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Abstract: The optical properties of slab-like photonic crystals (PCs) are often discussed on
the basis of effective index (EI) approximations, where a 2-D effective refractive index pro�le
replaces the actual 3-D structure. Our aim is to assess this approximation by analogous steps
that reduce �nite 2-D waveguide Bragg-gratings (to be seen as sections through 3-D PC slabs
and membranes) to 1-D problems, which are tractable by common transfer matrix methods.
Application of the EI method is disputable in particular in cases where locally no guided modes
are supported, as in the holes of a PC membrane. A variationalprocedure permits to derive
suitable effective permittivities even in these cases. Depending on the structural properties, these
values can well turn out to be lower than one, or even be negative. Both the “standard” and the
variational procedures are compared with reference data, generated by a rigorous 2-D Helmholtz
solver, for a series of example structures.
Keywords: integrated optics, numerical modeling, photonic crystal slabs, effective index ap-
proximation.
PACS codes:42.82.–m 42.82.Bq 42.82.Et

1 Introduction

The propagation of light through slab-like photonic crystals (PCs) [1] is frequently described in terms of effec-
tive indices (EIs). One replaces the actual 3-D structure byan effective 2-D refractive index pro�le, given by
the propagation constants of the slab modes of the local vertical refractive index pro�les. Though the popular
approach is usually introduced for the approximate calculation of waveguide modes [2, 3, 4, 5, 6, 7, 8], it is just
as well applicable to certain classes of propagation or scattering problems. This concerns not only purposes of
qualitative reasoning [9, 10, 11, 12] but also the actual design of structures [13, 14, 15], and comparison with /
�tting to experimental data [16, 17, 18]. Figure 1(a) shows the 3-to-2-D reduction schematically.
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Figure 1: Effective index reduction of integrated optical scattering problems, schematically. (a) Replacement of a 3-D
photonic crystal slab with real permittivity� (x; y; z) by a 2-D effective permittivity pro�le� eff(y; z). (b) The model prob-
lem considered in this paper: the scattering by a 2-D planar waveguide-Bragg grating, given by the dielectric permittivity
� (x; z), is approximated by 1-D plane wave transmission through a multilayer stack with effective permittivity pro�le
� eff(z).

A study that provides some assessment on the accuracy of the approximations [19] is restricted to band structure
calculations, i.e. computations on a single unit cell for in-plane fully periodic structures, due to the computa-
tional effort required for the �nite-difference time-domain (FDTD) calculations [20] that serve to generate the
numerical reference data. Refs. [21, 22, 23, 24, 25] focus onthe EI approach itself, and on possible improve-
ments, in the explicit context of PC slabs. Also here the emphasis is on band structure features [22, 23]. Refs.
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[21, 24, 25] regard the effective index of the non-etched slab regions as a �t parameter to match certain proper-
ties of the 2-D band structure to numerical reference calculations. The �tted effective values are then used for
further 2-D calculations on non-periodical con�gurationslike waveguide channels or localized cavities [24, 25],
and for the estimation of out-of-plane losses [25]. It should be mentioned that, as an alternative to the scheme
of Figure 1(a), a “side view” variant of a 3-to-2-D dimensionality reduction is possible, which replaces the
PC-slab by a 2-D structure similar to the left part of Figure 1(b). A corresponding comparison for the case of
Bragg gratings in photonic wires has been carried out in Ref.[26].

Still, beyond the aforementioned paper, we are so far not aware of any assessment, where the approximation
is checked for full devices, including the input and exit transitions to conventional waveguides, and for a
certain variety of structures. This is what we would like to provide with the present paper. The computational
complexity, however, of rigorous numerical simulations, suf�ciently converged for benchmark purposes, on
realistic 3-D PC slab devices, even if only moderately sized, renders these computations highly inconvenient at
best, if not impractical at all. As illustrated in Figure 1, we therefore retreat to a lower dimensionality: In place
of the 3-D to 2-D EI reduction (a), in line with Refs. [9, 27] wewill check the approximation by analogous
steps (b) that reduce �nite 2-D waveguide Bragg-gratings to1-D problems. Being equivalent to the plane wave
transmission through dielectric multilayer stacks, the latter 1-D problems are conveniently solvable by standard
transfer matrix methods. A 2-D Helmholtz solver [28, 29] allows to solve the original 2-D problems rigorously,
i.e. to generate reliable benchmark solutions for the assessment of the quality of the EIM approximation.

