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DGFEM for hyperbolic nonconservative PDE’s

Motivation

Equations in conservative form:
Equations in nonconservative form where 0F/0U # G(U):

8,U + G(U)d,U = 0.

Systems in nonconservative form:

e two-phase flows
- gas-solid

- liquid-solid

e shallow water equations
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Nonconservative Products

Nonconservative products: G(U)d,U.

If there exists an F'(U) such that 0F/0U = G(U) then the
nonconservative product can be written as a conservative product:

8, F(U).
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Nonconservative Products

Nonconservative products: G(U)d,U.

If there exists an F'(U) such that 0F/0U = G(U) then the
nonconservative product can be written as a conservative product:

8, F(U).

What if we cannot find an F' such that 0F/0U = G(U)?
How do we define G(U)0,U where U is discontinuous?

This is important because U is discontinuous across every face in the

discontinuous Galerkin method.
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Solving the problem ?

Re-define the nonconservative product as:

e where U is continuous:
GU)o,U
e where U is discontinuous replace U by a continuous U® such that:

limU® = U.
el0

a2@G. Dal Maso, P.G. LeFloch and F. Murat, J. Math. Pures Appl., 1995.
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An example

Let U be defined e.g. as: UL .
NN
: 3
U, z<zx v
U — L 0 \\\\¢1
Ur x> x9 [N Ur

Let U°* - U ase | 0, e.g.: | | |

)
U, r < xog—€

U‘E:{gb(%g%) To—€e<x<TOo+eE

Ugr xr > Tg+ €

\
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Problem solved?

With U¢® defined, we can take the limit of the nonconservative

product:

lifgl G(U*®)0,U° = |[G(U)o,U],, for z = x
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Notation and preliminaries

The approximated flow domain €2, C R is partitioned into IV,

nonoverlapping elements: {2 = UjkvglK k-
The boundary of an element K is denoted as K.

The faces are the intersection of two elements: §;;, = Fj N K.

We consider approximations of U(x,t) in the finite element space:

Wi = {Vi € LX) : V|, € (PY(K;))}

with P! the space of linear polynomials, d = dim(V},) and V}, the

polynomial approximation.
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Notation and preliminaries (continued)

The trace of a function f € W, at the element boundary 0K’ is
denoted as fL = lim.|of(z — en®) with n’ the outward normal

at OKL.

Jump across a face: [f] = fint + fEnf.

Average across a face: {f} = $(fX + f5).

Element boundary integrals can be related to face integrals via:

>

LftntdQ = s
g finta = Y [ laflds+

SEST

2

SESE

/ gLanL dS
S
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The weak formulation
The weak formulation for equations in nonconservative form,
U + G(U)0,U =0, is:
Find a U € Wy, such that for all V € Wy,:

+Z/{m}}</ol Gir(qbr(T;UL,UR))%qb; (r; U=, U") dT)’nL dsS.

H "¢ is the NCP flux which is a stabilizing term. The weak
formulation depends on the path ¢. We take
o(r; UL, URY =UL 4+ 7(UR - UL).
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Design criterium: if 0F/0U = G(U) then weak formulation should
reduce to weak formulation for PDE’s in conservative form.

Nonconservative form:

+Z/{{m}}</ole(¢r(T; UL,UR>)%¢T"“ (r: U, UR) dTnL) as.

Conservative form if 0F/0U = G, then G;,0,U, = 0, F;:
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Design criterium: if 0F/0U = G(U) then weak formulation should
reduce to weak formulation for PDE’s in conservative form.

Nonconservative form:

O—Z/ (0:U; 4+ Gy 02U, dK+Z/[[V H' dS

D3 [ [ Gutortmsvtum) Bt u drn* ) ds.

Conservative form if 0F/0U = G, then G;,0,U, = 0, F;:

O—Z/ (Vi8:U;—0. V; F; dK+Z/ J{F:} + H)dS

+ ; /S{{m}}ﬂm]] ds .

\ J
~~

=0

Note that {F;} + H' = F; is the numerical flux.
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Design criterium: if 0F/0U = G(U) then weak formulation should reduce
to weak formulation for PDE’s in conservative form.

Nonconservative form:

O—Z/ (0:U; 4+ Gir0,U, dK+Z/[[V H' dS

D3 [ [ Gutortmsvtum) Bt u drn* ) ds.

Conservative form if 0F/0U = G, then G;,0,U, = 0, F;:

O—Z/ (Vi8:U;—0. V; F; dK+Z/ J{F:} + H)dS

+3 / (VvipiRIas-3 / (Vi}E]d

~~

=0

Note that {F;} + H'® = F; is the numerical flux.
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The NCP flux
The NCP flux is given by:

( 1 1

5 Jo Gir(¢(T; UR,UR)) g2 (r; UR, U ) dr ifSL > 0,
H™(U", U") = ¢ L(SgU* + 8,U* — S, U — SrUF) ifSp <0 < Sk,
3 fo Gir(@(m UR UR) SE (3 UR, UR) dr - itS < 0,

where U* is the star-state solution.

e Design criterium: if an F' exists such that 0F/0U = G then
{{F}} _|_ﬁnc — FHLL

e The derivation of the NCP flux is similar to the derivation of the
HLL flux (see Toro, 1997), except that the theory of

nonconservative products is used.
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Outline
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3. Numerical results

4. Summary
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Numerical results

We consider the following 1D test cases:

e Dispersed two phase flows
- subcritical

- supercritical

e Separated two phase flows in shallow water equations
- rotating shallow water equations: ocean basins

- (graded river)
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A simplified two phase depth averaged model ?
Equations for solids phase:
Ot (ah) + 0y (ahug) =0
Or(ahus) + 95(2(1 — p)agh® + ahu?) = —ghapd,h — hagd,b

Equations for liquid phase are similar.

e h depth, a volume fraction of particles, u¢ the velocity of the
fluid, us velocity of particle phase, b topography, p ratio between
liquid and solids density.

e two sets of shallow water type equations with coupling terms.

