Modelingof circularintegratedopticalmicroresonatorby 2-D
frequeny domaincoupledmodetheory

K. R. Hiremath,R. Stoffer, M. Hammer

MESA" Institutefor NanotechnologyUniversityof Twente,EnschedeThe Netherlands

July 20,2005
Abstract

Circularintegratedoptical (ring or disk) microresonatorareincreasinglyemplojed ascompactandversa-
tile wavelength lters. In this paper we investigatea two dimensionalfrequengy domainmodelfor these
devices,basedon spatialcoupledmodetheory The microresonatorarefunctionally representeéh terms
of two couplerswith appropriateconnectionsusingbentand straightwaveguides. The abstractscattering
matricesof the couplersandthe propagatiornconstantf the cavity bendsallow to computethe spectral
responsesf theresonatorsCapitalizingon the availability of rigorousanalyticalmodalsolutionsfor bent
waveguides,the constituentbent-straightvaveguide couplersare modeledusing a spatialcoupledmode
formalismderived by meansof a variationalprinciple. The resultingscatteringmatricesshow reciprocity
propertiesasexpectedaccordingto the symmetryof the couplerstructuresWe presentesultsfor the spec-
tral responsand eld examplesfor microresonatorsvith mono-andmulti-modalcavities for TE andTM
polarizations.Comparisonsvith nite differencetime domainsimulationsshov very goodoverall agree-
ment.

Keywords: integratedoptics,numericaimodeling bentwaveguides pent-straightvaveguidecouplerscou-
pledmodetheory circularmicroresonators

1 Intr oduction

For alreadyquite sometime circular microresonatorare discussedis promisingbuilding blocksfor passie
andactive componentgor integratedoptical devices[1]. Recentadvancesin fabricationtechnologyenabled
therealizationof compacthigh nesseresonatorsyhich— in combinatiorwith active, nonlineay electro-or
thermooptianaterials— openarangeof applicationf singleor cascadedhicroring/microdiskesonatore.g.
asopticalampli ers or lasers]ogic gatespr sensorsEspeciallydueto their superiorselectvity, compactness,
and possibility of denseintegration, microresonatorare consideredasattractve add-drop Iter elementdor
applicationsin photonicchipsrelatedto optical wavelength-diision multiplexing. Cf. Ref. [2] for a recent
overview of the eld.

Comprisinga ring- or disk-shapeaavity thatis evanescentlycoupledto oneor two (parallelor crossedpus
waveguides circularmicroresonatoraremostfrequentlydiscussean thebasisof afrequeng domainringres-
onatommodel[l3, /4], wheretheinteractiorbetweerthecavity andthestraightwaveguidess representeth terms
of scatteringmatricesfor the couplerregions. Interferometriccesonanceare establishedyy segmentsof bent
waveguidesthatconnecthesecouplers.

On the one hand, this model can be evaluatedregardingthe coefcients of the couplerscatteringmatrices

and/orthe bendmodepropagatiorconstantassociateavith the cavity sgmentsasfree parametersExamples

arefoundin Refs.[5,13,6,[7], orin Ref.[8], wherea detailedprocedurés outlinedhow to t thefreeparameters
in theringresonatomodelto experimentaimeasurement&Jndersimplifying assumptionsf alosslessoupler

andunidirectionalmonomodevave propagationuniversalrelationsfor the couplingof opticalpower between

a cavity ring andonebuswaveguidearederivedin [[9].

Ontheotherhand,onemighttry to Il theparametrianodelfrom rst principles,i.e.relatethecouplerscatter
ing matricesandthe bendmodepropagatiorconstantgo the device geometryandmaterialpropertiesasit is



essentiafor aquantitatve resonatodesign.Ratherfew studiesexist; amongthesearee.g.Refs.[[10,11], which
differ with respecto the methodsandapproximationshatareemployedto obtainthe modalbasissolutionsfor
the cunved cavity sggments,andto predicttheinteractionbetweerthe cavity andthe buswaveguides.For the
lattertask,approachebasedon coupledmodetheory(CMT) [[12, [13] areapplied.

In the presenfpaperwe investigateanabinitio two-dimensionafrequenyg domainspatial CMT modelthatis
asfar aspossiblea straightforvard implementatiorof the conventionalringresonatoriewpoint. The simula-
tionsrely on analyticallycomputednodalsolutionsfor bentwaveguidesandcurvedinterfaceq[14], separable
elds for givenrealfrequeng with complex angularmpropagatiorconstantsDueto theangular eld decayand
non-intger azimuthalmodenumbershesedo not constitutevalid solutionsfor the full rotationallysymmet-
ric cavities, i.e. do not allow to accesdirectly the (compl) resonancdrequencief the isolatedcavities.
Still one canconstructapproximationdo solutionsof scatteringproblemson the basisof these elds, if the
interactionwith the straightwaveguidesis taken into account. The bendmodepro les decaysuitablyfastin
the radial direction[[14], suchthatthesebendmodescanbe corveniently usedasbasis elds in a frequeng
domaincoupledmodedescription.Thecoupledmodeequationsarederivedfrom rst principlesby variational
means.Preliminaryresultsarecontainedn Refs.[4, [15]; herewe alsoextendthe approacho con gurations
with multimodeconstituentvaveguides.

While for speci ¢ con gurationsone could regardthe presentwo dimensionalmodelasan approximatede-
scriptionof realisticdevicesin termsof effective indices[[1]], in othercasesimulationsin threespatialdimen-
sionsare certainly necessarye.g.for vertically coupledresonators.Thereforeour modelis formulatedsuch
that an extensionto threedimensionds straightforvard; correspondingesultsare presentectlsavhere[[1g].

Notethatthetheoreticabrgumentdor 2-D and3-D resonatorare (almost)identical. For the 3-D simulations,
the computationof basis elds, i.e. modepro les of straightand bentwaveguideswith 2-D crosssections,
is a nontrivial andtime consumingtask,while for the 2-D setting,soundanalyticalbasis elds areavailable.
Concerningoenchmarkingrigorousnumericalcalculationsexist for the 2-D setting,which are not available
in 3-D. Thereforewe chose2-D resonatorgor theintroductionandassessmemf the CMT formulationin the
presenpaper

The paperis organizedasfollows. Section? introducesthe schematianicroresonatomodel,formulateddi-
rectly for con gurationswith multimodecavities. Oneof the essentiaingredientsarerepresentationsf the
interactionregionsbetweerbentandstraightwaveguides. The CMT modelfor thesecouplersis describedn
Sectiorld Sectiordoutlineshow to computethespectratesponsef theresonatorsSectiord providesaseries
of examplesimulationsjncludingthe benchmarkinggainsindependentigorousnumericalcalculations.

Referringto the classi cationof resonatotypesgivenin [[17], we treatthe circular microcavities astraveling
wave resonatorsn the framawvork of a purefrequeng domaindescription. Neglectingre ected wavesturns
outto be adequatevenfor the presendeviceswith alreadyquite small radii (thoughwe cancheckthis only

implicitly viacomparisorio numericakesults).Oneexpectsthis approximatiorto breakdown for evensmaller
cavities, wheretheinteractiorbetweerthewavesin thebuswaveguidesandthecavity cannolongerberegarded
asadiabatic.In thatregime of standingwave resonatorglescriptionssimilar to thosegivenin Refs.[[17, [1§]

would have to beapplied,thattake re ectedwavesfully into account.

Thepresenapproacidiffersfrom theviewpointof time domainmodelg[19, 17 basedn (time-domainmodes
for theentirecircularcavities. Thesearesolutionswith integerrotationalmodenumberandcomple frequeng
[0, 20, 27). Problemsfor a coupledmodedescriptionarisefrom the radially growing eld solutionsof the
time-domairmoded20, 2]}, althoughit is partially possibleto translatebetweerthe two viewpoints|[[10, 20].

