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Abstract

Circular integratedoptical (ring or disk) microresonatorsareincreasinglyemployedascompactandversa-
tile wavelength�lters. In this paper, we investigatea two dimensionalfrequency domainmodelfor these
devices,basedon spatialcoupledmodetheory. Themicroresonatorsarefunctionally representedin terms
of two couplerswith appropriateconnectionsusingbentandstraightwaveguides.The abstractscattering
matricesof the couplersandthe propagationconstantsof the cavity bendsallow to computethe spectral
responsesof theresonators.Capitalizingon theavailability of rigorousanalyticalmodalsolutionsfor bent
waveguides,the constituentbent-straightwaveguidecouplersare modeledusinga spatialcoupledmode
formalismderivedby meansof a variationalprinciple. Theresultingscatteringmatricesshow reciprocity
propertiesasexpectedaccordingto thesymmetryof thecouplerstructures.We presentresultsfor thespec-
tral responseand�eld examplesfor microresonatorswith mono-andmulti-modalcavities for TE andTM
polarizations.Comparisonswith �nite differencetime domainsimulationsshow very goodoverall agree-
ment.

Keywords: integratedoptics,numericalmodeling,bentwaveguides,bent-straightwaveguidecouplers,cou-
pledmodetheory, circularmicroresonators

1 Intr oduction

For alreadyquite sometime circular microresonatorsarediscussedaspromisingbuilding blocksfor passive
andactive componentsfor integratedoptical devices[1]. Recentadvancesin fabricationtechnologyenabled
therealizationof compact,high �nesseresonators,which — in combinationwith active,nonlinear, electro-or
thermoopticmaterials— openarangeof applicationsof singleor cascadedmicroring/microdiskresonatorse.g.
asopticalampli�ers or lasers,logic gates,or sensors.Especially, dueto theirsuperiorselectivity, compactness,
andpossibility of denseintegration,microresonatorsareconsideredasattractive add-drop�lter elementsfor
applicationsin photonicchips relatedto optical wavelength-division multiplexing. Cf. Ref. [ 2] for a recent
overview of the�eld.

Comprisinga ring- or disk-shapedcavity that is evanescentlycoupledto oneor two (parallelor crossed)bus
waveguides,circularmicroresonatorsaremostfrequentlydiscussedonthebasisof afrequency domainringres-
onatormodel[3, 4], wheretheinteractionbetweenthecavity andthestraightwaveguidesis representedin terms
of scatteringmatricesfor thecouplerregions. Interferometricresonancesareestablishedby segmentsof bent
waveguidesthatconnectthesecouplers.

On the one hand,this model can be evaluatedregardingthe coef�cients of the couplerscatteringmatrices
and/orthebendmodepropagationconstantsassociatedwith thecavity segmentsasfreeparameters.Examples
arefoundin Refs.[5, 3, 6, 7], or in Ref.[8], whereadetailedprocedureis outlinedhow to �t thefreeparameters
in theringresonatormodelto experimentalmeasurements.Undersimplifying assumptionsof a losslesscoupler
andunidirectionalmonomodewavepropagation,universalrelationsfor thecouplingof opticalpower between
acavity ring andonebuswaveguidearederivedin [9].

Ontheotherhand,onemight try to �ll theparametricmodelfrom �rst principles,i.e. relatethecouplerscatter-
ing matricesandthebendmodepropagationconstantsto thedevice geometryandmaterialproperties,asit is

1



essentialfor aquantitative resonatordesign.Ratherfew studiesexist; amongthesearee.g.Refs.[ 10, 11], which
differ with respectto themethodsandapproximationsthatareemployedto obtainthemodalbasissolutionsfor
thecurvedcavity segments,andto predicttheinteractionbetweenthecavity andthebuswaveguides.For the
lattertask,approachesbasedoncoupledmodetheory(CMT) [12, 13] areapplied.

In thepresentpaperwe investigateanabinitio two-dimensionalfrequency domainspatialCMT modelthat is
asfar aspossiblea straightforward implementationof theconventionalringresonatorviewpoint. Thesimula-
tionsrely on analyticallycomputedmodalsolutionsfor bentwaveguidesandcurvedinterfaces[14], separable
�elds for givenrealfrequency with complex angularpropagationconstants.Dueto theangular�eld decayand
non-integer azimuthalmodenumbersthesedo not constitutevalid solutionsfor the full rotationallysymmet-
ric cavities, i.e. do not allow to accessdirectly the (complex) resonancefrequenciesof the isolatedcavities.
Still onecanconstructapproximationsto solutionsof scatteringproblemson the basisof these�elds, if the
interactionwith thestraightwaveguidesis taken into account.Thebendmodepro�les decaysuitablyfastin
the radial direction[14], suchthat thesebendmodescanbe convenientlyusedasbasis�elds in a frequency
domaincoupledmodedescription.Thecoupledmodeequationsarederivedfrom �rst principlesby variational
means.Preliminaryresultsarecontainedin Refs.[4, 15]; herewe alsoextendtheapproachto con�gurations
with multimodeconstituentwaveguides.

While for speci�c con�gurationsonecould regardthepresenttwo dimensionalmodelasan approximatede-
scriptionof realisticdevicesin termsof effective indices[11], in othercasessimulationsin threespatialdimen-
sionsarecertainlynecessary, e.g.for vertically coupledresonators.Thereforeour model is formulatedsuch
that an extensionto threedimensionsis straightforward; correspondingresultsarepresentedelsewhere[ 16].
Notethatthetheoreticalargumentsfor 2-D and3-D resonatorsare(almost)identical.For the3-D simulations,
the computationof basis�elds, i.e. modepro�les of straightandbentwaveguideswith 2-D crosssections,
is a nontrivial andtime consumingtask,while for the2-D setting,soundanalyticalbasis�elds areavailable.
Concerningbenchmarking,rigorousnumericalcalculationsexist for the 2-D setting,which arenot available
in 3-D. Thereforewe chose2-D resonatorsfor theintroductionandassessmentof theCMT formulationin the
presentpaper.

The paperis organizedasfollows. Section2 introducestheschematicmicroresonatormodel,formulateddi-
rectly for con�gurationswith multimodecavities. Oneof the essentialingredientsarerepresentationsof the
interactionregionsbetweenbentandstraightwaveguides.TheCMT modelfor thesecouplersis describedin
Section3. Section4 outlineshow to computethespectralresponseof theresonators.Section5 providesaseries
of examplesimulations,includingthebenchmarkingagainstindependentrigorousnumericalcalculations.

Referringto theclassi�cationof resonatortypesgiven in [17], we treatthecircularmicrocavities astraveling
wave resonatorsin the framework of a purefrequency domaindescription.Neglectingre�ected wavesturns
out to beadequateevenfor thepresentdeviceswith alreadyquitesmall radii (thoughwe cancheckthis only
implicitly via comparisonto numericalresults).Oneexpectsthisapproximationto breakdown for evensmaller
cavities,wheretheinteractionbetweenthewavesin thebuswaveguidesandthecavity cannolongerberegarded
asadiabatic.In that regime of standingwave resonatorsdescriptionssimilar to thosegiven in Refs.[ 17, 18]
wouldhave to beapplied,thattake re�ectedwavesfully into account.

Thepresentapproachdiffersfrom theviewpointof timedomainmodels[19, 17] basedon(time-domain)modes
for theentirecircularcavities. Thesearesolutionswith integerrotationalmodenumberandcomplex frequency
[10, 20, 21]. Problemsfor a coupledmodedescriptionarisefrom the radially growing �eld solutionsof the
time-domainmodes[20, 21], althoughit is partiallypossibleto translatebetweenthetwo viewpoints[10, 20].

Alternatively numericaltoolslike FiniteDifferenceTimeDomain(FDTD) methods[22, 23] canbeemployed;
we applya FDTD implementation[24, 25] for benchmarkingpurposes.In [25] a �nite-dif ferenceHelmholtz
solver is usedto computethespectralresponseof two dimensionalmicrodisk-resonators. However, alreadyin
the two dimensionalsettingthesepurenumericalmethodsturn out to be inconvenientlytime consuming;the
computationaleffort requiredin threedimensionsmustbeexpectedto beprohibitive for practicaldesignwork.