What concerns the — not obvious — transfer of the �ndings to 3-D, one should be aware that the 2-D results,
given as functions of coordinatesx andz, are exact solutions for 3-D problems, where both the structure, i.e. the
permittivity � , and all optical �elds are constant along they axis.1 We thus simulate what happens if an initially
vertically (x) con�ned, but laterally (y) wide, non-con�ned beam traverses a series of trenches perpendicular
to its direction of propagationz. The �eld plots shown in this paper then correspond to vertical cross sections
of the real 3-D �eld along the propagation axis. A structure as in Figure 1(a) certainly does not belong to this
class. Our model problems consider only vertical features of permittivity and �eld (including losses due to
out of plane radiation [32, 33], reference calculations), while lateral variations, i.e. the lateral con�nement in
the PC channel in Figure 1(a), are disregarded. Nevertheless, x-z cross sections through the PC membrane at
positionsy, that include the center of a row of holes, resemble closely the 2-D pro�le considered in Section 3.2.
One might thus view the 2-to-1-D examples in this paper as a kind of worst case scenario for the accuracy that
can be expected from an EI approximation of a real PC slab con�guration.

The EI-viewpoint becomes particularly questionable if locally the vertical refractive index pro�le cannot ac-
commodate any guided mode, as e.g. in the holes of a PC membrane. It appears to be generally believed that
then the background refractive of the respective region (i.e.1:0 for air holes) is to be used as effective refractive
index. For con�gurations with not too deep holes, where the guiding �lm is supported by a substrate (or buffer
layer of suf�cient thickness), the refractive index of thatsubstrate serves as another candidate for the effective
index of the hole regions. Frequently this heuristic choiceis not even mentioned. A way out can be found by
means of a variational view on the EI method (EIM). We will check numerically a recipe [4, 34] to uniquely
de�ne an effective permittivity even for these cases. The procedure increases the computational effort only
marginally, when compared to a “standard” EI approach. Based on clear physical assumptions, it also allows
to assemble an approximation to the full optical �eld.

Section 2 provides the theoretical background for this variational effective index method (vEIM). The follow-
ing Sections 3.1 – Section 3.4 then cover a series of examples, where the quality of the vEIM approximation
is discussed along with results of a standard EI treatment. Apreliminary account of the present study has been
given in Ref. [35]. See Refs. [36, 37] for outlines of extensions towards rigorous expansions with multiple ver-
tical basis �elds, then with a substantially larger range ofapplicability, and towards the 3-to-2-D dimensionality
reduction of real 3-D PC structures.

1 Quasi 2-D con�gurations with no or only very weak lateral con�nement could be realized by the corrugation of wide rib wave-
guides with only shallow etching, i.e. by weak lateral refractive index contrast. Applications of such structures are discussed e.g. in
Refs. [30, 31].
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2 Variational effective index approximation

Variational techniques have some tradition [2, 5] in the derivation of EIM-variants (for scalar mode analysis).
For consistency reasons, we start with a functional form [4,28] of the full 3-D Maxwell equations in the
frequency domain:

F (E ; H ) =
ZZZ




�
E � (r � H ) + H � (r � E ) � i !� 0� E 2 + i !� 0H 2	

dx dy dz : (1)

Here � 0 and � 0 are the vacuum permittivity and permeability. All �elds oscillate harmonically� exp(i !t )
in time with angular frequency! = kc = 2 � c=� , usually given in terms of the vacuum wavenumberk and
wavelength� , for vacuum speed of light c. The relative dielectric permittivity � (x; y; z) encodes the structural
information; one assumes a unit relative permeability at the relevant optical frequencies. Stationarity ofF
implies that the optical electric �eldE and magnetic �eldH satisfy the curl equations

r � E = � i !� 0H ; r � H = i !� 0� E (2)

within the domain
 . 2-D con�gurations as in Figure 1(b) with a structure and �elds that are constant alongy,
are covered after omitting they-integration in the functional (1).