Alternatively numericaltoolslike Finite DifferenceTime Domain(FDTD) methodqd22, 23 canbe emplo/ed:;
we applya FDTD implementatior24, 25] for benchmarkingourposesin [I25] a nite-dif ferenceHelmholtz
solver is usedto computethe spectraresponsef two dimensionamicrodisk-resonatsr However, alreadyin
thetwo dimensionakettingthesepure numericalmethodsurn out to be incorvenientlytime consumingithe
computationakffort requiredin threedimensionsnustbe expectedo be prohibitive for practicaldesignwork.

Finally oneshouldemphasizehatspeci ¢ 2-D con gurationscanbetreatedn anaccurateandhighly ef cient
analyticalway in termsof integral equationd[26]. This concernsigetvalue[27, 28 andscatteringproblems



[29, 30] for micro-ring anddisk cavities with regular deformationsjn the vicinity of one straightdielectric
waveguideor half-block. Unfortunately the extensionto threedimensionsappearso befar from obvious.

Apart from the circular structuresyresonatorswith othershapeof cavities arealsoinvestigated31, 32, [18,
33]. In caseof traveling wave resonatorgl7], if suitablebasis elds for the CMT analysisare conveniently
computablethenin principlethe CMT approactdescribedn this papercanbe adaptedo theseshapesThis
appliesin particularto resonatorsvith racetrackshapeccavities [[33], in which eachcouplersectionconsists
of a parallelstraightwaveguide coupler in betweentwo “half” bent-straighivaveguide couplers.The CMT
approacthof Sectiorid shouldbe applicableto theseindividual couplersegmentswherethetransitionsbetween
straightandcurved pieced34] of thecavity shouldbetreatedadequatelye.g.in termsof suitableprojections.

2 Abstract microresonatormodel

Theresonatoelementsnvestigatedn this paperconsistof ring- or disk shapedlielectriccavities, evanescently
coupledto two parallel straightbus cores. We considerguided-vave scatteringproblemsin the frequenyg
domain,wherea time-harmonicoptical signal  exp(i! t) of givenrealfrequeny ! is presenteverywhere.
Cartesiarcoordinates, z areintroducedfor the spatiallytwo dimensionadescriptionasshavn in Figure[ll
Thestructureandall TE- or TM-polarizedoptical elds areassumedo be constanin they-direction.

Figure1: SchematiamicroresonatorepresentationA cavity
of radiusR, corerefractive index n. andwidth w. is placedbe-
tweentwo straightwaveguideswith corerefractize index ng and
width we, with gapsof width g andg betweenthe cavity and
the bus waveguides.ny, is the backgroundefractive index. The
device is dividedinto two couplergl), (I), connectedy cavity
sa@mentsof lengthsL. andC outsidethe couplerregions.

Adheringto the mostcommondescriptionfor microring-resonator§3, 4], the devicesare divided into two
bent-straightvaveguide couplerswhich areconnectedy seggmentsof the cavity ring. Half-in nite piecesof
straightwaveguidesconstitutethe externalconnectionswherethe lettersA, B, A, B (external)anda, b, a,b
(internal)denotethe couplerports. If oneacceptghe approximationthatthe interactionbetweerthe optical
wavesin the cavity andin the bus waveguidesis najligible outsidethe couplerregions,thenthis functional
decompositiorreduceghe microresonatodescriptionto the modeanalysisof straightand bentwaveguides,
andthe modelingof the bent-straightvaveguidecouplers.

Assumingthatall transitionsgnsidethecouplerregionsaresufciently smooth suchthatre ectionsdonotplay
asigni cantrolefor theresonatofunctioning,we furtherrestrictthemodelto unidirectionalave propagation,
asindicatedby thearravsin Figurefll Dependingonthespeci ¢ con guration,thisassumptiortanbejusti ed
or not; atleastfor the structuresonsideredn Sectiorld we obsered this approximatiorto be adequate.

Considercoupler(l) rst. SupposdhatthestraightcoressupportN s guidedmodeswith propagatiorconstants

propagationconstants pp = pp | pp, P = 1;:::; Np, arecomple valued[[14]. Here «, pp and pp
arereal positve numbers.ThevariablesA g, Bg, anday, by, denotethe directionalamplitudesof the properly
normalizedforward” propagatindclockwisedirection,cf. Figurelll) basismodesn therespectie couplemport
planescombinednto amplitude(column)vectorsA , B , anda, b.

Now the abstracfunctioningof coupler(l) canbe representeth termsof a scatteringmatrix, thatrelatesthe



(bidirectional)ampIitudesof theoutgoingwavesto theamplitudesf the correspondingjivenincomingmodes:
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Herethe superscripts indicatethe amplitudesof backwards (anticlockwise)propagatingvaves, wherethe
zeroesmplementheassumptiomf negligible backre ections.Theentriesof thesubmatrice$.,, with v;w =
b, srepresenthe“coupling” from the modesof waveguidew to the elds supportedy waveguidev.

A fundamentapropertyof ary linear optical circuit madeof nonmagnetianaterialsis that the transmission
betweerary two “ports” doesnot dependuponthe propagatiordirection. The proof canbe basede.g.onthe
integration of a reciprocity identity over the spatialdomaincoveredby that circuit [12]. More speci cally,
the full scatteringmatrix of the reciprocalcircuit hasto be symmetric. The amgumentholdsfor circuits with
potentiallyattenuatingnaterialsjn thepresencef radiatve lossesandirrespectiely of theparticularshapeof
theconnectingcores.lt reliescrucially ontheprecisede nition of the“ports” of thecircuit, whereindependent
portscanberealizedeitherby modeorthogonalityor by spatiallywell separatedutlets.

Assumingthat the requirement®f that agumentcan be appliedat leastapproximatelyto our presentbent-
straightwaveguide couplers oneexpectsthatthe couplerscatteringmatrix is symmetric. For the submatrices
thisimpliesthefollowing equalitieg(T denoteghetranspose):

Shp = (Sbb)T; Ssbh = (SbS)T; Shs = (Ssb)T; Sss= (Sss)T: (2

If coupler(l) is de ned symmetricalwith respecto the centralplanez = 0 andif identicalmodepro les are
usedfor theincomingandoutgoing elds, thenonecanfurtherexpect(se€[1Z]) thetransmissiorA ! bto be
equalto thetransmissioB ! a . Similarly, oneexpectsequaltransmissiona! B andb ! A ,or

SbS = SbS’ SSb = SSb (3)
Consequentlyaccordingto equationg?) and (@), alsothe unidirectionalscatteringmatrix

Sbb  Sbs

S= 4
Ssb Sss ( )

associatedvith the forward, clockwisepropagatiorthroughcoupler(l), i.e. the lower left quarterblock of the
full matrixin equation(T)) canbe expectedto be symmetric:

Sps = (Ssb)T; Sps = (Ssb)T: (5)

“The couplingfrom the straightwaveguideto the cavity is equalto the couplingfrom the cavity bendto thebus
waveguide”, heretranslatedo the multimodesetting.

A completelyanalogouseasoningappliesto the secondcoupler wherea symbol~identi es the modeampli-
tudesA, B, anda, b, atthe port planesandthe unidirectionalscatteringmatrix S relatedto coupler(ll), such
thatthe coupleroperationis representeds

b _ a b &

B S A g "5 & (6)
Outsidethe couplerregionsthe bendmodesusedfor the descriptionof the eld in the cavity propagaténde-
pendentlywith the angular/ arc-lengthdependencegiven by their propagatiorconstantgcf. equation(0)).
Hencetheamplitudesat the entryandexit portsof the connectingcavity segmentsarerelatedto eachotheras

a=Gb and a= Gb; @)

whereG andG areN, Ny, diagonalmatriceswith entriesGpp = exp( i ppl) andGyp = exp( i k),
respectiely, forp= 1;:::;Np.



