂N x ;�

uf R̂N x ;�
ub

R̂N x ;�
df R̂N x ;�

db

!

; (37)

onearrivesat theequations

d0 = M̂0;�
du u 1 + M̂0;�

dd T̂1d1 + R̂0;�
df f 1 + R̂0;�

db bN z ;
u 1 = M̂0;+

uu u 0 + M̂0;+
ud d0 � R̂0;+

uf f 1 � R̂0;+
ub bN z

(38)

for themodeamplitudesaroundthehorziontalinterfaceatx = x 0, and

dN x = M̂N x ;�
du u N x +1 + M̂N x ;�

dd dN x +1 � R̂N x ;�
df f 1 � R̂N x ;�

db bN z ;
u N x +1 = M̂N x ;+

uu T̂N x u N x + M̂N x ;+
ud dN x + R̂N x ;+

uf f 1 + R̂N x ;+
ub bN z

(39)

for thecoef�cients relatedto theinterfaceat x = xN x .

Finally, onehasto combineEqs.(31),(33),(38),and(39). A possiblesolutionprocedurestartswith eliminating
the coef�cients f N z

, b1, uN x , d1, by using the �rst equalitiesof Eqs. (22), (23). This resultsin explicit
dependencesof the primary unknowns b0, f N z +1 , d0, uN x +1 on the coef�cients f 1, bN z , u 1, dN x of the
inwardstravelingwaveson theoutermostslicesandlayersinsidethecomputationalwindow:

f N z +1 = MN z ;+
� TN z K� T1f 1 + (MN z ;+

� TN z KfbTN z + MN z ;+
fb )bN z + RN z ;+

fu u 1 + RN z ;+
fd dN x ;

b0 = (M0;�
bf + M0;�

bb T1Kbf T1)f 1 + M0;�
bb T1KbbTN z bN z + R0;�

bu u 1 + R0;�
bd dN x ;

u N x +1 = R̂N x ;+
uf f 1 + R̂N x ;+

ub bN z + M̂N x ;+
uu T̂N x K̂uuT̂1)u 1 + (M̂N x ;+

uu T̂N x K̂ud T̂N x + M̂N x ;+
ud )dN x ;

d0 = R̂0;�
df f 1 + R̂0;�

db bN z + (M̂0;�
du + M̂0;�

dd T̂1K̂du T̂1)u 1 + M̂0;�
dd T1K̂ddT̂N x dN x ;

(40)

Substitutingtheseexpressionsinto theremainingfour matrixequationsresultsin thefollowing linearsystem

0

B
B
@

X� Xfb Xfu Xfd

Xbf Xbb Xbu Xbd

Xuf Xub Xuu Xud

Xdf Xdb Xdu Xdd

1

C
C
A

0

B
B
@

f 1
bN z

u 1

dN x

1

C
C
A =

0

B
B
B
@

M0;+
� f 0

MN z ;�
bb bN z +1

M̂0;+
uu u 0

M̂N x ;�
dd dN x +1

1

C
C
C
A

; (41)
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with submatrices

X� = 1 � M0;+
fb (M0;�

bf + M0;�
bb T1Kbf T1); Xfb = � M0;+

fb M0;�
bb T1KbbTN z ;

Xfu = R0;+
fu � M0;+

fb R0;�
bu ; Xfd = R0;+

fd � M0;+
fb R0;�

bd ;

Xbf = � MN z ;�
bf MN z ;+

� TN z K� T1; Xbb = 1 � MN z ;�
bf (MN z ;+

fb + MN z ;+
� TN z KfbTN z );

Xbu = RN z ;�
bu � MN z ;�

bf RN z ;+
fu ; Xbd = RN z ;�

bd � MN z ;�
bf RN z ;+

fd ;

Xuf = R̂0;+
uf � M̂0;+

ud R̂0;�
df ; Xub = R̂0;+

ub � M̂0;+
ud R̂0;�

db ;
Xuu = 1 � M̂0;+

ud (M̂0;�
du + M̂0;�

dd T̂1K̂duT̂1); Xud = � M̂0;+
ud M̂0;�

dd T̂1K̂ddT̂N x ;

Xdf = R̂N x ;�
df � M̂N x ;�

du R̂N x ;+
uf ; Xdb = R̂N x ;�

db � M̂N x ;�
du R̂N x ;+

ub ;
Xdu = � M̂N x ;�

du M̂N x ;+
uu T̂N x K̂uu T̂1; Xdd = 1 � M̂N x ;�

du (M̂N x ;+
ud + M̂N x ;+

uu T̂N x K̂ud T̂N x );

(42)

wherethe given coef�cients f 0, bN z +1 , u 0, dN x +1 of the incomingwaveson the externalregionsform the
right handside.Via Eqs.(22), (23),and(40),a solutionof Eq. (41)determinesall unknown coef�cients in the
expansion(3), i.e. solvesthescatteringproblem.