Below we will �rst restrict the problem and accordingly the functional to polarized planar solutions. Assuming
a separable form of the respective principal �eld component, one arrives at an EIM-like procedure through a
second restriction step. The formalism is similar to what has been applied in the context of scalar and vectorial
mode solvers in Refs. [38, 39, 40].

2.1 TE polarization

Transverse electric (TE) polarized solutionsE , H of Eqs. (2) fory-independent permittivity� (x; z) are usually
given in terms of the principal electric �eld componentEy(x; z):

E (x; z) =

0

@
0

Ey

0

1

A (x; z); H (x; z) =
i

!� 0

0

@
� @zEy

0
@xEy

1

A (x; z): (3)

After insertion of Eqs. (3) and without they-integration,F becomes a functional [4, 41, 42, 34] of the scalar
�eld Ey only:

F (Ey) =
ZZ


 2

�
(@xEy)2 + ( @zEy)2 � k2�E 2

y

	
dx dz : (4)

Here continuity ofEy is required, and a constant factor has been omitted. If this restricted functional becomes
stationary forEy , then that �eld satis�es the standard 2-D Helmholtz equation

@2
x Ey + @2

z Ey + k2�E y = 0 ; (5)

everywhere in the 2-D domain
 2. Ey and its partial derivatives are continuous across any discontinuities in� .

As a step towards an EIM-like approximation of Eq. (5) one chooses a 1-D reference permittivity pro�le� r(x)
and an associated guided slab mode� r and propagation constant� r, that satisfy the TE slab mode equation

@2
x � r + ( k2� r � � 2

r )� r = 0 : (6)

Central assumption for what follows is that� r represents an acceptable approximation for the vertical shape of
Ey along the entirez-axis. The principal �eld can then be given the separable form

Ey(x; z) = � r(x)  (z) ; (7)
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with a yet to be determined function . The physical assumption behind Eq. (7) can be more or less well
realized, depending on all properties of the con�guration in question. In general it is not possible to check the
validity in another way than by reference calculation, as inthis paper.

While the choice of the reference pro�le and mode is in principle arbitrary, one should be aware that the desired
1-D problem is meant as an approximation of theopen2-D problem, where
 2 spans the entirex-z-plane. This
setting makes physical sense only if the structure in question is a bounded corrugation of an otherwise homoge-
neous background, possibly with some well de�ned, outwardshomogeneous access channels. In the examples
of Section 3 these are half-in�nite dielectric slab waveguides, and Eq. (7) should be a good approximation of
the real �eld in those input- and output channels in the �rst place. Consequently that waveguide pro�le and its
fundamental mode are natural candidates for� r, � r, and� r.

Given those quantities, after insertion of the ansatz (7),F becomes a functional of the remaining unknown :

F ( ) =
Z �

(@z )2 � k2� eff 2	
dz : (8)

Constant factors have been omitted again. The effective permittivity [4, 34]

� eff =
� 2

r

k2 +

Z
(� � � r) � 2

r dx
Z

� 2
r dx

; (9)

z-dependent through� , now contains the — vertically averaged — structural information. By looking for
conditions for variational stationarity with respect to , one extracts the 1-D equation

@2
z  + k2� eff = 0 (10)

for the �eld dependence on the horizontal coordinate. Continuity of  and@z across possible discontinuities
in � eff is required.

Eq. (9) resembles the familiar expression for the �rst orderpropagation constant shift of guided modes accord-
ing to small uniform bulk perturbations [4, 43]. Indeed, thelatter expression can be recovered if one considers
the wave numberk

p
� eff associated with local solutions� exp(� ik

p
� eff z) of Eq. (10) for constant� eff, and

expands the square root, assuming a small difference� � � r. Note that for positionsz, where the difference
vanishes,� eff equals the square of the effective mode index� r=k associated with the reference mode. Functions
that satisfy Eq. (10), expanded by Eqs. (7), (3) for the full problem, are thus exact solutions of Eqs. (5) or (2) in
those regions. In the examples of Section 3 this concerns regions of the non-etched slab. Elsewhere, i.e. in the
z-positions of the holes, the formalism predicts a propagation with a wave number that is modi�ed according
to the local permittivity perturbation. Clearly, perturbation theory is used at its limits, or even beyond its limits,
in the examples of Section 3 with strong refractive index contrast.