For the guidedwave scatteringproblem,modalpoversPiq = jAqj2 andPaq = jAqj? are prescribedat the
In-port A andatthe Add-portA of theresonatgrandoneis interestedn the transmittedpoversPrq = quj2
atport B andthebackwarddroppedpoversPpq = jBgj? atportB. Thelinearsystemestablishedby equations
@ and(@) is to besolvedfor B andB", givenvaluesof A andA". Duethelinearity of thedevice therestriction
to anexcitationin only oneport, hereport A, with noincomingAdd-signalA = 0, is sufcient. Oneobtains

B = (SsbGSubG  'Sbs* Ss9A; B = (SstG  'SpodA (8)
for theamplitudesof the outgoingguidedmodesin the Through-andDrop-ports,and

b= SpA; b= SuwG 'SpA )
for theinternalmodeamplitudesn thecavity, where =1 SpGSppG.

Amongthefactorsin theexpressiongg) and(@) only theinverseof canbeexpectedo introduceapronounced
wavelengthdependenceThus ! canbe viewed as a resonancelenominatolin matrix form; resonances
appeaiin case becomesearlysingulari.e. exhibits aneigewaluecloseto zero. This “resonanceondition”
permitsaquiteintuitive interpretationResonanceappeaif a eld amplitudevectoris excitedinsidethecavity,
thatcorrespondso a close-to-zeraigewalueof , or aunit eigewvalueof Sp,GSpG. Thatrelatesto a eld
which reproducestself after propagatingconsecutiely alongthe right cavity segment,throughcoupler(ll),
alongtheleft cavity segment,and nally throughcoupler(l).

In generatesonancesustbeexpectedo involve all bendmodeghataretakeninto accountfor thedescription
of thecavity eld, duetotheinteractioncausedy the presencef the straightcores(cf. e.g.theexampleof the
hybrid cavity ring givenin Ref. [[1€]). If, however, this directinteractionbetweerthe bendmodess weak,the
matricesSy, andSpp becomenearlydiagonaljustlike G andG, andresonancesanbe ascribedo individual
cavity modes.Analogouslyto the caseof standingwave resonatorg1g], this viewpoint allows a quantitatve
characterizatioof resonanceassociatedvith “almostisolated”cavities, wherethe buswaveguidesareabsent.
Also for thenumericalexamplesn Sectiorle.Bwe foundthisregimeto berealizedresonancesanbeclassi ed
ashbelongingto speci ¢ bendmodesby inspectingthe modeamplitudesthat establishinsidethe cavity atthe
resonancevavelength.

In caseof a con gurationwith singlemodecavity andbus cores furtherevaluationof expressiong8) and(@)
is fairly standardi3, i4); one obtainsthe familiar explicit, parameterize@xpressiondor the transmittedand
droppedpower, for thefree spectrarangeandtheresonancevidth, for nesseandQ-factorof theresonances,
etc. Heretheabove resonanceonditionmeanghatatcoupler(l) theincomingsignalfrom thebuswaveguideis
in phasewith thewave propagatin@lreadyalongthecavity, andthatit compensatethe propagatiotossof the
cavity roundtrip. Resonanceappearsadropin thedirectly transmittedoower P, anda simultaneougeakin
thedroppedpower Pp. Assumingthatthisreasonings alsoapplicableo a multimodecon gurationwith weak
interaction,onecanestablishseparateéesonanceonditionsfor the individual cavity modeswhichin general
will be satis ed at differentwavelengths.The power spectrumof the microresonatoshavs a systematically
repeatingpatternwith multiple extrema,whereeachresonanceorrespond$o cavity modesof differentorders.
SeeFigurell3 for anexample.

Accordingto equationg8) and(@), a quantitatve evaluationof the presenimicroresonatomodelrequiresthe
propagatiorconstant®f the cavity modes pp, hiddenin G, G, andthescatteringnatricesS, S of couplers(l)
and(Il). Computatiorof thelatteris the subjectof the following section.

3 Bent-straight waveguidecouplers

Oneof the mary variantsof coupledmodetheory[12, [13] will be appliedhereasa simpleandintuitive tool
for the modelingof the interactionof opticalwavesin the bent-straightvaveguide couplers.The formulation
takesinto accountthat multiple modesin eachof the coresmay turn out to berelevantfor the functioningof
theresonatorsA preliminaryversionfor single-modevaveguideshasbeendescribedn Refs.[|4, [15].
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Figure2: The bent-straightvaveguide couplersetting(a), coupler(l) of Figurell. Oneassumeshattheinter
actionbetweerthe wavessupportedy the bentandstraightcoresis restrictedo the rectangulacomputational
window [x; X,]  [zi; Zo)- Insidethis regiontheoptical eld is representedsa linearcombinatiorof themodal
elds of the bentwaveguide(b) andof the straightwaveguide(c).

Considerthe couplercon gurationshavn in FigurelX(a). The CMT descriptionstartswith the speci cationof
thebasis elds, herethetime-harmonianodalsolutionsassociateavith theisolatedbent(b) andstraightcores
(c). Customarily the real, positive frequeng ! is given by the vacuumwavelength ; we omit the common
time dependence exp(i! t) for the sale of brevity. In line with the assumption®f Section only forward
propagatingnodesare consideredwhere,for corvenience we choosethe z-axis of the Cartesiarsystemas
introducedn FigurelZd asthecommonpropagatiorcoordinatefor all elds.

Let Enp, H pp, and , representhe modalelectric elds, magnetic elds, andthe spatialdistribution of the
relative permittivity of the bentwaveguide. Dueto the rotationalsymmetrythese elds arenaturallygivenin
thepolarcoordinatesystenr, associatevith thebentwaveguide.Fortheapplicationin theCMT formalism,
thepolarcoordinatesreexpressedn the Cartesiarx-z-systemsuchthatthe basis elds for the cavity read

Ebp .- Ebp : i pR (X;2).
H by (X 2) H b (r(x;z))e " bp ; (10)

Here E'n, andH py arethe radial dependentlectricand magneticpartsof the modepro les; the comple
propagatiorconstants , prescribethe harmonicdependencesn the angularcoordinate Note thatthe actual
valuesof , arerelatedto the (arbitrary)de nition of thebendradiusR [(14].

Likewise, E o, H &, and s denotethe modal elds andthe relatve permittiity associatedvith the straight
waveguide. Theseareof theform

E .. FE i «Z.
HZ(X,Z)— "T: (x)e * =%, (11)

i.e. guidedmodeswith pro les E , H « thatdependonthelateralcoordinatex, multiplied by the appropriate
harmonicdependencen the longitudinalcoordinatez, with positve propagatiorconstants g. Notethatfor
the present2-D theoryall modal solutionscanbe computedanalytically While the modalanalysisis fairly
standardfor straightmultilayer waveguideswith piecavise constantpermittiity, for the bendstructureswe
employ analyticsolutionsin termsof Bessel-andHankel functionsof complex order computedoy meansof a
bendmodesolver aspresentedn Ref.[14].

Now thetotal optical electromagneticeld E, H insidethe couplerregionis assumedo be well represented
by alinearcombinationof the modalbasis elds ([I0), 1),

E X R Evi
H (X1 Z) = CVi (Z) H vi

v=Db,si=1

(x; 2) (12)

with sofarunknavn amplitude<C,; thatareallowedto varywith thepropagatiortoordinatez. Thisassumption
formsthe centralapproximatiornof the presentCMT approachno further approximation®r heuristicsenter
apartfrom thenumericalproceduresisedfor theevaluationof the CMT equationgsection5.J). Notethathere,
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unlike e.g.in Ref. [[1(], no “phasematching’argumentsappearyia the transformatiorr; ! x; z thetilt of
thewave front of the bendmodes([I0) is takenexplicitly into account.