3 Numerical examples

While adetailedstudyof convergencepropertiesof theQUEPschemeremainsbeyondthescopeof thispaper,
wegivea few remarksonobservationsduringthepracticalexecutionof thesimulations.

Theschemehasbeenimplementedusingtheobject-orientedfeaturesof theC++ language,ascloseaspossible
alongtheabstractformulationof Section2. Theimplementationrestsonamodesolver for multilayerdielectric
slab waveguides. For the presentlosslessstructures,the basis�elds can be restrictedto pro�les with real
transversecomponents,andeitherpurely real or purely imaginarypropagationconstants.The internalmode
representationaswell asthecomputationof overlapintegralsis keptasfaraspossibleon ananalyticallevel.

Themodesolverenginereliesonasearchalgorithmalongtherealaxisof squaredpropagationconstants,driven
by thenodalpropertiesof thebasismodes.Theroutineshave to work reliably for rathernonstandardrefractive
index pro�les, thatemergefrom thealternativehorizontalandverticalviewpoints.Whereapplicable,symmetry
propertiesareexploitedto resolvemodedegeneracies.In a few instances,permittivity pro�les becomerelevant
that consistof individual regions with high refractive index, separatedby a relatively large low index gap
(examplesarethecentralverticalsegmentandthecentralhorizontallayer in thephotoniccrystalstructureof
Section3.5).For thelowestordermodeswith exponentialshapesin theintermediatelow index region,thehigh
index partsarenumericallydecoupled.Themodesolver treatsthesecasesaccordingly:Up to a suitablelimit
of effective index, the lowestorderbasis�elds aredeterminedseparatelyfor thedecoupledregions,andthen
joinedwith thehigherodermodescomputedon theentireinterval to form thefull expansionbasis.

TheQUEPalgorithmturnsout to bequite robust in general,wherethequality of theapproximationis deter-
minedby the numberof expansiontermsused,andby the extensionof the computationalwindow. Values
for theseparametersaregivenfor thespeci�c examplesin Sections3.1–3.5.Sofar thechoiceof thewindow
boundariesx0, xN x , z0, zN z is a matterof intuition (andof testson thestability of speci�c resultsversusthe
boundarypositions),wheretheextensionof theguidedmodesin theproblemcangive an orientation.In the
limit of in�nite expansions,thecompletenesspropertiesof thebasismodesetsguaranteein principleaperfect
matchingof the �elds at the horizontalandvertical interfaces. For a �nite setof basismodesthe adjacent
�elds canmatchmoreor lessadequately, dependingon the structureunderconsideration.Apart from an er-
roneouslydiscontinuous�eld, an insuf�cient numberof expansiontermsusuallyshows up by a violation of
power conservation.

Occasionally, whencomputingseriesof varyingcon�gurationsusing�x edsettingsfor thecomputationalwin-
dow andthenumberof basismodes,singularinstabilities(i.e. few valuesoff anotherwisestraightline) were
observed. If magni�ed, theseinstabilitiesexhibit a resonant-like behaviour, with respectto moreor lessall
structuralandcomputationalparameters.We did not perceive a correlationwith singularbasismodeproper-
ties, e.g.a modeapproachinga cut-off con�guration. The phenomenonappearsto be morepronouncedfor
simulationsof TM polarizedlight, wheretheelectric�eld componentsareknown to exhibit sharpsingularities
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arounddielectriccorners[25, 26]. Drasticallyincreasingthenumberof expansiontermsleadsagainto regular
results,at thecostof a high computationaleffort, which doesnot seemto beadequatewhencomparingwith
neighboringcon�gurationsin aseriesof simulations.