Obviously, Eqs. (10) and (9) could have been derived alternatively by using the combined ansatz

E (x; z) =

0

@
0

� r(x) (z)
0

1

A ; H (x; z) =
i

!� 0

0

@
� � r(x) @z  (z)

0
@x � r(x)  (z)

1

A (11)

directly with the 2-D restriction of the vectorial functional (1). Eqs. (11) thus give a clear recipe on how to
extend the primary scalar solution of Eq. (10) towards an approximation to the full optical �eldin the 2-D
con�guration.

2.2 TM polarization

Analogous expressions can be derived for transverse magnetic (TM) �elds. To minimize the notational over-
head, we will use the same symbols as before, although their content differs for TM polarization. The principal
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magnetic �eld componentH y(x; z) allows to state polarized solutions of Eqs. (2) for a 2-D permittivity � (x; z)
in the form

E (x; z) =
i

!� 0�

0

@
@zH y

0
� @xH y

1

A (x; z); H (x; z) =

0

@
0

H y

0

1

A (x; z): (12)

Restriction ofF , stripped of they-integral, to the �eld (12) leads, up to constant factors, toa functional ofH y

only:

F (H y) =
ZZ


 2

�
1
�

�
(@xH y)2 + ( @zH y)2�

� k2H 2
y

�
dx dz : (13)

Continuity of H y is required. If the functional (13) becomes stationary forH y , then that �eld satis�es the
modi�ed 2-D Helmholtz equation

@x
1
�

@xH y + @z
1
�

@zH y + k2H y = 0 ; (14)

everywhere in the 2-D domain
 2. The quantitiesH y and� � 1(n � r )H y are continuous across any disconti-
nuities in� with normaln .

The EIM-like approximation of Eq. (14) is initiated by the choice of a 1-D reference permittivity pro�le� r(x)
and an associated guided slab mode� r and propagation constant� r, that satisfy the TM slab mode equation

� r@x
1
� r

@x � r + ( k2� r � � 2
r )� r = 0 : (15)

One assumes that� r represents an acceptable approximation for the vertical shape ofH y for all positionsz,
such that the principal �eld can be written

H y(x; z) = � r(x)  (z) ; (16)

where remains to be determined. The ansatz (16) restrictsF to a functional of only. Up to constant factors
(the mode normalization

R
� � 1

r � 2
r dx has been introduced for proper scaling), this reads

F ( ) =
Z �

1
b

(@z )2 � k2 a  2
�

dz : (17)

The effective structural properties are in this case encoded by the two quantities

b =

Z
1
� r

� 2
r dx

Z
1
�

� 2
r dx

and a =
� 2

r

k2 +

Z �
1
� r

�
1
�

�
(@x � r)2 dx

k2
Z

1
� r

� 2
r dx

: (18)

Note that here botha andb arez-dependent due to the presence of� . Requiring variational stationarity with
respect to leads to the 1-D equation

@z
1
b

@z + k2a  = 0 : (19)

Continuity of andb� 1@z across possible discontinuities ina andbis required. If� is piecewise constant (as
it is the case for all our examples), then alsoa andbare piecewise constant alongz. Eq. (19) can then be given
the more familiar form

@2
z  + k2� eff = 0 ; (20)
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where the product ofa andbdetermines the local effective permittivity

� eff =
� 2

r

k2

Z
1
� r

� 2
r dx

Z
1
�

� 2
r dx

+

Z �
1
� r

�
1
�

�
(@x � r)2 dx

k2
Z

1
�

� 2
r dx

: (21)

Note that we have� eff = ( � r=k)2 andb = 1 at positionsz where� (x; z) = � r(x). Solutions of Eqs. (19), (16),
(12) satisfy Eqs. (2) exactly in these “native” regions of the reference mode� r. Elsewhere, i.e. in corrugated re-
gions, Eq. (21) predicts a wave number shift for solutions ofEq. (20) due to the permittivity perturbation. These
expressions are somewhat more involved than for TE polarization, in line with the perturbational expressions
for the �rst order shift of propagation constants of planar TM modes due to small uniform bulk perturbations
[43] (the permittivity acts on the components of the electric �eld, of which there are two for TM instead of one
as for TE).