For thefurtherproceduresthe unknawvn functionsC,; arecombinedinto amplitudevectorsC = (Cp;Csg) =
((Chi); (Cq)). To determinesquationdor theseunknavns, herewe follow anapproachhatrelieson a varia-
tional principle. Considetthe functional

zZ

F(E:H)= [(r E) H (r H) E +i!l gH H +il gE E ]dxdz (13)

a 2-D restrictionof the functionalfor the 3-D settinggivenin [[1Z], strippedfrom the boundaryterms. For
the presen2-D con gurations,the corventionof vanishingderivatives @ = 0 appliesto all elds; the curl-
operatorsare to be interpretedaccordingly F is meantto be viewed as being dependenbn the six eld

component& , H . If F becomestationarywith respecto arbitraryvariationsof theseagumentsthenE and
H satisfythe Maxwell curl equationsasa necessargondition:

r E= il gH; r H=il ¢E: (14)

We now restrictthe functionalto the elds allowed by the coupledmodeansatz.After insertingthetrial eld
(@2 into the functional (I3), F becomesa functionalthat dependson the unknavn amplitudesC. For the
“best” approximatiorto a solutionof the problem(I3) in the form of the eld ([@3), the variationof F(C) is
requiredto vanishfor arbitraryvariations C. Disregardingagainsomeboundaryterms,the rst variationsof

Z X R
v=hb,si=1
wherec:c: indicatesghe complex conjugateof the precedingntegratedterm,
Z
MVi;Wj = rEVi;HVi;EWj;HWji: az EVi HWj+EWj HVi dX, (16)

Z
andwherea, is a unit vectorin the z- direction. Consequent|yonearrivesat the coupledmodeequations
X R X X
v=Db,si=1 v=b,si=1

asanecessargonditionfor F to becomestationaryfor arbitraryvariations Cy,; . Notethatthesameexpression
is alsoobtainedfrom the complex conjugatepartof equation(Id). In matrix notation,equations[L8) read

M(z) d,C(z) = F(z) C(2): (19)

Heretheentriesof the matricesM andF aregivenby theintegrals(I8) and(@I7). Dueto thefunctionalform of
thebendmodesandthevaryingdistancebetweerthebentandstraightcores thesecoefcients arez-dependent.
Coupledmodeequationsdenticalto (I8) or (I9), respectiely, canbederivedby meanwof areciprocityidentity
[12], asdetailedin Ref.[I35]. SeeRefs.[l15, 4] for explicit representationsf theseequationsn thesinglemode
caseNp = Ng= 1L

To proceedurther, the CMT equationsaresolved by numericalmeans.Brief detailsaboutthe proceduresre
givenin Sectiorle. T theresultcanbe statedn termsof atransfematrix T thatrelatesthe CMT amplitudesat
theoutputplanez = z, to theamplitudesattheinput planez = z; of the couplerregion:

C(z0) = TC(2): (20)

It remainsto relatethe transfermatrix, obtaineddirectly asthe solutionof the CMT equationson the limited
computationalindow, to the couplerscatteringmatrix asrequiredfor theabstracmodelof SectionZ
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Outsidethe coupler(i.e. outsidetheregion [x);X;] [z; Zo]), it is assumedhat the interactionbetweenthe
elds associatedvith the differentcoresis negligible. Theindividual modespropagataindisturbedaccording
to theharmonicdependencesn therespectre propagatiorcoordinatessuchthatthe external elds are:

ap Eb" (e ' wRCDifor Aq Esq e | = Z)forz z;
bp s

b Ebp (e | ooR( o) for o B Esq x)e | u(Z 2).forz 70 (21)
bp 5

Herea, A andb, B arethe constanexternalmodeamplitudesat the inputandoutputportsof thecoupler as
introducedn Sectiorf2l SeeFigure for thede nitions of the coordinateoffsetszj, i andzy, o.

For atypical couplercon guration, the guidedmodal elds of the straightwaveguidearewell con ned to the
straightcore. On the contrary dueto theradiatve natureof the elds, the bendmodepro les canextendfar
beyond the outerinterface of the bentwaveguide. Dependinguponthe speci ¢ physicalcon guration, the
extent of theseradiative partsof the elds varies, suchthat also outsidethe actualcouplerregion the eld
strengthof the bendmodesin the region closeto the straightcore may be signi cant. Therefore,to assign
the externalmodeamplitudesA 4, By, it turnsout to be necessaryo projectthe coupled eld on the straight
waveguidemodes.

At a sufcient distancefrom the cavity, in the region whereonly the straightwaveguideis presentthe total
eld = (E;H) canbe expandednto the completesetof modalsolutionsof the eigewalue problemfor
the straightwaveguide. The basissetconsisfsof a nite numberof guidedmodes & = (Eg;H ) anda
nonguidedyadiatve part g, Suchthat = q Bqg 5yt rad, WhereBg arethe constantamplitudesof ;.
Theseamplitudescan be extractedby applyingthe formal expansionto the total eld (IZ) asgiven by the
solutionof the CMT equationsUsingthe orthogonalitypropertiesof the basiselementsthe projectionat the
outputplanez = z, of thecoupleryields

. h bps i Mb :
-1 S 1 g
p p
wherethe modeoverlapsh mi; nji = FE i H i EpjiH pji = Mminj occuralreadyin the coupledmode

equationg[I9). An expressionanalogougo (Z2) canbe written for the projectionat z = z;, wherethe co-
efcients Aq areinvolved. What concernghe externalamplitudesof the bendmodes,no suchprocedures
required,sincethe eld strengthof the straightwaveguidemodesis usuallynegligible in therespectie angu-
lar planeswherethe major part of the bendmodepro les is located.Heremerelyfactorsareintroducedthat
adjustthe offsetsof theangularcoordinatesn (7).

Thus,giventhe solution(Z0) of the coupledmodeequationsn theform of thetransfemrmatrix T, the scattering
matrix S thatrelatesheamplitudesa,, by, Ag, B4 of theexternal elds asrequiredin equation@) is de ned as

S= QTP ! (23)

whereP andQ are (Np + Ns)  (Np + Ng) matriceswith diagonalentriesPp, = exp( i pR i) and

respectiely, thatincorporatethe projections. All othercoefcients of P andQ arezero.

Admittedly, atthe rst glancethe projectionoperationmight appearedundantsincethe CMT solutionin the
form ([@I2) providesdirectly amplitudesfor the basis elds thatoccuralsoin the external eld representation
(21). Hereperhapdurtherexplanatoryremarksarenecessary

The physical eld aroundthe exit planesof the CMT window canbe seenasa superpositiorof the outgoing
guidedmodesof thebuscorewith theirconstanamplitudesandaremainderthat,whenexpandedn themodal
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basisassociatedvith the straightwaveguide, is orthogonalto the guidedwaves. The notionsof “vanishing
interaction”or “decoupled” elds, asusede.g.for the motivation of the assumptionsinderlyingthe abstract
framework of Sectiorid, areto be concretizedn preciselythis way: The guidedwavesin the straightcoreare
stationaryiff projectionsontothe modepro les at groving propagatiordistancesgeadto constantamplitudes
Aq, Bq (apartfrom the phasechangesccordingo the undisturbedgropagatiorof therespectie modes).