Fortunately, thesingularinstancesarealwaysaccompaniedby pronouncederrorsin thepower in- andout�ow
balance.Hence,althoughthepreciseorigin of the instabilitiesremainsunclear, we couldapply thefollowing
practicalapproachto regularizethecomputations.Thecomputationalwindow shouldideallynot in�uence the
resultsatall, apartfrom thecornerpoints;thisin factholdsreasonablywell in caseof theregularcon�gurations.
Nevertheless,theshapeof thenonguidedbasismodesis dominatedby thepositionof thewindow boundaries.
A particularmismatchof basismodesetsin caseof a singularcon�gurationcanthusbealteredeffectively by
shifting x0, xN x , z0, zN z , andhereoneobserves indeeda strongin�uence of thesepositions. Therefore,a
solutionof Eqs.(41) is accepted,if theratio of thetotal input andoutputpower is calculatedwithin a narrow
interval around1 (uniformlimits e.g.usedfor thewaveguidecrossingsin Section3.3(TM) are[0:995; 1:002]).
Otherwisesimulationsof the samestructurewith slightly shiftedwindow boundaries(displacementfor Sec-
tion 3.3,TM: subsequently0:05� m, 0:1� m, 0:2� m) aresubstituteduntil thepower conservation criterion is
satis�ed.Thisstrategy leadsto themoreor lesssmoothresultsasshown in Sections3.1–3.5.

Thecomputationaleffort of a QUEPsimulationis roughlycomparableto two timesa BEP simulationof the
structureunderinvestigation,where�rst the sequenceof inner vertical slices,secondthe sequenceof inner
horizontallayersis considered.Thiscorrespondsto theprocedurethatleadsto Eqs.(22)and(23). Additionally,
thesystem(41) is to beanalyzedonce.Hencethelargestmatrix for whicha linearsystemof equationsis to be
solvedis of a size(M x

1 + M x
N z

+ M z
1 + M z

N x
) � (M x

1 + M x
N z

+ M z
1 + M z

N x
), or of a size(2M x + 2M z) �

(2M x + 2M z) in asettingwith uniformexpansiontermsM x
s = M x andM z

l = M z, i.e.of aboutfour timesthe
dimensionof thematricesthatareto be invertedin the innerBEPs.Note that theBEPpartsof theprocedure
could be regardedas a way to solve systemsof linear equationsfor 2(N z + 1)M x unknowns in the slice
decomposition,or for 2(Nx + 1)M z unknowns in thelayerdecomposition.In total thesearesystems(though
with aspeci�c blockstructure)far largerthanthedimensionof (41). Obviously theeffort dependscruciallyon
thenumbersNz andNx of slicesandlayers;thesolutionof Eq.(41) doesnotdominatetheoperationcount.

3.1 Gaussianbeamsin fr eespace

Wave propagationin free spaceis selectedas a �rst, most simple test. Figure2 illustrates�eld pro�les as
predictedby the QUEP algorithm,for Gaussianbeamsexcited on arbitrarysidesof the inner computational
window. The �eld is discretizedby M x = M z = 150Fouriercomponentsalongboth coordinateaxes,on a
window of [0; 15:1] � m � [0; 15:1] � m. Apart from the inner rectangle,theplots includepartsof theexternal
regionsaswell; thewedgesat thecornersindicatetheouterDirichlet boundaries.

Inset(a)showsabeamtraversingthecomputationalwindow alongthez-axis,andthecorrespondingspreading
of the Gaussianpro�le. This is what canbe expectedfrom a conventionalBEP implementation.According
to (b) and(c), herebeamscanbe launchedalongthevertical x-axisaswell, or simultaneouslyfrom all four
sides;thetwo axesaretreatedalike. For parts(d), (e),and(f), beamsarelaunchedon oneof theverticalsides
underahigherangle,suchthatthey leave thewindow via oneof thehorizontalsides.With theQUEPapproach
fully transparentboundaryconditionsarerealized,thatallow for simultaneousin�ux andout�ux alongthefour
edgesof theinnercomputationalwindow.

Similarcalculationsshouldbepossiblewith aconventionalBEPschemeaswell, if suitablyadjustedtransparent
boundaryconditions(typicallyperfectlymatchedlayers,seee.g.[14]) areincluded.Thiswouldrequireto rotate
thesimulationsettingby 90� (b,c),to employ a formulationwith doublesidedin�ux (c, f), andto superimpose
four (onesidedin�ux) or two (doublesidedin�ux) separatesimulationsfor computingtheinterferencepatterns
in (c). Notethatsuchasuperpositionapproachwould beconsiderablymoredif�cult if guidedwave in�ux and
out�ux alongmorethanonecoordinateaxisis to bemodeled,asin theexamplesof Sections3.3–3.5.