Also here Eqs. (19) and (18) can be obtained directly by restricting the original functional (1) to the ansatz

E (x; z) =
i

!� 0�

0

@
� r(x) @z  (z)

0
� @x � r(x)  (z)

1

A ; H (x; z) =

0

@
0

� r(x) (z)
0

1

A : (22)

2.3 Comments

Eqs. (10) and (20) govern the 1-D propagation of light through a dielectric multilayer stack with permittivity
� eff(z). One has thus replaced the original 2-D problem by an effective 1-D problem, where the structural
information associated with the missing spatial dimensionhas been transferred into the expression for the
effective permittivity. Below we refer to the computational approach given by Eqs. (9), (10) and Eqs. (19)–(21)
as “variational effective index method” vEIM.

Depending on the actual local refractive index contrast,� eff = N 2
eff can well turn out to be negative. This then

implies an imaginary effective indexNeff, along with evanescent wave propagation, in the respectiveregions.
To circumvent issues related to the signs ofNeff for � eff < 0 we will avoid the term “effective index” in
these cases. Note that only� eff appears in the 1-D equations that govern the 1-D problems. Obviously, along
with the propagation constant of the reference mode,� eff changes with the vacuum wavelength, or frequency,
respectively (just as the effective index in the slab regions in a standard EIM [23]).

Eqs. (9), (21) represent standard effective index / permittivity values, and modi�cations thereof. Unlike Refs.
[21, 24, 25], here the modi�cations concern the — formerly unde�ned — effective properties of the holes only,
while the — well de�ned — effective indices in the non-etchedregions remain precisely as in the standard EIM.
All effective properties are here derived from �rst principles, not �tted to numerical reference calculations.

Most of the above expressions (exception: Eqs. (20), (21)) are valid for graded index structures as well [3].
Solution of the resulting 1-D problems (10), (19) with continuously varying effective properties� eff, a, bwould
require suitable (numerical) 1-D solvers in place of the present transfer matrix procedures, if multilayer ap-
proximations are to be avoided.

For obvious physical reasons (perpendicular incidence of plane waves on a planar multilayer con�guration),
polarization does not play any role at the level of the 1-D equations. The positions, where the effective quantities
� eff in Eq. (10) anda, bin Eq. (19) appear, can be exchanged. To see this, reformulate Eq. (19) and the continuity
requirements for andb� 1@z , for the derivative of the principal function. This leads tothe equation

@z
1
a

@z� + k2b � = 0 (23)

for � = b� 1 , now accompanied by continuity requirements for� and a� 1@z� . Up to the transformation
between and� , solutions of Eqs. (19) and (23) should thus be identical. Inparticular, they predict the same
levels of re�ection and transmission. Note that this reasoning also covers Eq. (10).
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A last remark shall concern the power balance. For a planar con�guration, the �ux P of optical power per
lateral unit length across a plane at positionz is given by the integralP(z) = Re

R �
ExH �

y � EyH �
x

	
dx of the

z-component of the Poynting vector. For TE polarized �elds ofthe form (11), this evaluates to

PTE =
1

2!� 0

Z
j� rj2 dx Im( (@z  )� ) ; (24)

while one obtains

PTM =
� 1

2!� 0

Z
1
�

j� rj2 dx Im((@z ) � ) ; (25)

for TM �elds as in Eq. (22). By using the respective equationsthat govern , one can show that both@zPTE

and@zPTM vanish. Thus the 1-D vEIM schemes of Sections 2.1 and 2.2 generate strictly power conservative
solutions.

3 Examples

Sections 3.1–3.4 summarize results of the former procedure, and of “standard” effective index approach(es),
for a series of short, high-contrast 2-D structures. One might question in advance whether a 1-D reduction can
be useful at all for the parameter sets as considered; in viewof the analogy with perturbation theory of �rst
order in the permittivity contrast the examples certainly represent rather extreme cases. Still, we experienced
that EIM-like approximationsarebeing applied for similar (3-D) PC con�gurations. Therefore, shedding some
light on these scenarios might be more helpful than a discussion of low contrast gratings with shallow etching.