Now the CMT formalismis limited to the few non-orthogonabendandstraightmodesincludedin the CMT

ansatzwhich areoverlappingin the regionsof theinput andexit portsA andB of the coupler Consequently
whenthe CMT proceduresry to approximatéyoththe guidedandradiative partof thereal eld, the optimum
approximationsnay well be superpositionsvith non-stationarycoupledmodeamplitudesCg, of the modes
of the bus waveguide. Indeed,as obsered in Sectionds.d andB3, the projectedamplitudesiB 4j2 (or the
relatedscatteringmatrix elements Sgyw;j j%) becomestationary when viewed as a function of the exit port
positionz,, while at the sametime the associatedMT solutionjCg,(2)j? (or the elementgT g j? of the
transfermatrix) exhibit an oscillatorybehaiour. Still, in the senseof the projections,onecanspeakof “non-

interacting,decoupled”elds. Thatjusti es the limitation of the computationalvindow to z-intenals where
theelementf S (not necessarilpf T) attainconstantibsolutevaluesaroundthe input andoutputplanes.

In conclusion,it is at leastpartly misleadingto stick to the familiar notion of “mode evolutions” computed
by the CMT approach.If oneabandonghat viewpoint andregardsthe CMT proceduressjust “a” method
thatgenerateanapproximateeld solutioninsidethe computationaindow, thenapplyingthe projectionsto
extractthe externalmodeamplitudesappearperfectlyreasonable.

4 Spectrumevaluation

Oncethepropagatiortonstant®f thecavity modesandthecouplerscatteringnatricesareavailable theoptical
transmissiorthroughthe resonatoiis given by equationg[). In principle the spectralresponsef the device
canbeobtainedby repeatinghe entiresolutionprocedurdor differentwavelengthgn aninterestingrange.

Thatdirectapproachiequiresrepeatedtomputation®f thebendpropagatiortonstantandthescatteringnatri-
ces.A largepartof thenumericaleffort canbeavoided,if onecalculategherelevantquantitieamerelyfor afew
distantwavelengthsandthenusescomple interpolationsof thesevaluesfor the actualspectrumevaluation.
Theinterpolationprocedurehowever, shouldbeappliedto quantitieghatvary but slovly with thewavelength.

In line with the reasoningconcerningthe resonanceat the end of section2, one canexpectthat ary rapid
wavelengthdependencef the transmissioris determinedmainly by the phasegain of the waves circulating
in the cavity. Rapidchangesn thesephaserelationsaredueto a comparablyslow wavelengthdependencef
the bendpropagatiorconstants py, thatis multiplied by the lengthsL, T of the externalcavity sggments.If
a substantiapart of the cavity is alreadycontainedn the couplerregions,thenthe elementof the scattering
matricesS exhibit alsofastphaseoscillationswith the wavelength,suchthatS directly is not suitablefor the
interpolation. Apart from theserapid changeswhich canbe attributedto the unperturbegropagatiorof the
basismodesalongthe bentandstraightwaveguides theinteractionbetweerthewavesin thetwo coupledcores
introducesanadditionalwavelengthdependenceayhichin turn canbe expectedo be slow.

To separatehetwo scalesof wavelengthdependencan S, onedivideshy the exponentialghatcorrespondo
theundisturbedvave propagatiorof thebendandstraightmodesowardsandfrom thesymmetryplanez = 0:

1

s%= Qs (PY) (24)

Here P° and Q° are diagonalmatriceswith entriest?j and QJ-(;’j asde ned for P andQ in equation(Z3).
Formally, onecanview S°asthe scatteringmatrix of a couplerwith zerolength, wherethe interactiontakes
placeinstantaneouslgtz = 0. Thismodi cation of S, appliedanalogouslyo S, is compensately rede ning
the lengthsof the externalcavity segmentsasL °= 0= R, by changingthe matricesG andG accordingly
and,wherenecessar\by takinginto accounthealteredphaseelationson the externalstraightsegments.

After thesemodi cations, the new matricesG°®and G capturethe phasegain of the cavity eld alongthefull
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circumferenceThemodi ed scatteringnatricesS®andS®shaw only a slow wavelengthdependencesuchthat
theinterpolationcanbe successfullyappliedto thesematricesandto the bendpropagatiorconstantsn G %and

G° Theresonanfeaturesof the device arenow entirely effectedby the analyticalrelations(®), suchthatone
obtainsanexcellentagreemenbetweerthetransmissiorspectracomputedvith theinterpolatedquantitiesand
thedirectcalculation while the computationaéffort is signi cantly reduced.

5 Simulation results

Having explainedhow to computethe scatteringmatricesfor the bent-straighivaveguide couplersand how

to usethemalongwith analyticmodalsolutionsfor the straightbus waveguidesandthe cavity bendg[[14] to
assembl¢he spectrarespons¢heresonatodevices,in this sectionwe summarizea seriesof numericakresults
for thetheoryoutlinedin Section®, 3, anddl

Note that the testcaseshave beenchosensuchthat reliable benchmarksolutionscanbe computedwith rea-
sonableeffort by meansof standard=DTD calculations.Quite compactdisk- or ring-cavities with substantial
refractive index contrastareconsideredFor the CMT approachtheserepresentatherextremecon gurations,
partially with stronglyleaky elds, thuswith relatively large eld strengthsn the regionswherethe CMT
ansatz- eldclearly violatesthe Maxwell equations. Oneexpectsthatfor ring resonatorsvith largerdiameter
with bettercon ned bendmodes,and more adiabaticinteractionin the couplerregions,the CMT approach
comesevencloserto reality.

5.1 Remarkson the numerical procedures

Thecoupledmodeequationg18), (I9) aretreatecby numericaimeanson arectangulacomputationaindow
[xi; %] [zi; zo] asintroducedn Figureld Thesolutioninvolvesthe numericalquadraturef theintegrals(L8),
(@3 in thez-dependentatricesM andF, wherea simpletrapezoidatule [3€] is applied,usinganequidistant
discretizatiorof [x;; x,] into intenvals of lengthhy.

Subsequent)ya standardourth orderRunge-Kitta schemdl3€] senesto generatea numericalsolutionof the
coupledmodeequationsover the computationadomain|z;; z], which is split into intenals of equallength
h,. Exploiting thelinearity of equation(I9), the procedurds formulateddirectly for thetransfematrix T, i.e.
appliedto thematrix equation

d;T(2) = M(2) *F(2) T(2) (25)

with initial conditionT(z;) = | (theidentity matrix), suchthatC (z) = T(z) C(z;). While theevaluationof the
resonatopropertiesvia equationg23) and(@), (@ requiresonly the solutionT = T(z,) at the coupleroutput
planez = z,, alsothe examinationof the evolutionsof T(z), or S(z), respectiely, turnsout beinstructie.

Theresultsof the CMT approactarecomparedvith FDTD simulationg[22]. We applyanown implementation
[24, 28] basedon a simplesecondorderYeeschemd34]. PerfectlyMatchedLayer (PML) boundarycondi-
tions enclosethe rectangulaicomputationalvindow, where elds are excited usingthetotal- eld / scattered
eld formulation. In orderto generateeferencesignalsfor purpose®f normalizationall FDTD calculations
arecarriedout twice, oncefor theentiremicroresonatostructure thenfor oneof the constituenstraightwave-
guidesonly. To evaluatethespectrathroughputanddroppedoower, thetime evolutionsof the elds atsuitable
crosssectionlinesthroughthe respectie portsare Fouriertransformedthenprojectedonto the outgoingfre-
guengy domainmodepro les associateavith the port. Theratio of theabsolutesaluesof thesespectrakignals
(calculationfor themicroresonatostructure referencecalculation)formsanapproximatiorfor thenormalized
outputpowers.
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5.2 Coupler with monomodalbent waveguide

As the rst examplewe considerbent-straightvaveguide couplersaccordingto Figurel, formedby straight
andcircularly bentcoresof widthsws = 0:4 m andw. = 0.5 m with refractive index n = ng = 1.5,
embeddedn a backgroundwith refractve index n, = 1. The con gurationsdiffer with respecto the radius
R of the outerbendinterface,andwith respecto the distanceg betweerthe cores. The interactionof waves
with vacuumwavelength = 1:05 mis studied,kp = 2 = is the associatedvacuumwavenumber Both
constituenwaveguidesare single-modeat the target wavelength,with modepro les thatarewell con ned to
therespectie cores.Figureld illustratesan examplefor thetwo basis elds. Thelongeroutertail of thebend
pro le is accompanietby a slight shift of the pro le maximumtowardsthe exterior of thebend.