Finally oneshouldemphasizethatspeci�c 2-D con�gurationscanbetreatedin anaccurateandhighly ef�cient
analyticalway in termsof integral equations[26]. This concernseigenvalue[27, 28] andscatteringproblems
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[29, 30] for micro-ring anddisk cavities with regular deformations,in the vicinity of onestraightdielectric
waveguideor half-block.Unfortunately, theextensionto threedimensionsappearsto befar from obvious.

Apart from the circular structures,resonatorswith othershapesof cavities arealso investigated[31, 32, 18,
33]. In caseof traveling wave resonators[17], if suitablebasis�elds for the CMT analysisareconveniently
computable,thenin principletheCMT approachdescribedin this papercanbeadaptedto theseshapes.This
appliesin particularto resonatorswith racetrackshapedcavities [33], in which eachcouplersectionconsists
of a parallelstraightwaveguidecoupler, in betweentwo “half” bent-straightwaveguidecouplers.The CMT
approachof Section3 shouldbeapplicableto theseindividualcouplersegments,wherethetransitionsbetween
straightandcurvedpieces[34] of thecavity shouldbetreatedadequately, e.g.in termsof suitableprojections.

2 Abstract microresonatormodel

Theresonatorelementsinvestigatedin thispaperconsistof ring- or diskshapeddielectriccavities,evanescently
coupledto two parallel straightbus cores. We considerguided-wave scatteringproblemsin the frequency
domain,wherea time-harmonicoptical signal � exp(i! t) of given real frequency ! is presenteverywhere.
Cartesiancoordinatesx, z areintroducedfor thespatiallytwo dimensionaldescriptionasshown in Figure 1.
Thestructureandall TE- or TM-polarizedoptical�elds areassumedto beconstantin they-direction.
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Figure 1: Schematicmicroresonatorrepresentation:A cavity
of radiusR, corerefractive index nc andwidth wc is placedbe-
tweentwo straightwaveguideswith corerefractive index ns and
width ws, with gapsof width g and ~g betweenthe cavity and
thebuswaveguides.nb is thebackgroundrefractive index. The
device is dividedinto two couplers(I), (II), connectedby cavity
segmentsof lengthsL and ~L outsidethecouplerregions.

Adhering to the mostcommondescriptionfor microring-resonators[3, 4], the devicesaredivided into two
bent-straightwaveguidecouplers,which areconnectedby segmentsof thecavity ring. Half-in�nite piecesof
straightwaveguidesconstitutetheexternalconnections,wherethe lettersA, B, ~A, ~B (external)anda, b, ~a, ~b
(internal)denotethe couplerports. If oneacceptsthe approximationthat the interactionbetweenthe optical
wavesin the cavity andin the bus waveguidesis negligible outsidethe couplerregions,thenthis functional
decompositionreducesthe microresonatordescriptionto the modeanalysisof straightandbentwaveguides,
andthemodelingof thebent-straightwaveguidecouplers.

Assumingthatall transitionsinsidethecouplerregionsaresuf�ciently smooth,suchthatre�ectionsdonotplay
asigni�cant rolefor theresonatorfunctioning,wefurtherrestrictthemodelto unidirectionalwavepropagation,
asindicatedby thearrows in Figure1. Dependingonthespeci�c con�guration,thisassumptioncanbejusti�ed
or not; at leastfor thestructuresconsideredin Section5 weobservedthisapproximationto beadequate.

Considercoupler(I) �rst. SupposethatthestraightcoressupportN s guidedmodeswith propagationconstants
� sq, q = 1; : : : ; Ns. For thecavity, Nb bendmodesaretaken into account.Due to the radiationlosses,their
propagationconstants
 bp = � bp � i� bp, p = 1; : : : ; Nb, arecomplex valued[14]. Here � sq, � bp and � bp

arerealpositive numbers.ThevariablesAq, Bq, andap, bp, denotethedirectionalamplitudesof theproperly
normalized“forward” propagating(clockwisedirection,cf. Figure1) basismodesin therespectivecouplerport
planes,combinedinto amplitude(column)vectorsA , B , anda, b.

Now theabstractfunctioningof coupler(I) canberepresentedin termsof a scatteringmatrix, that relatesthe
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(bidirectional)amplitudesof theoutgoingwavesto theamplitudesof thecorrespondinggivenincomingmodes:
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Herethe superscripts� indicatethe amplitudesof backwards(anticlockwise)propagatingwaves,wherethe
zeroesimplementtheassumptionof negligible backre�ections.Theentriesof thesubmatricesSvw with v; w =
b, s representthe“coupling” from themodesof waveguidew to the�elds supportedby waveguidev.

A fundamentalpropertyof any linear optical circuit madeof nonmagneticmaterialsis that the transmission
betweenany two “ports” doesnot dependuponthepropagationdirection. Theproof canbebasede.g.on the
integrationof a reciprocity identity over the spatialdomaincoveredby that circuit [12]. More speci�cally,
the full scatteringmatrix of the reciprocalcircuit hasto be symmetric. The argumentholdsfor circuitswith
potentiallyattenuatingmaterials,in thepresenceof radiative losses,andirrespectively of theparticularshapeof
theconnectingcores.It reliescruciallyontheprecisede�nition of the“ports” of thecircuit,whereindependent
portscanberealizedeitherby modeorthogonalityor by spatiallywell separatedoutlets.

Assumingthat the requirementsof that argumentcanbe appliedat leastapproximatelyto our presentbent-
straightwaveguidecouplers,oneexpectsthat thecouplerscatteringmatrix is symmetric.For thesubmatrices
this impliesthefollowing equalities(T denotesthetranspose):

Sbb = (S�
bb)

T; Ssb = (S�
bs)

T; Sbs = (S�
sb)

T; Sss = (S�
ss)

T: (2)

If coupler(I) is de�ned symmetricalwith respectto thecentralplanez = 0 andif identicalmodepro�les are
usedfor theincomingandoutgoing�elds, thenonecanfurtherexpect(see[12]) thetransmissionA ! b to be
equalto thetransmissionB � ! a � . Similarly, oneexpectsequaltransmissionsa ! B andb� ! A � , or

Sbs = S�
bs; Ssb = S�

sb: (3)

Consequently, accordingto equations(2) and(3), alsotheunidirectionalscatteringmatrix

S =
�

Sbb Sbs

Ssb Sss

�
(4)

associatedwith theforward,clockwisepropagationthroughcoupler(I), i.e. thelower left quarterblock of the
full matrix in equation(1) canbeexpectedto besymmetric:

Sbs = (Ssb)T; S�
bs = (S�

sb)
T: (5)

“The couplingfrom thestraightwaveguideto thecavity is equalto thecouplingfrom thecavity bendto thebus
waveguide”,heretranslatedto themultimodesetting.

A completelyanalogousreasoningappliesto thesecondcoupler, wherea symbol~identi�es themodeampli-
tudes ~A , ~B , and~a, ~b, at theport planesandtheunidirectionalscatteringmatrix ~S relatedto coupler(II), such
thatthecoupleroperationis representedas

�
b
B

�
= S

�
a
A

�
;

� ~b
~B

�
= ~S

�
~a
~A

�
: (6)

Outsidethecouplerregionsthebendmodesusedfor thedescriptionof the �eld in thecavity propagateinde-
pendently, with theangular/ arc-lengthdependencegiven by their propagationconstants(cf. equation(10)).
Hencetheamplitudesat theentryandexit portsof theconnectingcavity segmentsarerelatedto eachotheras

a = G~b and ~a = ~G b; (7)

whereG and ~G areNb � Nb diagonalmatriceswith entriesGp;p = exp(� i
 bpL) and ~Gp;p = exp(� i
 bp ~L),
respectively, for p = 1; : : : ; Nb.
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For the guidedwave scatteringproblem,modalpowersPIq = jAqj2 andPAq = j ~Aqj2 areprescribedat the
In-port A andat theAdd-port ~A of theresonator, andoneis interestedin thetransmittedpowersPTq = jBqj2

atportB andthebackwarddroppedpowersPDq = j ~Bqj2 at port ~B. Thelinearsystemestablishedby equations
(6) and(7) is to besolvedfor B and ~B , givenvaluesof A and ~A . Duethelinearityof thedevice therestriction
to anexcitationin only oneport,hereportA, with no incomingAdd-signal ~A = 0, is suf�cient. Oneobtains

B = (SsbG~Sbb
~G
 � 1Sbs + Sss)A ; ~B = ( ~Ssb

~G
 � 1Sbs)A (8)

for theamplitudesof theoutgoingguidedmodesin theThrough-andDrop-ports,and

b = 
 � 1SbsA ; ~b = ~Sbb
~G
 � 1SbsA (9)

for theinternalmodeamplitudesin thecavity, where
 = I � SbbG~Sbb
~G.