In all con�gurations there is (at least) one guided slab modein the non-etched regions; the corresponding verti-
cal refractive index pro�le thus allows to compute a reasonable effective index which enters both the “conven-
tional” EIM calculations and the vEIM procedures. The non-etched slab also provides the reference permittivity
and vertical mode pro�le to evaluate Eqs. (9), (18), and (21)for the vEIM approach. All con�gurations have
also in common that the etched regions (holes) do not supportany guided modes. The “conventional” EIM
approach thus requires to guess an effective index for the hole regions; results for different plausible values are
compared in the �gures.

Along with the vertical mode pro�les and with the exception of the former “guessed” values, all effective
indices are wavelength dependent. The dependence appears roughly linear for the present con�gurations; cor-
responding intervals are given in the text.

A semianalytic Helmholtz solver (quadridirectional eigenmode propagation, QUEP [28, 29]) is applied to gen-
erate reference solutions for the present 2-D problems. TheQUEP results should be more or less converged
on the scale of the �gures (checked only roughly). Especially for TM polarization the windowing error [4, 28]
associated with the eigenmode expansion causes a slightly irregular behaviour of the curves; one should not
trust the data more than up to the level of these oscillations.

In contrast to the EIM and vEIM approximations, the rigorousQUEP calculations cover vertically propagating
waves accurately. This out-of plane scattering manifests through losses in the guided wave power balance,
which can not be taken into account by the EIM and vEIM approximations. One should thus focus the compar-
ison to those spectral regions without pronounced losses, i.e. the regions with bright background in Figures 2,
4, 5, and 6.

3.1 Deeply etched waveguide grating

Figure 2 introduces a parameter set that could represent a deeply etched, air-covered Si3N4 �lm on a SiO2

substrate. Results for the polarized spectral guided wave transmission and re�ection are compared for different
computational approaches. The background shading indicates the level of losses (vertical out of plane scatter-
ing) as predicted by the QUEP reference; darker shading indicates higher losses. The gray patches in the left
corners of the plots span the wavelength range where the slabis multimode.
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Figure 2: A deeply etched, vertically nonsymmetric waveguide Bragg grating. Parameters:nc = 1 :0, nf = 2 :0,
ns = 1 :45, t = 0 :2 � m, � = 0 :21� m,g = 0 :11� m, d = 0 :6 � m. Relative guided wave (fundamental mode) transmission
T and re�ectionR versus vacuum wavelength� , for excitation by TE (a) and TM polarized waves (b). Bold lines: QUEP
(continuous, reference), vEIM (dashed). Thin curves: “conventional” EIM, N holes

eff = 1 :0 (continuous),N holes
eff = 1 :2

(dash-dotted),N holes
eff = 1 :45 (dashed).
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Figure 3: Field pro�les
associated with the grating
of Figures 2; time snap-
shots of the principal elec-
tric �eld componentEy for
TE, and magnetic compo-
nent H y for TM polariza-
tion; QUEP reference cal-
culation and vEIM approxi-
mation, for the wavelengths
indicated by the bold tick
marks in Figure 2.
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Both EIM and vEIM approximations rely on effective indices for the slab segments betweenN slab
eff = 1 :87

(� = 0 :4� m) and1:67 (� = 0 :9� m) for TE polarization, and betweenN slab
eff = 1 :89 (� = 0 :3� m) and1:55

(� = 0 :8� m) for TM �elds. The vEIM effective properties (9), (18), (21), in the etched regions vary from
N holes

eff = 0 :82 (� = 0 :4� m) to0:71 (� = 0 :9� m) for TE, and fromN holes
eff = 0 :81, bholes = 0 :25 (� = 0 :3� m)

to N holes
eff = 0 :64, bholes = 0 :34 (� = 0 :8� m) for TM polarization.

We look �rst at the TE results, and there at the wavelength range beyond0:48� m with moderate losses. Three
choices forN holes

eff have been considered, two of which are physically motivated, i.e. the refractive indices1:0
and1:45 for the air and the substrate that are present in the hole region, while the intermediate value of1:2 has
been included to show the trend. Among these, only the value for air leads to EIM predictions that resemble
the QUEP reference reasonably. Probably due to the depth of the holes the substrate value is not adequate here.
Especially for the long wavelengths, the vEIM curves come still closer to the reference data.