The �eld plots show only minor in�uence of the cornerpoints,wherethe basiscomponentsE y (TE) or H y

(TM) areenforcedto be zero. Waveswith cylindrical shapearevisible, originatingfrom thesepoints,with
majoramplitudesin theexternalregionsx; z < 0 or x; z > 15:1� m thatdo not belongto theactualcomputa-
tionalwindow. Within thepresentformulation,theremnantsmallperturbationsinsidethewindow canonly be
suppressedby enlarging thecomputationaldomain,or by modifyingthepositionor aspectratioof thewindow.
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Figure2: Propagationof Gaussianbeams,TE waves(� = 1 � m) in a homogeneousmedium,n = 1:0. Theplotsshow
snapshotsof theopticalelectric�eld pro�le Ey . (a) – (c): Beams(width 4 � m, tilt angle10� , offset2 � m with respectto
thecenterof thewindow) arelaunchedfrom theleft andbottomedges,andsimultaneouslyfrom all four edges.(d) – (f):
Centeredbeams,now with a tilt angleof 45� , arelaunchedsuchthattheraysleave thecomputationalwindow acrossthe
upperandlowerhorizontaledges,while they areexcitedon theleft andright edgesof thedomain.

3.2 WaveguideBragg gratings

As an example for a more involved structurewhere transparentboundariesare essential,we considera
waveguide-Bragg-gratingwith varyingetchingdepth,usedasabenchmarkproblemto comparedifferentmod-
eling toolsin Ref. [27]. Figure3 introducesthegeometry.

x

z

Pin

PR

PT

�g1 2 : : : : : : Ng

ns

na

0

dedg ng

Figure3: A waveguide-Bragg-grating,benchmarkproblemfrom Ref.[27]. Ng = 20groovesof width g = � =2 anddepth
de areetchedinto aslabof thicknessdg = 0:5 � m, with aperiod� = 0:430� m. ns � 1:45, ng � 1:99, andna = 1:0 are
therefractive indicesof thesubstrate,�lm, andcover layers.

Thegratingis excitedby theguided,TE polarizedmodeof theouterslabwaveguide;interestis in therelative
guidedtransmittedandre�ected power fractions. The benchmarkrequiresto incorporatethe realisticwave-
lengthdispersionof thecorematerial,accordingto arecipeasdetailedin Ref. [27]. Thedispersionis included
in all computationsunderlyingthecurvesof Figure4, where,on thescaleof the�gure, only veryminordiffer-
encesto resultsfor ns = 1:45, ng = 1:99 appear. All QUEPresultsareobtainedwith acomputationalwindow
[z0; z41] � [x0; x4;5] = [� 1:8; 10:185]� m � [� 4; 2] � m, discretizeduniformly by M z = 120 andM x = 60
basisfunctions.

The curves labeled“BEP, PML b.c.” correspondto the BEP2 resultsof Ref. [27], computedby meansof
a bidirectionaleigenmodepropagationalgorithm [28, 7] with perfectlymatchedlayer boundaryconditions
[29, 30]. Thecomparisonto other, entirelydifferentapproachesin Ref. [27] givessomecon�dencethat these
resultscan serve as a reliable reference. One observes an excellent agreementwith the QUEP results. In
contrastto thereferenceBEP, theperiodicityof thegratingis notexploitedin theQUEPformalism.Therefore
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Figure 4: Spectral responseof
waveguide Bragg gratingsaccord-
ing to thespeci�cationof Figure3.
The plots show the relative guided
transmissionPT and re�ection PR
asa function of the vacuumwave-
length � , for three different etch-
ing depths de. Bold continuous
lines indicatepower levels as pre-
dictedby the presentmethod. The
thin continuous lines are results
of a conventional BEP technique,
with Dirichlet boundaryconditions.
Bolddashedlinescorrespondto ref-
erencedata from Ref. [27], com-
putedby meansof aBEPalgorithm
with PML boundaryconditions.

thecomputationtimesarenot comparable;thepresentQUEPalgorithmis certainlynot a methodof choicein
caseof piecewiseperiodiccon�gurations,whereasimulationcouldmakeuseof theBloch-or Floquet-theorem.