Amongthefactorsin theexpressions(8) and(9) only theinverseof 
 canbeexpectedto introduceapronounced
wavelengthdependence.Thus 
 � 1 canbe viewed as a resonancedenominatorin matrix form; resonances
appearin case
 becomesnearlysingular, i.e. exhibitsaneigenvaluecloseto zero.This “resonancecondition”
permitsaquiteintuitiveinterpretation:Resonancesappearif a�eld amplitudevectoris excitedinsidethecavity,
thatcorrespondsto a close-to-zeroeigenvalueof 
 , or a unit eigenvalueof SbbG~Sbb

~G. Thatrelatesto a �eld
which reproducesitself after propagatingconsecutively alongthe right cavity segment,throughcoupler(II),
alongtheleft cavity segment,and�nally throughcoupler(I).

In generalresonancesmustbeexpectedto involveall bendmodesthataretakeninto accountfor thedescription
of thecavity �eld, dueto theinteractioncausedby thepresenceof thestraightcores(cf. e.g.theexampleof the
hybridcavity ring givenin Ref. [16]). If, however, this direct interactionbetweenthebendmodesis weak,the
matricesSbb and~Sbb becomenearlydiagonaljust like G and ~G, andresonancescanbeascribedto individual
cavity modes.Analogouslyto thecaseof standingwave resonators[18], this viewpoint allows a quantitative
characterizationof resonancesassociatedwith “almostisolated”cavities,wherethebuswaveguidesareabsent.
Also for thenumericalexamplesin Section5.5wefoundthisregimeto berealized;resonancescanbeclassi�ed
asbelongingto speci�c bendmodesby inspectingthemodeamplitudesthatestablishinsidethecavity at the
resonancewavelength.

In caseof a con�gurationwith singlemodecavity andbuscores,furtherevaluationof expressions(8) and(9)
is fairly standard[3, 4]; oneobtainsthe familiar explicit, parameterizedexpressionsfor the transmittedand
droppedpower, for thefreespectralrangeandtheresonancewidth, for �nesseandQ-factorof theresonances,
etc.Heretheaboveresonanceconditionmeansthatatcoupler(I) theincomingsignalfrom thebuswaveguideis
in phasewith thewavepropagatingalreadyalongthecavity, andthatit compensatesthepropagationlossof the
cavity roundtrip. Resonancesappearasadropin thedirectly transmittedpowerPT, andasimultaneouspeakin
thedroppedpowerPD. Assumingthatthisreasoningis alsoapplicableto amultimodecon�gurationwith weak
interaction,onecanestablishseparateresonanceconditionsfor the individual cavity modes,which in general
will be satis�ed at differentwavelengths.The power spectrumof the microresonatorshows a systematically
repeatingpatternwith multipleextrema,whereeachresonancecorrespondsto cavity modesof differentorders.
SeeFigure13 for anexample.

Accordingto equations(8) and(9), a quantitative evaluationof thepresentmicroresonatormodelrequiresthe
propagationconstantsof thecavity modes
 bp, hiddenin G, ~G, andthescatteringmatricesS, ~S of couplers(I)
and(II). Computationof thelatteris thesubjectof thefollowing section.

3 Bent-straight waveguidecouplers

Oneof themany variantsof coupledmodetheory[12, 13] will be appliedhereasa simpleandintuitive tool
for themodelingof the interactionof opticalwavesin thebent-straightwaveguidecouplers.Theformulation
takesinto accountthatmultiple modesin eachof thecoresmayturn out to berelevant for the functioningof
theresonators.A preliminaryversionfor single-modewaveguideshasbeendescribedin Refs.[4, 15].
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Figure2: Thebent-straightwaveguidecouplersetting(a), coupler(I) of Figure1. Oneassumesthattheinter-
actionbetweenthewavessupportedby thebentandstraightcoresis restrictedto therectangularcomputational
window [x l ; x r] � [zi ; zo]. Insidethis region theoptical�eld is representedasa linearcombinationof themodal
�elds of thebentwaveguide(b) andof thestraightwaveguide(c).

Considerthecouplercon�gurationshown in Figure2(a). TheCMT descriptionstartswith thespeci�cationof
thebasis�elds, herethetime-harmonicmodalsolutionsassociatedwith theisolatedbent(b) andstraightcores
(c). Customarily, the real,positive frequency ! is given by the vacuumwavelength� ; we omit thecommon
time dependence� exp(i! t) for thesake of brevity. In line with theassumptionsof Section2 only forward
propagatingmodesareconsidered,where,for convenience,we choosethe z-axis of the Cartesiansystemas
introducedin Figure2 asthecommonpropagationcoordinatefor all �elds.

Let E bp, H bp, and� b representthe modalelectric �elds, magnetic�elds, andthe spatialdistribution of the
relative permittivity of thebentwaveguide. Dueto therotationalsymmetrythese�elds arenaturallygiven in
thepolarcoordinatesystemr , � associatedwith thebentwaveguide.For theapplicationin theCMT formalism,
thepolarcoordinatesareexpressedin theCartesianx-z-system,suchthatthebasis�elds for thecavity read

�
E bp

H bp

�
(x; z) =

� ~E bp
~H bp

�
(r (x; z)) e� i
 bpR� (x; z) : (10)

Here ~E bp and ~H bp are the radial dependentelectricandmagneticpartsof the modepro�les; the complex
propagationconstants
 bp prescribetheharmonicdependenceson theangularcoordinate.Notethattheactual
valuesof 
 bp arerelatedto the(arbitrary)de�nition of thebendradiusR [14].

Likewise, E sq, H sq, and� s denotethe modal �elds andthe relative permittivity associatedwith the straight
waveguide.Theseareof theform

�
E sq

H sq

�
(x; z) =

� ~E sq
~H sq

�
(x) e� i� sqz; (11)

i.e.guidedmodeswith pro�les ~E sq, ~H sq thatdependon thelateralcoordinatex, multipliedby theappropriate
harmonicdependenceon the longitudinalcoordinatez, with positive propagationconstants� sq. Notethat for
the present2-D theoryall modalsolutionscanbe computedanalytically. While the modalanalysisis fairly
standardfor straightmultilayer waveguideswith piecewise constantpermittivity, for the bendstructureswe
employ analyticsolutionsin termsof Bessel-andHankel functionsof complex order, computedby meansof a
bendmodesolver aspresentedin Ref. [14].

Now thetotal opticalelectromagnetic�eld E , H insidethecouplerregion is assumedto bewell represented
by a linearcombinationof themodalbasis�elds (10), (11),

�
E
H

�
(x; z) =

X

v= b,s

N vX

i =1

Cvi (z)
�

E vi

H vi

�
(x; z) (12)

with sofarunknown amplitudesCvi thatareallowedtovarywith thepropagationcoordinatez. Thisassumption
formsthecentralapproximationof thepresentCMT approach;no furtherapproximationsor heuristicsenter,
apartfrom thenumericalproceduresusedfor theevaluationof theCMT equations(section5.1). Notethathere,
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unlike e.g.in Ref. [10], no “phasematching”argumentsappear;via the transformationr; � ! x; z the tilt of
thewave front of thebendmodes(10) is takenexplicitly into account.