What concerns TM polarization, the pronounced out of plane losses, indicated by the dark background, render
all 1-D approximations almost useless. In principle one observes the same trends as for TE polarized �elds,
where it is dif�cult to decide whether to prefer the vEIM dataover the EIM results withN holes

eff = 1 :0 (both
re�ection and transmission should be considered). The vEIMprocedures at least allow to assemble consistent
�eld approximations via Eqs. (11), (22). Some exemplary pro�les are illustrated in Figure 3, alongside the
QUEP results. Also here the high TM losses become evident: Ineach case, one should compare the levels
of outgoing waves surrounding the grating regions with the homogeneous, constant background of the power
conservative vEIM simulations.

3.2 High contrast PC membrane

Figure 4 addresses the 2-D equivalent of a thin Si membrane with periodic air holes. Here we restrict to TE
polarization, since the identi�cation of a similar, high contrast parameter set that leads to a moderately lossy
grating with fully etched holes and single mode access waveguides turns out to be dif�cult for TM waves.

l  [mm]

R

EIM, Nholes
eff

 = 1.0

vEIM

QUEP

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
0

0.2

0.4

0.6

0.8

 
 

T

       

        
0

0.2

0.4

0.6

0.8

1.0

R

Pin T

g �

t
nf

nc

Figure 4: A high contrast vertically symmetric wave-
guide Bragg grating. Parameters:nc = 1 :0, nf = 3 :4,
t = 0 :2 � m, � = 0 :45� m, g = 0 :225� m. Modal trans-
mission T and re�ection R versus the vacuum wave-
length � , for TE polarized waves. Bold lines: QUEP
(continuous, reference), vEIM (dashed). Thin curves:
“conventional” EIM,N holes

eff = 1 :0.

The effective properties of the non-etched slab for the EIM and vEIM simulations evaluate toN slab
eff 2

[2:33� = 2 :2 � m; 3:09� = 0 :8 � m]. This is an example where the vEIM recipe (9) leads to negative effective permit-
tivity in the etched regions� holes

eff 2 [� 1:30� = 2 :2 � m; � 0:41� = 0 :8 � m]. The vEIM model thus predicts a purely
evanescent �eld behaviour across the holes.

Only the choice ofN holes
eff = 1 :0 seems plausible for the standard EIM in this case. If we focusto the spectral

region� > 1:3� m with lower losses, the vEIM data comes again moderately closer to reality than the standard
EIM.
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3.3 Defect cavity

Figure 5 looks at a resonance in an air-clad Si/SiO2 grating with a central defect. Also here we restrict the
simulations to TE polarization.
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Figure 5: Vertically nonsymmetric waveguide grating
with central defect. Parameters:nc = 1 :0, nf = 3 :4,
ns = 1 :45, t = 0 :220� m, � = 0 :310� m, g =
0:135� m, L = 1 :515� m. Spectral transmissionT and
re�ection R around a defect resonance, for TE polar-
ized excitation. Bold lines: QUEP (continuous, ref-
erence), vEIM (dashed). Thin curves: “conventional”
EIM, N holes

eff = 1 :0 (continuous),N holes
eff = 1 :2 (dash-

dotted),N holes
eff = 1 :45 (dashed).

There is only a very moderate variation of effective parameters in the narrow wavelength region that is of
interest here:N slab

eff 2 [2:75� = 1 :56 � m; 2:77� = 1 :52 � m] (vEIM and EIM). Negative values are obtained for the
vEIM effective permittivity in the hole regions:� holes

eff 2 [� 0:96� = 1 :56 � m; � 0:94� = 1 :52 � m].

With the refractive indices1:0 of the cover and1:45 of the substrate there are again two reasonable choices for
the effective index of the etched regions. Also values in between might be plausible. According to Figure 5, all
of these lead to resonance positions that are further off theQUEP reference than the vEIM prediction.

In line with the observations in Sections 3.1 and 3.2, with decreasing� holes
eff one observes a systematic shift of

the spectral features to shorter wavelengths, where the standard EIM values do not proceed far enough, while
the vEIM exaggerates slightly. It would thus be tempting to use the resonance position as a measure to for a �t
of the effective parameters. This should then concern� holes

eff , rathernot the effective index assigned to the slab
regions (as in Refs. [21, 24, 25]) which represents exactly the unperturbed guided wave propagation through
the non-corrugated regions of the device.