For comparison,Figure4 includesalsocurves for BEP computationswith basis�elds de�ned by Dirichlet
boundaryconditions(actually half of the QUEP basis�elds), on the samerathernarrow vertical window
x 2 [� 4; 2] � m asusedfor theQUEP simulation. While one�nds a moreor lesssatisfyingagreementwith
the moresophisticatedapproachesin the long wavelengthregions, for shorterwavelengthsthe behaviour of
the “Dirichlet BEP” becomesentirely irregular. Theresultsin this wavelengthregion dependstronglyon the
boundarypositions,indicatingthatre�ectionsfrom theseboundariesdisturbthecomputationsaroundthecor-
rugatedwaveguidecore.Obviously thesere�ectionscanbesuppressedeffectuallyby meansof theadditional
verticaleigenmodeexpansionin theQUEPapproach.

3.3 Waveguidecrossings

Structureswith guidedwave input andoutputalongboth relevant coordinateaxesaremostinterestingin the
presentcontext. Figure5 shows resultsfor a seriesof waveguidecrossingswith varyingwidth of thevertical
core. Light with �x edvacuumwavelengthis launchedvia thefundamental,alternatively TE or TM polarized
modeof the horizontalwaveguide. The plots show only the guidedpartsof the outgoingpower fractions.
TheQUEPsimulationsuseuniformly M x � M z = 120� 120expansiontermson a symmetric6� m � 6� m
computationalwindow. In particularfor theTM computationsin this example,theregularizationtechniqueas
discussedat thebeginningof Section3 hadto beapplied.

As it is to beexpectedfor thehigh refractive index contrastwaveguides,thesimulationsyield quitedifferent
transmissioncharacteristicsfor TE andTM polarizedlight. Concerningthelossesandtheguidedpower scat-
teredinto theverticalwaveguide,theintersectionhasa muchstrongerin�uence on theTE wavesthanon TM
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Figure 5: Simulationsof waveguide crossings,dependenceof the relative guidedpowers PR, PT, PU, PD, that are
re�ected, transmitted,andupwardsanddownwardsscattered,respectively, on the width v of the vertical core, for TE
polarization(left), TM polarization(right), anda vacuumwavelengthof � = 1:55� m. Thehorizontalguide(thickness
h = 0:2 � m, refractive indicesnb = 1:45 (background)andng = 3:40 (core))is intersectedby a verticalwaveguideof
variablewidth.

polarizedlight, while theguidedre�ectionsaremorepronouncedfor TM polarizationthanfor TE light.

Perhapsthe differencein the strengthof the vertical scatteringcould be explainedby imagininga properly
polarizedoscillating dipole at the exit (x = 0; z = � v=2) of the left half of the horizontalcore. While
its radiationcovers both the x- and z-directionsin the TE case,for TM polarizationthe (2D) radiationis
orientedmoreor lessalongthez-axis.Henceonly minor power fractionsof TM light areguidedupwardsand
downwards.
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Figure6: Light propagationthroughthewaveguidescrossingsof Figure5, snapshotsof theopticalelectric�eld E y (TE,
top row) or of thebasicmagnetic�eld componentH y (TM, bottomrow), for differentwidthsv of theverticalcore.

Oneobservesanoscillatorybehaviour of all curvesin Figure5. For a seriesof con�gurationswith maximum
guidedre�ection, Figure6 collectssnapshotsof thebasis�eld components,evaluatedat timeswherethepartly
standingwaves in the input waveguideareat extremal levels. Apparentlythe oscillationscorrespondto the
growing numberof guidedmodesthataresupportedby thevertical core: At leastfor theTE polarized�elds
onecanidentify thenodallinesof theverticallypropagatingmodes,althoughtheactual�eld will bethebeating
patternof a modesuperposition.With growing v, thevertically traveling �elds thateventuallybecomeguided
TE modes(propagating,nonevanescent�elds with effective indicesbelow thebackgroundlevel n b) carrysome
powerevenbelow cut-off. Thereforeoneobservesthediscontinuitiesin thecurvesfor PD andPU at thewidths
v wherethewave is actuallycountedasaguidedmode.This is obviouslynot thecasefor TM polarization.