For thefurtherprocedures,theunknown functionsCvi arecombinedinto amplitudevectorsC = (C b; C s) =
((Cbi ); (Csi )) . To determineequationsfor theseunknowns,herewe follow anapproachthat relieson a varia-
tionalprinciple.Considerthefunctional

F (E ; H ) =
ZZ

[(r � E ) � H � � (r � H ) � E � + i! � 0H � H � + i! � 0� E � E � ] dx dz; (13)

a 2-D restrictionof the functional for the 3-D settinggiven in [12], strippedfrom the boundaryterms. For
thepresent2-D con�gurations,the conventionof vanishingderivatives@y = 0 appliesto all �elds; thecurl-
operatorsare to be interpretedaccordingly. F is meantto be viewed as being dependenton the six �eld
componentsE , H . If F becomesstationarywith respectto arbitraryvariationsof thesearguments,thenE and
H satisfytheMaxwell curl equationsasanecessarycondition:

r � E = � i! � 0H ; r � H = i! � 0� E : (14)

We now restrictthefunctionalto the�elds allowedby thecoupledmodeansatz.After insertingthetrial �eld
(12) into the functional (13), F becomesa functional that dependson the unknown amplitudesC . For the
“best” approximationto a solutionof theproblem(14) in the form of the �eld (12), thevariationof F (C ) is
requiredto vanishfor arbitraryvariations� C . Disregardingagainsomeboundaryterms,the�rst variationsof
F atC in thedirections� Cwj , for j = 1; : : : ; Nw andw = b,s,are

� F =
Z X

v= b,s

N vX

i =1

f Mvi;w j dzCvi � Fvi;w j Cvi g� C �
wj dz � c:c: (15)

wherec:c: indicatesthecomplex conjugateof theprecedingintegratedterm,

Mvi;w j = hE vi ; H vi ; E wj ; H wj i =
Z

az �
�
E vi � H �

wj + E �
wj � H vi

�
dx; (16)

Fvi;w j = � i! � 0

Z
(� � � v)E vi � E �

wj dx; (17)

andwhereaz is aunit vectorin thez- direction.Consequently, onearrivesat thecoupledmodeequations

X

v= b,s

N vX

i =1

Mvi;w j dzCvi �
X

v= b,s

N vX

i =1

Fvi;w j Cvi = 0; for j = 1; : : : ; Nw ; andw = b,s; (18)

asanecessaryconditionfor F to becomestationaryfor arbitraryvariations� Cwj . Notethatthesameexpression
is alsoobtainedfrom thecomplex conjugatepartof equation(15). In matrixnotation,equations(18) read

M(z) dzC (z) = F(z) C (z): (19)

Heretheentriesof thematricesM andF aregivenby theintegrals(16) and(17). Dueto thefunctionalform of
thebendmodesandthevaryingdistancebetweenthebentandstraightcores,thesecoef�cients arez-dependent.
Coupledmodeequationsidenticalto (18) or (19), respectively, canbederivedby meansof areciprocityidentity
[12], asdetailedin Ref.[35]. SeeRefs.[15, 4] for explicit representationsof theseequationsin thesinglemode
caseNb = Ns = 1.

To proceedfurther, theCMT equationsaresolvedby numericalmeans.Brief detailsabouttheproceduresare
givenin Section5.1; theresultcanbestatedin termsof a transfermatrix T thatrelatestheCMT amplitudesat
theoutputplanez = zo to theamplitudesat theinputplanez = zi of thecouplerregion:

C (zo) = T C (zi): (20)

It remainsto relatethe transfermatrix, obtaineddirectly asthesolutionof theCMT equationson the limited
computationalwindow, to thecouplerscatteringmatrixasrequiredfor theabstractmodelof Section2.
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Outsidethe coupler(i.e. outsidethe region [x l ; x r] � [zi ; zo]), it is assumedthat the interactionbetweenthe
�elds associatedwith thedifferentcoresis negligible. Theindividual modespropagateundisturbedaccording
to theharmonicdependenceson therespective propagationcoordinates,suchthattheexternal�elds are:

ap

� ~E bp
~H bp

�
(r ) e� i
 bpR(� � � i) ; for � � � i; Aq

� ~E sq
~H sq

�
(x) e� i� sq(z � zi) ; for z � zi ;

bp

� ~E bp
~H bp

�
(r ) e� i
 bpR(� � � o) ; for � � � o; Bq

� ~E sq
~H sq

�
(x) e� i� sq(z � zo) ; for z � zo: (21)

Herea, A andb, B aretheconstantexternalmodeamplitudesat theinput andoutputportsof thecoupler, as
introducedin Section2. SeeFigure2 for thede�nitions of thecoordinateoffsetszi , � i andzo, � o.

For a typical couplercon�guration, theguidedmodal�elds of thestraightwaveguidearewell con�ned to the
straightcore. On thecontrary, dueto theradiative natureof the �elds, thebendmodepro�les canextendfar
beyond the outer interfaceof the bentwaveguide. Dependingupon the speci�c physicalcon�guration, the
extent of theseradiative partsof the �elds varies,suchthat alsooutsidethe actualcouplerregion the �eld
strengthof the bendmodesin the region closeto the straightcoremay be signi�cant. Therefore,to assign
theexternalmodeamplitudesAq, Bq, it turnsout to be necessaryto projectthecoupled�eld on thestraight
waveguidemodes.

At a suf�cient distancefrom the cavity, in the region whereonly the straightwaveguideis present,the total
�eld � = (E ; H ) canbe expandedinto the completesetof modalsolutionsof the eigenvalue problemfor
the straightwaveguide. The basissetconsistsof a �nite numberof guidedmodes� sq = (E sq; H sq) anda
nonguided,radiative part � rad, suchthat � =

P
q Bq� sq + � rad, whereBq aretheconstantamplitudesof � sq.

Theseamplitudescanbe extractedby applying the formal expansionto the total �eld (12) asgiven by the
solutionof theCMT equations.Usingtheorthogonalitypropertiesof thebasiselements,theprojectionat the
outputplanez = zo of thecoupleryields

Bq exp(i� sqz) = Csq +
NbX

p=1

Cbp
h� bp; � sqi
h� sq; � sqi

= Csq +
NbX

p=1

Cbp
Mbp;sq

Msq;sq
: (22)

wherethemodeoverlapsh� mi ; � nj i = hE mi ; H mi ; E nj ; H nj i = Mmi;nj occuralreadyin thecoupledmode
equations(19). An expressionanalogousto (22) canbe written for the projectionat z = zi , wherethe co-
ef�cients Aq areinvolved. What concernsthe externalamplitudesof the bendmodes,no suchprocedureis
required,sincethe�eld strengthsof thestraightwaveguidemodesis usuallynegligible in therespective angu-
lar planes,wherethemajorpartof thebendmodepro�les is located.Heremerelyfactorsareintroducedthat
adjusttheoffsetsof theangularcoordinatesin (21).

Thus,giventhesolution(20) of thecoupledmodeequationsin theform of thetransfermatrixT, thescattering
matrixS thatrelatestheamplitudesap, bp, Aq, Bq of theexternal�elds asrequiredin equation(6) is de�ned as

S = Q T P� 1 (23)

whereP and Q are (Nb + Ns) � (Nb + Ns) matriceswith diagonalentriesPp;p = exp(� i
 bpR� i) and
Qp;p = exp(� i
 bpR� o), for p = 1; : : : ; Nb, followed by Pq+ Nb;q+ Nb = exp(� i� sqzi) andQq+ Nb;q+ Nb =
exp(� i� sqzo), for q = 1; : : : ; Ns. A lower left block is �lled with elementsPq+ Nb;p = exp(� i� sqz)
Mbp;sq=Msq;sqjz= zi

andQq+ Nb;p = exp(� i� sqz) Mbp;sq=Msq;sqjz= zo
, for q = 1; : : : ; Ns andp = 1; : : : ; Nb,

respectively, thatincorporatetheprojections.All othercoef�cients of P andQ arezero.

Admittedly, at the�rst glancetheprojectionoperationmight appearredundant,sincetheCMT solutionin the
form (12) providesdirectly amplitudesfor the basis�elds that occuralsoin the external �eld representation
(21). Hereperhapsfurtherexplanatoryremarksarenecessary.