3.4 Heterostructure PC slab

For the last example in Figure 6 we adapted a parameter set from Refs. [15, 44], which represents an
InP/InGaAsP/InP heterostructure with air cover and deep, air-�lled holes. The vertical refractive index con-
trast around the guiding layer in the original slab is quite low in this case, leading to a comparatively wide,
regular vertical mode shape.

EIM and vEIM simulations are based on effective indices for the slab regions ofN slab
eff 2

[3:20� = 3 :5 � m; 3:29� = 1 :2 � m] (TE), and N slab
eff 2 [3:19� = 3 :5 � m; 3:29� = 1 :2 � m] (TM). Effective properties

of � holes
eff 2 [0:737� = 3 :5 � m; 0:741� = 1 :2 � m] (TE) and � holes

eff 2 [0:741� = 3 :5 � m; 0:732� = 1 :2 � m], bholes 2
[0:096� = 3 :5 � m; 0:090� = 1 :2 � m] (TM) enter the vEIM calculations, while the value ofN holes

eff = 1 :0 is the
only plausible choice for the standard EIM. Due to the narrowregion allowed for mode indices between the
substrate and �lm valuesns andnf, all effective properties vary only slowly in this case.

For TE polarization this is a low-loss con�guration. Both vEIM and EIM lead to an excellent approximation
of the transmission properties, at least for wavelengths longer than, say,1:6� m. In case of the vEIM one also
obtains quite reasonable approximations of the optical �elds, as shown in Figure 7. The structure exhibits much
higher losses for TM waves, and consequently also the quality of the 1-D approximations degrades. Still, the
transmission properties around the band edge on the short wavelength side are reasonably well represented by
the vEIM and EIM curves. Despite the losses one still observes some agreement between the QUEP and vEIM
�elds for these wavelengths.
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Figure 6: A Bragg grating with air-�lled holes in a heterostructure slab con�guration. Parameters:ns = 3 :1693,
nf = 3 :3640, nc = 1 :0, t = 0 :5 � m, � = 0 :491� m, g = � =2, d = 1 :0 � m. The plots show the relative spectral
guided wave transmissionT and re�ectionR, for excitation by TE (a) and TM polarized waves (b). Bold lines: QUEP
(continuous, reference), vEIM (dashed). Thin curve: “conventional” EIM with N holes

eff = 1 :0.

4 Concluding remarks

Our simulations show clearly that a treatment of a propagation problem involving a high-contrast PC slab or PC
membrane in terms of effective indices can, in general, hardly be expected to be more than a mere qualitative
or rather crude quantitative approximation. Nevertheless, situations may arise where, for various reasons, there
are no options but to restrict simulations of 3-D devices to 2-D. One should then at least invest the small
effort to determine the variational correction term, and perform the 2-D calculation for the thus established
effective permittivity pro�le (which may well turn out to besmaller than 1.0 locally, or even negative). Some
heuristics can be avoided in that way, one obtains clearly de�ned approximations to the optical �elds, and,
at least for the given examples with moderate losses, we could observe that the resulting variational effective
index approximation (vEIM) comes closer to reality than any“conventional” EIM with educated guesses of
effective indices for regions without local modes. The former examples might then give an idea about what
accuracy can be expected.

At least for the high contrast con�gurations among our numerical examples, we could not con�rm the rather
promising �ndings of e.g. Ref. [19] what concerns the validity of standard effective index approximations
for photonic crystal slabs in general. Those comparisons considered mainly heterostructure systems as in
Section 3.4 with relatively low vertical refractive index contrast between a central guiding layer and the thick
lower and upper cladding. The shallower mode pro�le can wellbe a better approximation to the actual �eld in
the perforating holes than the strongly con�ned modes in e.g. the PC membrane of Section 3.2, such that the
standard EIM is more appropriate there than in the previous examples. This would be in line with the �ndings
of Ref. [33] which predict lower out-of-plane radiation losses for vertical low-contrast heterostructures than for
“comparable” high-contrast PC membranes. Quite excellentapproximations, as in Figure 6(a), can be obtained
in certain cases; the accuracy is, however, strongly structure- and also polarization dependent.
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