Widthsv with vanishingre�ection arepresentfor bothpolarizations.Probablythealmostperiodicoscillation
of PR with v canbe interpretedasa Fabry-Peroteffect of the transitionacrossthe vertical core: Apart from
signchangesoneobservesvery similar �eld patterns(e.g.distancesof the�rst maximum/ minimumfrom the
junctions)in the horizontalinput andexit waveguidesegments.For the extremalcon�gurationsof Figure6,
integermultiplesof half wavelengthsinsidetheverticalintersectionmatchthesame�eld extensionsin theleft
andright partsof thehorizontalcore.
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3.4 Square resonatorwith perpendicular ports

A squaremicroresonatorasinvestigatedin [31, 13] servesasan examplehow the presentapproachcanade-
quatelycaptureresonancephenomena.Weconsideracavity constructedon thebasisof aslabmodeviewpoint
asoutlinedin [32], herea threeport con�guration with two perpendicularbus waveguidesaccordingto the
sketchof Figure7. Thecavity is excitedvia thefundamental,right travelingmodeof thelowerwaveguide.In-
terestis in thewavelengthdependenceof theguidedpower transfer. TheQUEPresultsin Figure7 areobtained
uniformly with 100� 100expansiontermson acomputationalwindow [� 4; 4] � m � [� 4; 4] � m.
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Figure7: Spectralpowertransmissionthroughasquareresonatorwith perpendicularlyorientedportwaveguides.A cavity
of width andheightW = 1:786� m couplesthetwo identicalcoreswith a thicknessw = 0:1 � m. Refractive indicesof
ng = 3:4 andnb = 1:0 wereassumedfor the guiding regionsandthe background,respectively. The horizontaland
verticalgapsaregh = 0:355� m andgv = 0:385� m; theverticalwaveguideendsq = 0:355� m awayfrom thehorizontal
core.Thecurvesindicatetherelative levelsof re�ected,transmitted,andupwardsscatteredguidedpowerPR, PT, PU as
a functionof thevacuumwavelength� , for TE polarizedinput light.

Off-resonance,mostof the input light just passesalongthesquarecavity. In caseof a resonance,apartfrom
lossesto radiationthecavity scattersmajorpartsof the input power into the threeoutputports. For thepro-
nouncedresonanceat � = 1:55� m, analmostidealcon�gurationis realizedwith aquarterre�ection, aquarter
transmission,andwith half theinputpower scatteredinto theverticalbuswaveguide.
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Figure8: Light propagationthroughtheresonatorcon�guration of Figure7 at the resonancewavelength� = 1:55� m.
Theplotsshow snapshotsof theTE �eld componentEy , at four timest thatareequidistantlydistributedover onetime
periodT = 5:17fs. Thesimulationpredictslevelsof PR = 22%, PT = 22%, andPU = 46%for theoutgoingrelative
guidedpower.

Figure8 illustrates�eld patternthataccompaniestheresonance.Oneobservesoutgoingtravelingwavesin the
upperandlower right ports,a partly standingandpartly traveling wave in the lower left input port. Insidethe
squarecavity a typical standingwave patternestablishes,herea high-qualitybimodalresonance,madeup of
the4th and6th orderTE modesof a symmetricslabof thicknessW , with refractive index contrastn g=nb at
the designwavelength� = 1:55� m. The secondresonanceat � = 1:579� m correspondsto a singlemode
excitationbasedon the 5th orderslabmode,with muchlower quality. Detailson theseconstructionscanbe
foundin Ref. [32].
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3.5 Photoniccrystal bend

A 90 degreebendof a2D photoniccrystalwaveguideconstitutesthelast,mostinvolvedexample.Weadopted
a “classical”parametersetasintroducedin [33, 2]. Figure9 sketchesthecon�gurationandshows thespectral
transmissionandre�ection of thebend.Thesimulationincludesthetransitionto conventionalinput-andoutput
waveguides,accordingto anoptimizationin [34]. While on theonehandthis seemsto bequiteadequatefor
a realisticsimulation,it alsoemphasizesa restrictionof the presentmodelingscheme:The exterior regions
needto be homogeneousalong the respective coordinateaxes; half in�nite periodicpermittivity pro�les as
requiredfor asimulationof theisolatedphotoniccrystalbendwithout transitionscannotberepresentedby the
expansions(3).
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Figure9: Spectralresponseof a photoniccrystalbendaccordingto a speci�cationof Refs.[33, 2]: squaresilicon rods
(nr = 3:4) of width 0:150� m in air (nb = 1:0), arrangedin a squarelatticewith periodp = 0:6 � m andN r = 4 rowsof
rodsin there�ector regionsaroundthephotoniccrystalchannel.Thesimulationsincludethetransitionsto conventional
guidingcoresof width w = 0:5 � m andrefractiveindex ng = 1:8. PR andPT aretherelativeguidedpower fractionsthat
arere�ectedandtransmittedthroughthebend.