Thephysical�eld aroundtheexit planesof theCMT window canbeseenasa superpositionof theoutgoing
guidedmodesof thebuscorewith theirconstantamplitudes,andaremainder, that,whenexpandedin themodal
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basisassociatedwith the straightwaveguide, is orthogonalto the guidedwaves. The notionsof “vanishing
interaction”or “decoupled”�elds, asusede.g.for the motivation of the assumptionsunderlyingthe abstract
framework of Section2, areto beconcretizedin preciselythis way: Theguidedwavesin thestraightcoreare
stationary, iff projectionsontothemodepro�les at growing propagationdistancesleadto constantamplitudes
Aq, Bq (apartfrom thephasechangesaccordingto theundisturbedpropagationof therespective modes).

Now theCMT formalismis limited to the few non-orthogonalbendandstraightmodesincludedin theCMT
ansatz,which areoverlappingin theregionsof theinput andexit portsA andB of thecoupler. Consequently,
whentheCMT procedurestry to approximateboththeguidedandradiative partof thereal �eld, theoptimum
approximationsmay well be superpositionswith non-stationarycoupledmodeamplitudesCsq of the modes
of the bus waveguide. Indeed,as observed in Sections5.2 and5.4, the projectedamplitudesjBqj2 (or the
relatedscatteringmatrix elementsjSsq;wj j2) becomestationary, when viewed as a function of the exit port
positionzo, while at the sametime the associatedCMT solution jCsq(z)j2 (or the elementsjTsq;wj j2 of the
transfermatrix) exhibit anoscillatorybehaviour. Still, in thesenseof theprojections,onecanspeakof “non-
interacting,decoupled”�elds. That justi�es the limitation of thecomputationalwindow to z-intervals where
theelementsof S (not necessarilyof T) attainconstantabsolutevaluesaroundtheinputandoutputplanes.

In conclusion,it is at leastpartly misleadingto stick to the familiar notion of “mode evolutions” computed
by the CMT approach.If oneabandonsthat viewpoint andregardsthe CMT proceduresasjust “a” method
thatgeneratesanapproximate�eld solutioninsidethecomputationalwindow, thenapplyingtheprojectionsto
extracttheexternalmodeamplitudesappearsperfectlyreasonable.

4 Spectrumevaluation

Oncethepropagationconstantsof thecavity modesandthecouplerscatteringmatricesareavailable,theoptical
transmissionthroughthe resonatoris given by equations(8). In principle thespectralresponseof thedevice
canbeobtainedby repeatingtheentiresolutionprocedurefor differentwavelengthsin aninterestingrange.

Thatdirectapproachrequiresrepeatedcomputationsof thebendpropagationconstantsandthescatteringmatri-
ces.A largepartof thenumericaleffort canbeavoided,if onecalculatestherelevantquantitiesmerelyfor afew
distantwavelengths,andthenusescomplex interpolationsof thesevaluesfor theactualspectrumevaluation.
Theinterpolationprocedure,however, shouldbeappliedto quantitiesthatvarybut slowly with thewavelength.

In line with the reasoningconcerningthe resonancesat the endof section2, onecanexpect that any rapid
wavelengthdependenceof the transmissionis determinedmainly by the phasegain of the wavescirculating
in thecavity. Rapidchangesin thesephaserelationsaredueto a comparablyslow wavelengthdependenceof
thebendpropagationconstants
 bp, that is multiplied by the lengthsL , ~L of theexternalcavity segments.If
a substantialpartof thecavity is alreadycontainedin thecouplerregions,thentheelementsof thescattering
matricesS exhibit alsofastphaseoscillationswith thewavelength,suchthatS directly is not suitablefor the
interpolation.Apart from theserapidchanges,which canbe attributedto theunperturbedpropagationof the
basismodesalongthebentandstraightwaveguides,theinteractionbetweenthewavesin thetwo coupledcores
introducesanadditionalwavelengthdependence,which in turncanbeexpectedto beslow.

To separatethetwo scalesof wavelengthdependencein S, onedividesby theexponentialsthatcorrespondto
theundisturbedwavepropagationof thebendandstraightmodestowardsandfrom thesymmetryplanez = 0:

S0 = Q0 S (P0)
� 1

(24)

HereP0 and Q0 are diagonalmatriceswith entriesP0
j;j andQ0

j;j as de�ned for P and Q in equation(23).
Formally, onecanview S0 asthe scatteringmatrix of a couplerwith zerolength,wherethe interactiontakes
placeinstantaneouslyatz = 0. Thismodi�cation of S, appliedanalogouslyto ~S, is compensatedby rede�ning
thelengthsof theexternalcavity segmentsasL 0 = ~L 0 = � R, by changingthematricesG and ~G accordingly,
and,wherenecessary, by takinginto accountthealteredphaserelationson theexternalstraightsegments.

After thesemodi�cations, thenew matricesG0 and ~G0 capturethephasegainof thecavity �eld alongthefull
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circumference.Themodi�ed scatteringmatricesS0and ~S0show only aslow wavelengthdependence,suchthat
theinterpolationcanbesuccessfullyappliedto thesematricesandto thebendpropagationconstantsin G0and
~G0. Theresonantfeaturesof thedevice arenow entirelyeffectedby theanalyticalrelations(8), suchthatone
obtainsanexcellentagreementbetweenthetransmissionspectracomputedwith theinterpolatedquantitiesand
thedirectcalculation,while thecomputationaleffort is signi�cantly reduced.

5 Simulation results

Having explainedhow to computethe scatteringmatricesfor the bent-straightwaveguidecouplersandhow
to usethemalongwith analyticmodalsolutionsfor thestraightbus waveguidesandthecavity bends[14] to
assemblethespectralresponsetheresonatordevices,in thissectionwesummarizeaseriesof numericalresults
for thetheoryoutlinedin Sections2, 3, and4.

Note that the testcaseshave beenchosensuchthat reliablebenchmarksolutionscanbe computedwith rea-
sonableeffort by meansof standardFDTD calculations.Quitecompactdisk- or ring-cavities with substantial
refractive index contrastareconsidered.For theCMT approach,theserepresentratherextremecon�gurations,
partially with strongly leaky �elds, thus with relatively large �eld strengthsin the regions wherethe CMT
ansatz-�eldclearlyviolatestheMaxwell equations.Oneexpectsthatfor ring resonatorswith largerdiameter,
with bettercon�ned bendmodes,andmoreadiabaticinteractionin the couplerregions, the CMT approach
comesevencloserto reality.

5.1 Remarkson the numerical procedures

Thecoupledmodeequations(18), (19) aretreatedby numericalmeansonarectangularcomputationalwindow
[x l ; x r] � [zi; zo] asintroducedin Figure2. Thesolutioninvolvesthenumericalquadratureof theintegrals(16),
(17) in thez-dependentmatricesM andF, whereasimpletrapezoidalrule [36] is applied,usinganequidistant
discretizationof [x l ; x r] into intervalsof lengthhx .

Subsequently, a standardfourth orderRunge-Kuttascheme[36] servesto generatea numericalsolutionof the
coupledmodeequationsover the computationaldomain[zi ; zo], which is split into intervals of equallength
hz. Exploiting thelinearity of equation(19), theprocedureis formulateddirectly for thetransfermatrix T, i.e.
appliedto thematrixequation

dzT(z) = M(z) � 1 F(z) T(z) (25)

with initial conditionT(zi ) = I (theidentitymatrix),suchthatC (z) = T(z) C (zi). While theevaluationof the
resonatorpropertiesvia equations(23) and(8), (9) requiresonly thesolutionT = T(zo) at thecoupleroutput
planez = zo, alsotheexaminationof theevolutionsof T(z), or S(z), respectively, turnsoutbeinstructive.