40

20 TE0 /\ TE,

£> 20

° / Figure 3: NormalizedfundamentalTE mode
ol

T ol pro les JEyj (top) and snapshotf the prop-
(-R) [}  {mm) agating physical elds Ey (bottom) of the

constituentbent (left) and straightwaveguides
_° (right) relatedto the couplercon gurations of
%4 Section5.2 for R = 5 m. The effective
2 mode indices of the basis elds are =kg =
ol— - - - - - 1:29297 i7:5205 10 ® (bend mode), and
z [ z [mm] =kg = 1:3137(straightwaveguide).

The CMT simulationsof the couplersarecarriedout on computationaWindows of [x; X;] [zi;zo] = [O;R +
10m [ R+1 mR 1 m]ifR 5 m,otherwiseconawindow [x;;X;] [zi;Z]=[R 5 mR+
10 m] [ 8;8] m, discretizedwith stepsize®f hy = 0:005 m andh, = 0:1 m. For thetwo basis elds
the CMT analysisgenerate?2 2 transfermatricesT andscatteringmatricesS that canbe viewed asbeing
z-dependenin the senseasdiscussedn Section5.1 Figure4 shavs the evolution of the matrix elementswith
thepositionz = z, of the coupleroutputplane.

1 TE
2
""" Moo b0l
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— Sho0l
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Figure4: Elementof thetransfemrmatrix T andscatteringnatrixS for TE (left) andTM polarizedight (right),
versustheoutputplanepositionz,, for couplersasintroducedn Section5.2withR = 5 mandg = 0:2 m.

ThematrixelementsT o;; andSy;; relatetheamplitudesof aninput modei to anoutputmodeo; for the present
normalizednodesheabsolutesquaresanthusbeviewedastherelative fractionsof optical power transferred
from modei attheinput planez = z; to modeo at the outputplanez = z, of the coupler After aninitial

intenal, wherethesequantitiesremainstationary one obseres variationsaroundthe centralplanez = 0 of

the coupler which correspondo theinteractionof thewaves. Herethe nonorthogonabasis elds arestrongly
overlapping;it is thereforenot surprisingthatthe levels of speci ¢ componentf jT o;ij2 andjSq;j2 exceedl

in thisintenal.

After theregion of strongesinteraction neartheendof thez-computationaintenal, one nds thattheelements
jTpoij? thatmapto the bendmodeamplitudebecomestationaryagain,while the elementgT «q;j? relatedto
the outputto the straightmodestill shav an oscillatorybehaiour. This is dueto the interferenceeffectsas
explainedin the last paragraphsf Section3. The properamplitudesof the modesof the bus channelcanbe
extractedby applyingthe projectionoperation(22); the correspondingnatrix element§Ssq; j? attainstationary
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values suchthatthe “coupling strength”predictedfor theinvolved modesdoesnot dependn the (to acertain
degreearbitrary)positionof the coupleroutputplane.

Anyway, thescatteringmatrix S, thatentergherelations8), (9) for thetransmissiompropertieof theresonator
device, shouldbe considered staticquantity computedor the x ed computationaintenal [z;; z,]. Fromthe
designpoint of view, oneis interestedn the elementsf this matrix (the “coupling coefcients”) asafunction
of the resonator couplerdesignparameters.Figure 5 summarizeshe variationof S with the width of the
couplergap,for a seriesof differentbendradii.
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Figure5: Scatteringmatrix element§S,:ij® versusthe gapwidth g, for couplersasconsideredn Section5.2
with cavity radiiR = 3;5;10;,15 m, for TE (left) andTM polarizedwaves(right).

Uniformly for all radii andfor both polarizationsoneobseresthefollowing trends.For large gapwidths, the
non-interactingelds leadto curvesthatare constantat levels of unity (jSsgsgj?, full transmissioralongthe
straightwaveguide), moderatelybelov unity (jSponej?, attenuatiorof the isolatedoendmode,strongerfor the
TM eld), orzero(jSposg? andjSsanoj?, decoupledelds). As thegapwidth decreaseshegrowing interaction
strengthbetweerthe modesin thetwo corescausesncreasingsrosscouplingjSposg?, jSsapoj? anddecreasing
self couplingjSsasa®, jSvaboj?. This continuesuntil a maximumlevel of power transferis attained(wherethe
level shoulddependon the “phasemismatch”betweerthe basis elds, thougha highly questionableotionin
caseof thebendmodeg[14]). If the gapis furtherreducedthe crosscouplingcoefcients decreasegvenif a
growing strengthof theinteractioncanbe expected;the decreaseanbe attributedto a processof “forth and
backcoupling”,wherealongthe propagatioraxisamajor partof theopticalpowver changesrst from theinput
channeto thesecondvaveguide,thenbackto theinputcore. Oneshouldthereforedistinguishclearlybetween
the magnitudeof the coefcients (17) in the differential equationghat govern the coupling processandthe
solutionof theseequationdor a nite intenal, theneteffect of thecoupler representetly thescatteringmatrix
S.

For the symmetriccomputationalvindows usedfor the presentsimulations the abstractreasoningpf Section
2 predictssymmetriccouplerscatteringmatrices. Accordingto Figures4 and>5, this constraintis respected
remarkablywell by the CMT simulations.In Figure4, the curvesrelatedto jSsgpej2 andjSposej® endin nearly
the samelevel atz = z,. Figure5 shaws pairs of closecurves for the crosscoupling coefcients, where
larger deviations occuronly for ratherextremecon gurationswith small bendradii and gapscloseto zero;
the deviationsaremorepronouncedor the TM case.Hereonemight questionthe validity of theassumptions
underlyingthe CMT ansatz12). Otherwisethe symmetryof the scatteringmatricesprovidesa usefulmeans
to assestheaccurayg of the CMT simulations peyond merelythe powver balanceconstraint.

5.3 Micr oring resonator

For all subsequerntomputation®f microresonatospectrawe restrictoursehesto symmetricstructureqg =
g) with identicalmonomodaktraightwaveguides. In line with the assumptiong¢eadingto equationg 8), (9),
the fundamentamodeof the bus waveguidesis launchedat the In-port with unit power; thereis noincoming
eld atthe Add-port. Figure6 shaws the spectrakresponsdor a microring-resonatomadeof two couplersas
consideredn Section5.2, with cavity radiusR = 5 mandgapsg = g = 0:2 m. TheCMT calculationsuse
thecomputationakettingasintroducedfor Figure4.

Oneobseresthefamiliar ringresonatoresonanceatternwith dipsin the transmittecoower andpeaksin the
droppedntensity Accordingto Figure5, the presenparametesetspeci escon gurationswith ratherstrong
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Figure 6: Relatize transmitted®t anddroppedpowver Pp versusthe vacuumwavelengthfor a ringresonator

accordingto Figure1, with parametera: = ng= 1.5, np,= 1.0,w,= 05 mws=04 mR=5 m,g=

g = 0:2 m; CMT andFDTD resultsfor TE (left) and TM polarization(right). The centralplot shavs CMT

results,wherethe spectrumhasbeenevaluateddirectly and by interpolationof CMT computationgor nodal

wavelengthsl:015 m and1:085 m (linear),or1:015 m, 1:05 m, and1:085 m (quadratianterpolation).

interactionin the couplerregions (jSyosg? = 30%(TE), jShosd? = 54%(TM)), suchthatthe resonanceare
relatively wide, with a substantiabmountof optical power beingdirectly transferredo the Drop port alsoin
off resonanstates.Thesepropertiesarerelatedto the attenuatiorof the cavity modes,andto the interaction
strengthin the couplerregions,i.e. to the radial con nementof the bend elds, henceone nds resonances
of lower quality for TM polarization,anda decreasén quality with growing wavelengthfor both TE andTM
polarizedight.