The QUEP simulationsuseM x = M z = 120 expansiontermson eachslice / layer, on a computational
window [� 1:2; 6:15]� m � [� 1:2; 6:15]� m. For this structureestablishingthebasismodesetsfor thevarious
1D refractive index pro�les turnsout to be moreinvolved, i.e. theapproachesmentionedin thebeginningof
Section3 arerequired.Symmetrypropertiesallow to separatenearlydegeneratemodesin theslices/layerswith
the innerperiodicrod/airpattern.Thedecouplingstrategy canbeappliedto thecentralverticalsegment(and
thecentralhorizontallayer),consistingof theuppergratingregion,andthelower externalcorepart,separated
by awide low index region.

Originally theconventionalportwaveguideswereshapedfor low lossesat thetransitionto thephotoniccrystal
waveguides[34], atawavelengthof � = 1:5� m. Thepresentsimulationsof thefull structure,however, predict
transmissionmaximawith almostvanishingre�ection at two quitedifferentwavelengths.Thecorresponding
�eld patternin Figure10 show partly standingwavesalong the line of missingrodsin the photoniccrystal
region,with 2 wavelengths(� = 1:551� m) or 2:5 wavelengths(� = 1:461� m) �tting betweenthetwo junc-
tions.ApparentlythetransmissionmaximacanbeunderstoodasFabry-Perotresonancesin thephotoniccrystal
channel,establishedby the transitionsbetweenthephotoniccrystalwaveguideandtheexternalconventional
cores.
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Figure10: Light propagationalongthe photoniccrystalbendasintroducedin Figure9, snapshotsof the electric �eld
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Figure9.

4 Concluding remarks

A simulationtechniquefor problemsof �x ed-frequency wave propagationin integratedopticshasbeendis-
cussed,intendedfor 2D structureswith piecewiseconstant,rectangular, sofar losslessrefractive index pro�les.
With therigorousexpansionof theopticalelectromagnetic�eld into eigenmodesthatpropagatealongtwo per-
pendicularcoordinateaxes,onecanview the�elds generatedby theQUEPtechniqueasasuperpositionof two
�elds obtainedby suitablyconnected,perpendicularlyorientedBEPsimulations.

The quadridirectionalmodeexpansionprovides a completelyequivalent treatmentof the wave propagation
alongthetwo relevantaxes.Onecanview theapproachasawayto realizetransparentboundariesfor therectan-
gularcentralregiononanunbounded,cross-shapedcomputationaldomain.Modelingsimultaneousguidedand
nonguidedin�ux andout�ux overall four boundariesis straightforward;thecomputationaleffort remainsmod-
erate.While preservingtheadvantages(accuracy, ef�ciency, interpretability)of the BEP tools, theproposed
techniqueis capableto adequatelycapturethephenomenarelatedto omnidirectional2D light propagation.

Certainlydifferentformulationsof thepresentalgorithmarepossible.At leastfor theTE case,thescattering
problemis governedby a standardscalarHelmholtzequation.The products(1) and(2) canbe replacedby
commonL 2-innerproducts,with integrationsalongeitherthex- or z-directions.Thentheprojectiononinwards
andoutwardspropagating�elds, leadinge.g.to Eqs.(12)and(24),becomesequivalentto theL 2-projectionof
equalitiesfor thescalar�eld itself, andfor thederivative of the �eld alongthedirectionperpendicularto the
respective interfaces.Thesubsequentalgebraicprocedureshouldbemoreor lessthe identical. However, the
formulationgivenin Section2 is basedonwell established,morephysicalnotions,andcoversboththeTE and
TM cases.

Naturally, whencomparedto methodsbasedon rigorousspatialdiscretizations,the presentquasi-analytical
approachis applicableonly to a smaller rangeof problems. Nevertheless,within theselimits the method
permitssuf�cient �e xibility to studysystemsthat areof interestin the currentintegratedopticsresearch,as
demonstratedby theexamplesin Section3.
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