Theresultsof theCMT approacharecomparedwith FDTD simulations[22]. Weapplyanown implementation
[24, 25] basedon a simplesecondorderYeescheme[37]. PerfectlyMatchedLayer (PML) boundarycondi-
tions enclosethe rectangularcomputationalwindow, where�elds areexcited usingthe total-�eld / scattered
�eld formulation. In orderto generatereferencesignalsfor purposesof normalization,all FDTD calculations
arecarriedout twice,oncefor theentiremicroresonatorstructure,thenfor oneof theconstituentstraightwave-
guidesonly. Toevaluatethespectralthroughput-anddroppedpower, thetimeevolutionsof the�elds atsuitable
crosssectionlines throughtherespective portsareFourier transformed,thenprojectedonto theoutgoingfre-
quency domainmodepro�les associatedwith theport. Theratioof theabsolutevaluesof thesespectralsignals
(calculationfor themicroresonatorstructure/ referencecalculation)formsanapproximationfor thenormalized
outputpowers.
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5.2 Coupler with monomodalbent waveguide

As the �rst examplewe considerbent-straightwaveguidecouplersaccordingto Figure 2, formedby straight
andcircularly bentcoresof widths ws = 0:4� m andwc = 0:5� m with refractive index nc = ns = 1:5,
embeddedin a backgroundwith refractive index nb = 1. Thecon�gurationsdiffer with respectto theradius
R of theouterbendinterface,andwith respectto thedistanceg betweenthecores.The interactionof waves
with vacuumwavelength� = 1:05� m is studied,k0 = 2� =� is the associatedvacuumwavenumber. Both
constituentwaveguidesaresingle-modeat thetargetwavelength,with modepro�les thatarewell con�ned to
therespective cores.Figure3 illustratesanexamplefor thetwo basis�elds. Thelongeroutertail of thebend
pro�le is accompaniedby aslight shift of thepro�le maximumtowardstheexteriorof thebend.
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Figure 3: NormalizedfundamentalTE mode
pro�les j ~Ey j (top) and snapshotsof the prop-
agating physical �elds Ey (bottom) of the
constituentbent (left) andstraightwaveguides
(right) relatedto the couplercon�gurationsof
Section 5.2, for R = 5� m. The effective
mode indices of the basis �elds are 
 =k0 =
1:29297� i 7:5205 � 10� 6 (bend mode), and
� =k0 = 1:3137(straightwaveguide).

TheCMT simulationsof thecouplersarecarriedoutoncomputationalwindows of [x l ; x r] � [zi ; zo] = [0; R +
10� m] � [� R + 1� m; R � 1� m], if R � 5� m, otherwiseon a window [x l; x r] � [zi ; zo] = [R � 5� m; R +
10� m] � [� 8; 8] � m, discretizedwith stepsizesof hx = 0:005� m andhz = 0:1� m. For thetwo basis�elds
theCMT analysisgenerates2 � 2 transfermatricesT andscatteringmatricesS that canbe viewed asbeing
z-dependentin thesenseasdiscussedin Section5.1. Figure4 shows theevolution of thematrixelementswith
thepositionz = zo of thecoupleroutputplane.
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versustheoutputplanepositionzo, for couplersasintroducedin Section5.2with R = 5� m andg = 0:2� m.

ThematrixelementsTo;i andSo;i relatetheamplitudesof aninputmodei to anoutputmodeo; for thepresent
normalizedmodestheabsolutesquarescanthusbeviewedastherelative fractionsof opticalpower transferred
from modei at the input planez = zi to modeo at the outputplanez = zo of the coupler. After an initial
interval, wherethesequantitiesremainstationary, oneobservesvariationsaroundthe centralplanez = 0 of
thecoupler, which correspondto theinteractionof thewaves.Herethenonorthogonalbasis�elds arestrongly
overlapping;it is thereforenot surprisingthat thelevelsof speci�c componentsof jT o;i j2 andjSo;i j2 exceed1
in this interval.

After theregionof strongestinteraction,neartheendof thez-computationalinterval, one�nds thattheelements
jTb0;i j2 thatmapto the bendmodeamplitudebecomestationaryagain,while the elementsjT s0;i j2 relatedto
the outputto the straightmodestill show an oscillatorybehaviour. This is dueto the interferenceeffectsas
explainedin the lastparagraphsof Section3. Theproperamplitudesof themodesof thebuschannelcanbe
extractedby applyingtheprojectionoperation(22); thecorrespondingmatrixelementsjSs0;i j2 attainstationary
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values,suchthatthe“couplingstrength”predictedfor theinvolvedmodesdoesnot dependon the(to acertain
degreearbitrary)positionof thecoupleroutputplane.

Anyway, thescatteringmatrixS, thatenterstherelations(8), (9) for thetransmissionpropertiesof theresonator
device,shouldbeconsidereda staticquantity, computedfor the�x edcomputationalinterval [zi ; zo]. Fromthe
designpointof view, oneis interestedin theelementsof this matrix (the“couplingcoef�cients”) asa function
of the resonator/ couplerdesignparameters.Figure 5 summarizesthe variationof S with the width of the
couplergap,for aseriesof differentbendradii.
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Figure5: Scatteringmatrix elementsjSo;i j2 versusthegapwidth g, for couplersasconsideredin Section5.2
with cavity radii R = 3; 5; 10; 15� m, for TE (left) andTM polarizedwaves(right).

Uniformly for all radii andfor bothpolarizationsoneobservesthefollowing trends.For largegapwidths,the
non-interacting�elds leadto curvesthat areconstant,at levels of unity (jSs0;s0j2, full transmissionalongthe
straightwaveguide),moderatelybelow unity (jSb0;b0j2, attenuationof theisolatedbendmode,strongerfor the
TM �eld), or zero(jSb0;s0j2 andjSs0;b0j2, decoupled�elds). As thegapwidth decreases,thegrowing interaction
strengthbetweenthemodesin thetwo corescausesincreasingcrosscouplingjSb0;s0j2, jSs0;b0j2 anddecreasing
self couplingjSs0;s0j2, jSb0;b0j2. This continuesuntil a maximumlevel of power transferis attained(wherethe
level shoulddependon the“phasemismatch”betweenthebasis�elds, thougha highly questionablenotionin
caseof thebendmodes[14]). If thegapis furtherreduced,thecrosscouplingcoef�cients decrease,even if a
growing strengthof the interactioncanbe expected;thedecreasecanbeattributedto a processof “forth and
backcoupling”,wherealongthepropagationaxisamajorpartof theopticalpowerchanges�rst from theinput
channelto thesecondwaveguide,thenbackto theinputcore.Oneshouldthereforedistinguishclearlybetween
the magnitudeof the coef�cients (17) in the differentialequationsthat govern the couplingprocess,andthe
solutionof theseequationsfor a �nite interval, theneteffectof thecoupler, representedby thescatteringmatrix
S.

For thesymmetriccomputationalwindows usedfor thepresentsimulations,theabstractreasoningof Section
2 predictssymmetriccouplerscatteringmatrices.Accordingto Figures4 and5, this constraintis respected
remarkablywell by theCMT simulations.In Figure4, thecurvesrelatedto jSs0;b0j2 andjSb0;s0j2 endin nearly
the samelevel at z = zo. Figure 5 shows pairs of closecurves for the crosscoupling coef�cients, where
larger deviationsoccuronly for ratherextremecon�gurationswith small bendradii andgapscloseto zero;
thedeviationsaremorepronouncedfor theTM case.Hereonemight questionthevalidity of theassumptions
underlyingtheCMT ansatz(12). Otherwisethesymmetryof thescatteringmatricesprovidesa usefulmeans
to assesstheaccuracy of theCMT simulations,beyondmerelythepower balanceconstraint.

5.3 Micr oring resonator

For all subsequentcomputationsof microresonatorspectra,we restrictourselvesto symmetricstructures(g =
~g) with identicalmonomodalstraightwaveguides. In line with theassumptionsleadingto equations(8), (9),
thefundamentalmodeof thebuswaveguidesis launchedat theIn-port with unit power; thereis no incoming
�eld at theAdd-port. Figure6 shows thespectralresponsefor a microring-resonatormadeof two couplersas
consideredin Section5.2, with cavity radiusR = 5� m andgapsg = ~g = 0:2� m. TheCMT calculationsuse
thecomputationalsettingasintroducedfor Figure4.