Coupling terms are nonconservative products.

aE.B. Pitman and L. Le, Phil. Trans. R. Soc. A, 2005.
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Subcritical and supercritical two-phase flow (steady-state)
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(a) Subcritical flow. (b) Supercritical flow.
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Convergence subcritical low

h(l —a)+ b ha + b
Niells L2 error P LMaxX error P L2 error P LMmax error P
40 0.8171 103 - 0.2308 - 102 - 0.1404 - 10— 2 - 0.4194 - 102 -
80 0.2025 - 103 2.0 0.5584 . 103 2.0 0.3537 - 103 2.0 0.9903 - 103 2.1
160 0.4871 - 10— 4 2.1 0.1322 . 103 2.1 0.8511 - 10— 4 2.1 0.2306 - 103 2.1
320 0.9789 - 10— ° 2.3 0.2651 - 10— 4 2.3 0.1712 - 10— 4 2.3 0.4597 - 10— 4 2.3

Table 1: L? and L™ error for h(1 — «) + b, ha + b.
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Convergence supercritical flow

h(l —a)+ b ha + b
Niells L2 error P LMaxX error P L2 error P LMmax error P
40 0.2400 - 10— 2 - 0.5674 - 102 - 0.2359 - 10— 2 - 0.5575 - 10 2 -
80 0.6060 - 103 2.0 0.1402 - 102 2.0 0.5958 - 10— 3 2.0 0.1378 - 102 2.0
160 0.1459 - 10— 3 2.1 0.3339 . 103 2.1 0.1434 - 103 2.1 0.3280 - 10— 3 2.1
320 0.2933 .10 4 2.3 0.6678 - 10— 4 2.3 0.2884 - 10— 4 2.3 0.6561 - 10— 4 2.3
. 2 max
Table 2: L* and L error for h(1 — «) + b, ha + b.
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Numerical results

We consider the following 1D test cases:

e T'wo phase flows
- subcritical

- supercritical

e Shallow water equations
- rotating shallow water equations: ocean basins

- (graded river)
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Rotating shallow water equations: ocean basins

Oth + 05 (hu) + 0y (hv) =0
O (hu) + 0z (hu® + F~2h*/2) + 0, (huv) — fhv = —F~*hd,b
Ot (hv) + 0p(huv) + 0, (hv® + F72h*/2) + f hu = —F ?hd,b,

where h is water depth, (u,v) flow velocity, b topography 3 a
constant, f Coriolis parameter, and F' Froude number.

e Using space DGFEM, and expanding h, u, v, and b within the

above formulation.

e WENO slope limiter in combination with Krivodonova’s
discontinuity detector.

Eccomas 2008 University of T'wente Page 26



DGFEM for hyperbolic nonconservative PDE’s

Rotating shallow water equations: ocean basins

e Deep ocean basin with inflow channel and topography.

e Inflow water: u and h set at end channel (idea K. Helfrich, WHOTI).
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Rotating shallow water equations: h + b; t = 0
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Rotating shallow water equations: h + b; t = 2
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Rotating shallow water equations: A+ b; t = 5

h+b: 098 1.08 1.18 1.28 1.38
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Rotating shallow water equations: h + b; t = 10
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Rotating shallow water equations: h + b; t = 20

h+b: 098 1.08 1.18 1.28 1.38
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Rotating shallow water equations: h + b; t = 30
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Rotating shallow water equations: h + b; t = 40

B h+b: 098 1.08 1.18 1.28 1.38
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Rotating shallow water equations: h + b; t = 50

B h+b: 098 1.08 1.18 1.28 1.38
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Outline
1. Nonconservative products
2. The Discontinuous Galerkin Finite element method
3. Numerical results

4. Summary
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Summary

A discontinuous Galerkin finite element methods for hyperbolic

nonconservative partial differential equations.

A numerical flux (generalization of the HLL flux).
Second order convergence.

Shallow ocean flow and multiphase flow applications.
Shallow flows with 2D bed evolution (morphology)?

For multiphase applications®

aPablo Tassi, Wednesday T'S310
bSander Rhebergen Tuesday MS140
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Future work

e Implementation of the method in multi-dimensions.

e Implementation of FEuler-Euler two-phase flow systems.
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Articles
e Rhebergen, Bokhove and Van der Vegt 2008: Discontinuous

Galerkin finite element methods for hyperbolic nonconservative

partial differential equations. J. Comp. Phys. 227.

e Tassi, Rhebergen, Vionnet and Bokhove 2008: A discontinuous
Galerkin finite element model for morphological evolution under
shallow flows. Comp. Meth. Appl. Mech. Eng. 197.

e Pesch, Bell, Sollie, Ambati, Bokhove and Van der Vegt 2007:
hpGEM- A software framework for Discontinuous Galerkin finite
element methods, ACM Trans. Software 33.

www.math.utwente.nl/~rhebergens/ & http://eprints.eemcs.utwente.nl/
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