The centralplot of the Figure 6 shawvs the resonatoispectrumasobtainedby interpolatingbendmodepropa-
gationconstantandCMT scatteringnatricesfor only two (linearinterpolation)or threedifferentwavelengths
(quadraticinterpolation),accordingto Section4. While smalldeviationsremainfor thelinearapproximation,
onthescaleof the gure the cunesrelatedto quadratidnterpolationarehardlydistinguishabldrom thedirect
CMT results.Thustheinterpolationapproactprovidesavery effective meango predicttheresonatospectrum,
in particularif narrav dips/ peaksn theresponsesf high-qualityresonatorsvould have to beresohed.

The CMT resultsarecomparedvith FDTD simulationswherea computationalindow thatenclosesheentire
resonatodevice hasbeendiscretizedy arectangulagrid of 1200 1220pointsalongthex- andz-directions
with uniform meshsizeof 0:0125 m. The boundarieof the computationalvindow areenclosedoy 0:4 m
wide perfectlymatchedayerswith quadraticallyarying strengthwhich provide are ectivity of 10 ° for the
centralwavelength = 1:.05 m. Thesimulationsarecarriedoutoveratimeintenal of 13:1 pswith astepsize
of 0:025fs. Accordingto theleft andright plotsof Figure6, we nd anexcellentagreemenbetweerthe CMT
andthe FDTD resultsfor TE polarization,andonly minor deviationsfor the TM casewith lessregular elds,
morepronouncedadiation,andstrongetinteractionin the couplerregions,whereapparentlythe assumptions
underlyingthe CMT approactarelesswell satis ed. Note thatalreadyin the presen2-D settingtheseFDTD
calculationgypically requirea computatiortime of severalhours,while the CMT analysigwith interpolation)
predictsthe entirespectrumn justafew minutes.

Beyond modalamplitudesand power levels, the CMT solutionspermitto accesghe full optical electromag-
netic eld. Figure7 collectsplots of the principal componentdor off resonancendresonanton gurations
for both polarizations.Off resonancegne obseresthe large Throughtransmissionsmall amplitudesof the

wavesin the Drop-port,andalso only minor wave amplitudesin the cavity. At the resonanceshe straight
transmissions almostcompletelysuppressedhe major partof the input power arrivesat the Drop-port. For

thepresenstronglycoupledcon gurations,thepower thatentersandleavesthecavity atthetwo couplerdeads
to considerabhydifferent eld intensitiesin the left andright halvesof thering. Herethe radiative partsof the

bendmodesareappreciableutsidethe cavity, in particularfor themorelossyTM waves.
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Figure7: CMT resultsfor the microringstructureof Figure 6, local intensitieqtop) andsnapshotsf the phys-

ical eld (bottom)of the principalcomponent®f TE (left) and TM polarizedwaves (right), for off-resonance
wavelengthq rst andthird column)andat resonancésecondandfourth column). For visualizationpurposes
the couplercomputationaWindow hasbeenextendedo [z;;zo) = [ 4,8] m.

5.4 Multimode bent-straight waveguidecoupler

If the corewidth of a bentwaveguideis increasedeyonda certainlimit, aregimeis reachedvherethemodes
are guidedby just the outer dielectricinterface, while the preciselocation of the interior interface becomes
irrelevant. Figure 8 illustratesthe rst four lowestorder whisperinggallery modesthat are supportedby a

structurewith the parameter®f the previous ring sggments,wherethe interior hasbeen lled with the core

material.lf theresultingdiskis emplo/edasthe cavity in aresonatostructure all bendmodeswith reasonably
low lossesmustbe suspectedo be relevant for the functioning of the device. Thereforewe now consider
bent-straightouplercon gurations,wherethe bendsupportanultiple whisperinggallerymodes.
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(rR) [m] (rR) [ mm] (rR) [ nm] (rR) [mm]
6
§4
<
2
0
5 0 5 5 0 5 5 0 5 5 0
z[mm] z[mm] z[mm] z[mm]

Figure8: TE polarizedwhisperinggallerymodespasis elds for the CMT analysisof themultimodecouplers
of Section5.4. The plots shav the absolutevaluejEyj of the radial modepro le (top) andsnapshot®f the
propagatinghysical eld E, (bottom). Theeffective modeindices j=kg relatedto thebendradiusR = 5 m
are1:32793 9531 10 7 (TEy), 1:16931 4:032 10 * (TEy), 1:04222 5741 10 ° (TE,), and
0:92474 1:313 10 ? (TE), for = 1:.05 m. All modesarepower normalized.

A parametesetsimilar to Section5.2 is adoptedwith nc = ng = 1.5, np, = 1.O,R = 5 m, w, = R,
ws= 0:4 m,g= 0:2 m,forthetagetwavelength = 1.05 m. TheCMT analysisof thecouplerstructures
is carriedout on a computationalvindow [x; x,] = [0;15] m, [z;;Z0] = [ 4;4] m with large extentin the
(radial) x-direction,in orderto capturethe radiative partsof the lossyhigherorderbend elds. Stepsizegor
thenumericalintegrationsarehy, = 0:005 m, h, = 0:1 m, ashefore.
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It is notapriori evident,how mary basis elds arerelevantfor aparticularsimulation.Figure9 shavs theeffect
of the inclusionof the higherorderbendmodeson the evolution of the primary coefcients of the scattering
matrix S. Theself couplingcoefcient jSyonej? of the fundamentabend eld is hardlyin uenced atall, and
thereis only a minor effect on the crosscouplingcoefcients jSsonoj® andjSposg?. Inclusionof the rst order
bend eld reducesmerelythe self couplingcoefcient jSsasg? of the straightmodeby a substantiabmount,
dueto theadditionalcouplingto thatbasis eld. Apparently for the presenstructureit is sufcient to take just
thetwo or threelowestorderbendmodesinto account.This hintsat oneof the advantageof CMT approach,
whereone canpreciselyanalyzethe signi cance of the individual basismodes.We will resumethis issuein
Section5.5.
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Figure9: CMT analysisof the multimodecouplerof Section5.4, effect of theinclusionof higherordercavity
modesonthe evolution of the scatteringmatrix. Resultsfor TE waveswith one(dashedine), two (dash-dotted
line), three(solid line), andfour cavity modes(dottedline) takeninto account.Notethe differentvertical axes
of theplots.

With threecavity elds andthemodeof thestraightwaveguide,the CMT simulationdeadto couplerscattering
matricesof dimension4d 4. Curwvesfor the evolution of the 16 elementsf the propagatiorand scattering
matricesT, S arecollectedin Figure 10. Justasin Section5.2, the applicationof the projectionprocedurdo

extractthestationarylevelsof jS; j2, | S;; soi? from thenonstationaryjuantitieg T sq; 2, j T} s> attheexit port
of thecoupleris essentialAgain,theagreementf theexit levelsof all crosscouplingcoefcients indicateghat
reciprocityis satis ed. In contrastto Figure 4, the noticeabledecayof the self couplingcoefcients jSp1.p1j?,

jSp2b2j? is dueto the strongattenuatiorof the basis elds, asdirectly introducednto S via equation(23).
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Figure10: Evolution of the propagatiormatrix T andscatteringmatrix S for the couplercon guration with
multimodebendasspeci edin Section5.4, CMT resultswith four basis elds.