Oneobservesthefamiliar ringresonatorresonancepatternwith dips in thetransmittedpower andpeaksin the
droppedintensity. Accordingto Figure5, thepresentparametersetspeci�escon�gurationswith ratherstrong
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Figure6: Relative transmittedPT anddroppedpower PD versusthe vacuumwavelengthfor a ringresonator
accordingto Figure1, with parametersnc = ns = 1:5, nb = 1:0, wc = 0:5� m, ws = 0:4� m, R = 5� m, g =
~g = 0:2� m; CMT andFDTD resultsfor TE (left) andTM polarization(right). Thecentralplot shows CMT
results,wherethespectrumhasbeenevaluateddirectly andby interpolationof CMT computationsfor nodal
wavelengths1:015� m and1:085� m (linear),or 1:015� m, 1:05� m, and1:085� m (quadraticinterpolation).

interactionin thecouplerregions(jSb0;s0j2 = 30%(TE), jSb0;s0j2 = 54%(TM)), suchthat theresonancesare
relatively wide, with a substantialamountof opticalpower beingdirectly transferredto theDrop port alsoin
off resonantstates.Thesepropertiesarerelatedto theattenuationof thecavity modes,andto the interaction
strengthin the couplerregions, i.e. to the radial con�nementof the bend�elds, henceone�nds resonances
of lower quality for TM polarization,anda decreasein quality with growing wavelengthfor bothTE andTM
polarizedlight.

Thecentralplot of theFigure6 shows theresonatorspectrumasobtainedby interpolatingbendmodepropa-
gationconstantsandCMT scatteringmatricesfor only two (linearinterpolation)or threedifferentwavelengths
(quadraticinterpolation),accordingto Section4. While smalldeviationsremainfor thelinearapproximation,
on thescaleof the�gure thecurvesrelatedto quadraticinterpolationarehardlydistinguishablefrom thedirect
CMT results.Thustheinterpolationapproachprovidesaveryeffectivemeansto predicttheresonatorspectrum,
in particularif narrow dips/ peaksin theresponsesof high-qualityresonatorswouldhave to beresolved.

TheCMT resultsarecomparedwith FDTD simulations,whereacomputationalwindow thatenclosestheentire
resonatordevicehasbeendiscretizedby arectangulargrid of 1200� 1220pointsalongthex- andz-directions
with uniform meshsizeof 0:0125� m. Theboundariesof thecomputationalwindow areenclosedby 0:4� m
wide perfectlymatchedlayerswith quadraticallyvaryingstrength,whichprovide a re�ectivity of 10� 6 for the
centralwavelength� = 1:05� m. Thesimulationsarecarriedoutoveratimeinterval of 13:1pswith astepsize
of 0:025fs. Accordingto theleft andright plotsof Figure6, we �nd anexcellentagreementbetweentheCMT
andtheFDTD resultsfor TE polarization,andonly minor deviationsfor theTM casewith lessregular �elds,
morepronouncedradiation,andstrongerinteractionin thecouplerregions,whereapparentlytheassumptions
underlyingtheCMT approacharelesswell satis�ed. Notethatalreadyin thepresent2-D settingtheseFDTD
calculationstypically requireacomputationtimeof severalhours,while theCMT analysis(with interpolation)
predictstheentirespectrumin just a few minutes.

Beyondmodalamplitudesandpower levels, theCMT solutionspermit to accessthe full opticalelectromag-
netic �eld. Figure7 collectsplotsof theprincipalcomponentsfor off resonanceandresonantcon�gurations
for both polarizations.Off resonance,oneobserves the large Throughtransmission,small amplitudesof the
waves in the Drop-port,andalsoonly minor wave amplitudesin the cavity. At the resonances,the straight
transmissionis almostcompletelysuppressed;themajorpartof the input power arrivesat theDrop-port. For
thepresentstronglycoupledcon�gurations,thepower thatentersandleavesthecavity at thetwo couplersleads
to considerablydifferent�eld intensitiesin theleft andright halvesof thering. Heretheradiative partsof the
bendmodesareappreciableoutsidethecavity, in particularfor themorelossyTM waves.
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Figure7: CMT resultsfor themicroringstructureof Figure6, local intensities(top)andsnapshotsof thephys-
ical �eld (bottom)of theprincipalcomponentsof TE (left) andTM polarizedwaves(right), for off-resonance
wavelengths(�rst andthird column)andat resonance(secondandfourth column).For visualizationpurposes
thecouplercomputationalwindow hasbeenextendedto [zi ; zo] = [� 4; 8] � m.

5.4 Multimode bent-straight waveguidecoupler

If thecorewidth of a bentwaveguideis increasedbeyonda certainlimit, a regimeis reachedwherethemodes
areguidedby just the outerdielectric interface,while the preciselocationof the interior interfacebecomes
irrelevant. Figure 8 illustratesthe �rst four lowest orderwhisperinggallery modesthat aresupportedby a
structurewith the parametersof the previous ring segments,wherethe interior hasbeen�lled with the core
material.If theresultingdisk is employedasthecavity in aresonatorstructure,all bendmodeswith reasonably
low lossesmustbe suspectedto be relevant for the functioningof the device. Thereforewe now consider
bent-straightcouplercon�gurations,wherethebendsupportsmultiplewhisperinggallerymodes.
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Figure8: TE polarizedwhisperinggallerymodes;basis�elds for theCMT analysisof themultimodecouplers
of Section5.4. The plots show the absolutevaluej ~Ey j of the radial modepro�le (top) andsnapshotsof the
propagatingphysical�eld Ey (bottom).Theeffective modeindices
 j =k0 relatedto thebendradiusR = 5� m
are 1:32793� i 9:531 � 10� 7 (TE0), 1:16931� i 4:032 � 10� 4 (TE1), 1:04222� i 5:741 � 10� 3 (TE2), and
0:92474� i 1:313� 10� 2 (TE3), for � = 1:05� m. All modesarepower normalized.

A parameterset similar to Section5.2 is adopted,with nc = ns = 1:5, nb = 1:0, R = 5� m, wc = R,
ws = 0:4� m, g = 0:2� m, for thetargetwavelength� = 1:05� m. TheCMT analysisof thecouplerstructures
is carriedout on a computationalwindow [x l ; x r] = [0; 15]� m, [zi ; zo] = [� 4; 4] � m with large extent in the
(radial) x-direction,in orderto capturetheradiative partsof the lossyhigherorderbend�elds. Stepsizesfor
thenumericalintegrationsarehx = 0:005� m, hz = 0:1� m, asbefore.
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It is notapriori evident,how many basis�elds arerelevantfor aparticularsimulation.Figure9 showstheeffect
of the inclusionof thehigherorderbendmodeson theevolution of theprimarycoef�cients of thescattering
matrix S. Theself couplingcoef�cient jSb0;b0j2 of the fundamentalbend�eld is hardly in�uencedat all, and
thereis only a minor effect on thecrosscouplingcoef�cients jSs0;b0j2 andjSb0;s0j2. Inclusionof the�rst order
bend�eld reducesmerelytheself couplingcoef�cient jSs0;s0j2 of thestraightmodeby a substantialamount,
dueto theadditionalcouplingto thatbasis�eld. Apparently, for thepresentstructureit is suf�cient to take just
thetwo or threelowestorderbendmodesinto account.This hintsat oneof theadvantagesof CMT approach,
whereonecanpreciselyanalyzethesigni�canceof the individual basismodes.We will resumethis issuein
Section5.5.
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Figure9: CMT analysisof themultimodecouplerof Section5.4, effect of theinclusionof higherordercavity
modesontheevolutionof thescatteringmatrix. Resultsfor TE waveswith one(dashedline), two (dash-dotted
line), three(solid line), andfour cavity modes(dottedline) takeninto account.Notethedifferentverticalaxes
of theplots.

With threecavity �elds andthemodeof thestraightwaveguide,theCMT simulationsleadto couplerscattering
matricesof dimension4 � 4. Curves for the evolution of the 16 elementsof the propagationandscattering
matricesT, S arecollectedin Figure10. Justasin Section5.2, theapplicationof theprojectionprocedureto
extractthestationarylevelsof jSs0;j j2, jSj; s0j2 from thenonstationaryquantitiesjTs0;j j2, jT j; s0j2 at theexit port
of thecoupleris essential.Again,theagreementof theexit levelsof all crosscouplingcoef�cients indicatesthat
reciprocityis satis�ed. In contrastto Figure4, thenoticeabledecayof theself couplingcoef�cients jSb1;b1j2,
jSb2;b2j2 is dueto thestrongattenuationof thebasis�elds, asdirectly introducedinto S via equation(23).
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Figure10: Evolution of the propagationmatrix T andscatteringmatrix S for the couplercon�guration with
multimodebendasspeci�edin Section5.4; CMT resultswith four basis�elds.