Accordingto Figure 11, the elementsf the scatteringmatrix exhibit a similar variationwith the gap width
asfoundfor the former monomodebent-straightvaveguide coupler(cf. Figure 5). With growing separation
distancethe crosscouplingcoefcients tendto zero. The constantevels attainedby the self couplingcoef-
cientsof thebentmodesaredeterminedy thepower therespectre modelosesin traversingthe computational
window. Also here,with the exceptionof con gurationswith almostclosedgap,we nd thatcrosscoupling
coefcients with reversedndicescoincide,i.e. thatthe simulationsobey reciprocity
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Figure11: Scatteringmatrix element§S,:j*> versusthe gapwidth g for the couplerstructuresof Section5.4
for TE (top) andTM polarization(bottom). The CMT simulationgtake threewhisperinggallerymodesandthe
eld of thestraightwaveguideinto account.

5.5 Micr odisk resonator

To roundoff the previous example we now consideithesymmetricaimicrodiskresonatothatis constitutecoy
two of the former multimodecouplers.The computationakettingandall parameterareidenticalto the data
givenin Section5.4, for gapwidthsg = g = 0:2 m. The CMT descriptionrepresentshe optical eld in the
cavity asa superpositiorof thewhisperinggallery modesof Figure 8, wherein principle onemustexpectthat
moreor lesspronouncedeaturegelatedto all of thesebasis elds appeain theresonatospectrumFigure 12
allows to investigatethe signi cance of the individual cavity modeson the spectralresponseredictedby the
CMT analysis.
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Figure12: TE power spectrunmof the microdiskresonatoiof Section5.5. Left & center: CMT analysiswith

different setsof basismodes;besidesthe mode of the straightwaveguide, only one bend eld (TEy, TEx,

TE,, left), or the two, three,or four lowestorderwhisperinggallery modes(center)are taken into account.

Right: CMT spectrgfour basismodes)computedirectly, andby interpolationof dataevalutatedat the nodal

wavelengthsl:015 m, 1:085 m (linear)or 1:015 m, 1:.05 m, 1:085 m (quadratianterpolation).

""" By e—~—=TE llcMT01 CMT:012  CMT0,123||  Direct

P.IP, PP,

The left and centralplots of Figure 12 shawv the spectralresponseasobtainedoy CMT computationsvhere,
besideghe modeof the straightwaveguide, differentsetsof bendmodesareusedasbasis elds. The curves
relatedto calculationswith single cavity modes(left) exhibit only speci ¢ extremaof the full spectrumwith
similar extremallevels; obviously theseresonancesanbe assignedo therespectie (TEg or TE;) whispering
gallerymode. As thesemodescirculatealongthe cavity with their differentpropagatiorconstantsindividual
resonanceonditionsaresatis ed in generalat differentwavelengths.Apparentlythe regime discussedt the
endof Section2 is realizednere(cf. alsothetiny bendmodecrosscouplingcoefcients jSpoij? in Figure11).
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While thefundamentahnd rst orderbendmodeareessentiafor the presentesonatgrinclusionof thesecond
order whisperinggallery modeinto the CMT analysisleadsonly to minor, the third orderbend eld to no
visible changesof the cunesin the centralplot of Figure 12. Thus for this microdisk con guration it is
sufcient to take into accounthethreelowestordercavity modesasbasis elds to predictreliably the spectral
responseTheright plot of Figure12 allows to validatetheinterpolationapproactof Section4 for thespectrum
evaluation;just asin Section5.3 one nds thatthe quadratidnterpolationof the scatteringmatrix coefcients
andpropagatiorconstantdeadsto curvesthatarealmostindistinguishabldrom the directly computedesults.

Figure13 compareghe CMT spectrafor TE andTM polarizedlight with rigorousFDTD calculationswhere
thesimulationparameterareidenticalto thosegivenin Section5.3. Thereis aquitesatishctoryagreementas
beforeminor deviationsoccurfor thecon gurationswith highly radiatve, stronglyinteracting andlessregular
elds in theTM case.Thecomputationakffort requiredfor the CMT analysids abouttwo ordersof magnitude
lower thanthe effort requiredfor the FDTD simulations.

TE CMT FDTD | ™ CMT FDTD

PP, P /P,

1.02 1.04 1.06 1.08 1.02 1.04 1.06 1.08
I [rm] I [rm]

Figure13: Pavertransmissiorthroughthe microdiskresonatoof Section5.5, CMT andFDTD spectratop)
for TE (left) andTM polarizedmodegright). The plotsin the secondrow shav the wavelengthdependencef
theamplitudes'}bqj2 of thewhisperinggallerymodesnsidethe cavity atportb (seeFigurel).

As an alternatve to the computationf Figure 12, the inspectionof the amplitudesof the basismodesthat
establishinsidethe cavity for varying wavelengthprovidesa direct meansfor labelingthe spectralfeatures.
The plotsin the secondrow of Figure 13 identify the narraver, mostpronouncedesonanceasbelongingto

the fundamentakcavity modes,while the wider, lesspronouncedeaksare dueto the rst orderwhispering
gallery elds.

Figure 14 givesanimpressionof the eld distributionsthataccompawn the resonancgghenomenaOff reso-
nancemostof theinputpoweris directly transferredo the Through-port At the wavelengthcorrespondingo
theminorresonancethe eld patternin the cavity exhibits a nearlycircularnodalline thatcorrespondso the
radialminimumin thepro le of the rst orderwhisperinggallerymode(cf. Figure8). Accordingto Figurel13,
herethe rst ordermodecarriesmostof the power insidethe cavity. The deviation form the circular pattern
is causedby theinterferencewith the fundamentabendmode,which is alsoexcited at this wavelengthwith
a small power fraction. The majorresonanceelatedto the fundamentamodeis of higherquality, with much
largerintensityin thecavity, almostfull suppressionf thewavesin the Through-porandnearlycompletedrop
of theinput power.
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Figurel4: Field examplesfor the microdiskresonatoof Section5.5 CMT simulationswith four basismodes,
absolutevaluejEyj of theprincipalcomponentf the TE elds (top), andsnapshotsf therealphysicalelectric
eld (bottom). The wavelengthscorrespondo an off-resonanceon guration (left) andto minor (center)and
majorresonancegight). The grayscalelevels of the plotsin eachrow arecomparable.

6 Conclusions

A two dimensionalfrequeng domainmodelof circular integratedoptical microresonatorbasedon spatial
coupledmodetheoryhasbeeninvestigatedlt turnsoutthatonly afew mostrelevantbasis elds arerequiredto
construcapproximatesolutionsto thescatteringproblemshataresufcient for purpose®f practicalresonator
design. The CMT resultsagreewell with rigorousFDTD simulations;the computationakffort for the CMT
analysisis signi cantly lower. Hencethe approachquali es for a generalizatiorio threespatialdimensions
[16], wherehardlyary alternatve, practicallyapplicabletoolsareavailable.

The numericalexamplesincludedsingle-andmultimodemicroring and-disk structureswith relatively small
cavity diameteraindsubstantiatefractive index contrastswhich representatherworst-caseon gurationsfor
theCMT analysis Beyondtheopticalpowertransmissiorcharacteristicthe CMT procedurepermitthedirect
examinationof the local amplitudesof all includedbasismodes,andthe inspectionof all component®f the
local opticalelectromagneticeld. By meansf adequatelynterpolatedbendmodepropagatiorconstantand
couplerscatteringmatricesthe spectrabpropertieof theresonatoreanbe evaluatedn a highly ef cient way.
Representing directimplementatiorof the mostcommonnotionsfoundin discussionsf optical microring
resonatorghe presentpproactprovidesathoroughquantitatve basisfor theinterpretatiorof the simulations,
andthusfor theresonatodesign.
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