Accordingto Figure11, the elementsof the scatteringmatrix exhibit a similar variationwith the gapwidth
asfound for the former monomodebent-straightwaveguidecoupler(cf. Figure 5). With growing separation
distancethecrosscouplingcoef�cients tendto zero. Theconstantlevelsattainedby theself couplingcoef�-
cientsof thebentmodesaredeterminedby thepower therespectivemodelosesin traversingthecomputational
window. Also here,with theexceptionof con�gurationswith almostclosedgap,we �nd thatcrosscoupling
coef�cients with reversedindicescoincide,i.e. thatthesimulationsobey reciprocity.
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Figure11: Scatteringmatrix elementsjSo;i j2 versusthegapwidth g for thecouplerstructuresof Section5.4
for TE (top)andTM polarization(bottom).TheCMT simulationstake threewhisperinggallerymodesandthe
�eld of thestraightwaveguideinto account.

5.5 Micr odisk resonator

To roundoff thepreviousexample,wenow considerthesymmetricalmicrodiskresonatorthatis constitutedby
two of the formermultimodecouplers.Thecomputationalsettingandall parametersareidenticalto thedata
givenin Section5.4, for gapwidthsg = ~g = 0:2� m. TheCMT descriptionrepresentstheoptical �eld in the
cavity asa superpositionof thewhisperinggallerymodesof Figure8, wherein principleonemustexpectthat
moreor lesspronouncedfeaturesrelatedto all of thesebasis�elds appearin theresonatorspectrum.Figure12
allows to investigatethesigni�canceof the individual cavity modeson thespectralresponsepredictedby the
CMT analysis.
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Figure12: TE power spectrumof themicrodiskresonatorof Section5.5. Left & center:CMT analysiswith
different setsof basismodes;besidesthe modeof the straightwaveguide, only one bend�eld (TE0, TE1,
TE2, left), or the two, three,or four lowestorderwhisperinggallery modes(center)are taken into account.
Right: CMT spectra(four basismodes)computeddirectly, andby interpolationof dataevalutatedat thenodal
wavelengths1:015� m, 1:085� m (linear)or 1:015� m, 1:05� m, 1:085� m (quadraticinterpolation).

The left andcentralplotsof Figure12 show thespectralresponseasobtainedby CMT computationswhere,
besidesthemodeof thestraightwaveguide,differentsetsof bendmodesareusedasbasis�elds. Thecurves
relatedto calculationswith singlecavity modes(left) exhibit only speci�c extremaof the full spectrumwith
similar extremallevels;obviously theseresonancescanbeassignedto therespective (TE0 or TE1) whispering
gallerymode.As thesemodescirculatealongthecavity with their differentpropagationconstants,individual
resonanceconditionsaresatis�ed in generalat differentwavelengths.Apparentlytheregimediscussedat the
endof Section2 is realizedhere(cf. alsothetiny bendmodecrosscouplingcoef�cients jSbo;bi j2 in Figure11).
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While thefundamentaland�rst orderbendmodeareessentialfor thepresentresonator, inclusionof thesecond
orderwhisperinggallery modeinto the CMT analysisleadsonly to minor, the third orderbend�eld to no
visible changesof the curves in the centralplot of Figure 12. Thus for this microdisk con�guration it is
suf�cient to take into accountthethreelowestordercavity modesasbasis�elds to predictreliably thespectral
response.Theright plot of Figure12allows to validatetheinterpolationapproachof Section4 for thespectrum
evaluation;just asin Section5.3one�nds thatthequadraticinterpolationof thescatteringmatrix coef�cients
andpropagationconstantsleadsto curvesthatarealmostindistinguishablefrom thedirectly computedresults.

Figure13 comparestheCMT spectrafor TE andTM polarizedlight with rigorousFDTD calculations,where
thesimulationparametersareidenticalto thosegivenin Section5.3. Thereis aquitesatisfactoryagreement;as
beforeminordeviationsoccurfor thecon�gurationswith highly radiative,stronglyinteracting,andlessregular
�elds in theTM case.Thecomputationaleffort requiredfor theCMT analysisis abouttwo ordersof magnitude
lower thantheeffort requiredfor theFDTD simulations.
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Figure13: Power transmissionthroughthemicrodiskresonatorof Section5.5, CMT andFDTD spectra(top)
for TE (left) andTM polarizedmodes(right). Theplotsin thesecondrow show thewavelengthdependenceof
theamplitudesjbqj2 of thewhisperinggallerymodesinsidethecavity atportb (seeFigure1).

As an alternative to the computationsof Figure12, the inspectionof the amplitudesof the basismodesthat
establishinsidethe cavity for varying wavelengthprovidesa direct meansfor labelingthe spectralfeatures.
Theplots in thesecondrow of Figure13 identify thenarrower, mostpronouncedresonancesasbelongingto
the fundamentalcavity modes,while the wider, lesspronouncedpeaksaredueto the �rst orderwhispering
gallery�elds.

Figure14 givesan impressionof the �eld distributionsthataccompany the resonancephenomena.Off reso-
nance,mostof theinputpower is directly transferredto theThrough-port.At thewavelengthcorrespondingto
theminor resonance,the�eld patternin thecavity exhibits a nearlycircularnodalline thatcorrespondsto the
radialminimumin thepro�le of the�rst orderwhisperinggallerymode(cf. Figure8). Accordingto Figure13,
herethe �rst ordermodecarriesmostof thepower insidethe cavity. Thedeviation form thecircularpattern
is causedby the interferencewith the fundamentalbendmode,which is alsoexcited at this wavelengthwith
a smallpower fraction. Themajor resonancerelatedto thefundamentalmodeis of higherquality, with much
largerintensityin thecavity, almostfull suppressionof thewavesin theThrough-portandnearlycompletedrop
of theinputpower.
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Figure14: Fieldexamplesfor themicrodiskresonatorof Section5.5, CMT simulationswith four basismodes,
absolutevaluejEy j of theprincipalcomponentof theTE �elds (top),andsnapshotsof therealphysicalelectric
�eld (bottom).Thewavelengthscorrespondto anoff-resonancecon�guration(left) andto minor (center)and
majorresonances(right). Thegrayscalelevelsof theplotsin eachrow arecomparable.

6 Conclusions

A two dimensionalfrequency domainmodelof circular integratedoptical microresonatorsbasedon spatial
coupledmodetheoryhasbeeninvestigated.It turnsout thatonly afew mostrelevantbasis�elds arerequiredto
constructapproximatesolutionsto thescatteringproblemsthataresuf�cient for purposesof practicalresonator
design.The CMT resultsagreewell with rigorousFDTD simulations;thecomputationaleffort for theCMT
analysisis signi�cantly lower. Hencethe approachquali�es for a generalizationto threespatialdimensions
[16], wherehardlyany alternative, practicallyapplicabletoolsareavailable.

Thenumericalexamplesincludedsingle-andmultimodemicroringand-disk structures,with relatively small
cavity diametersandsubstantialrefractive index contrasts,whichrepresentratherworst-casecon�gurationsfor
theCMT analysis.Beyondtheopticalpowertransmissioncharacteristics,theCMT procedurespermitthedirect
examinationof the local amplitudesof all includedbasismodes,andthe inspectionof all componentsof the
localopticalelectromagnetic�eld. By meansof adequatelyinterpolatedbendmodepropagationconstantsand
couplerscatteringmatrices,thespectralpropertiesof theresonatorscanbeevaluatedin a highly ef�cient way.
Representinga direct implementationof themostcommonnotionsfound in discussionsof opticalmicroring
resonators,thepresentapproachprovidesathoroughquantitative basisfor theinterpretationof thesimulations,
andthusfor theresonatordesign.
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