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Chapter 1

Introduction

In many areas of science solutions of partial differential equations (PDE’s) are required.
Analytical methods to solve PDE’s are often complicated and exact solutions are not always
available, in which case numerical methods provide an established way to find approximate
solutions to the PDE’s. Numerical methods are approximate in that solutions of PDE’s
(generally) depend on coordinates in a continuous way while numerical solutions depend
on a finite number of degrees of freedom. A numerical solution is obtained as solution of a
finite algebraic system of linear or nonlinear equations, which form a discretization of the
PDE’s.

Three well-known classes of discretization methods are finite difference, finite volume and
finite element methods. Finite volume and finite element methods are especially well suited
for computations in complicated domains on (locally) irregular or unstructured meshes. A
mesh divides the domain of validity of a PDE into a finite number of elements. On each
such element, the discretization acccomplishes that each variable of the PDE is reduced to
depend on only a finite number of degrees of freedom per element. While finite element
methods appear to be more difficult to understand, they offer more flexibility and superior
accuracy in domains with complex boundaries and boundary conditions. Furthermore, the
mathematical theory of finite element methods is well-developed.

1.1 Convergence and stability

The quality of a numerical method depends on its rate convergence, its accuracy and sta-
bility. A discretization is convergent when for decreasing mesh size and time intervals the
numerical solution approaches the exact solution of the PDE.

The accuracy of a discretization concerns the rate of convergence as function of mesh
size. The truncation error consist of the discretization applied to the exact solution. The
remainder will be expressed as powers of the (spatial and temporal) mesh size. Briefly,
consider the diffusion equation ut = uxx on x ∈ [0, 1] for t > 0 with variable u = u(x, t) and
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Chapter 1. Introduction 3

derivatives ut = ∂u/∂t and uxx = ∂2u/∂x2. An explicit finite difference discretization is

Un+1
j − Un

j

∆t
−
Un

j+1 − 2Un
j + Un

j−1

∆x2
= 0 (1.1.1)

with Un
j ≈ u(xj = j∆x, t = n∆t). The truncation error is the same discretization

T (x, t) =
u (j∆x, (n+ 1)∆t) − u(j∆x, n∆t)

∆t

− u ((j + 1)∆x, n∆t) − 2u (j∆x, n∆t) + u((j − 1)∆x, n∆t)

∆x2
= 0

(1.1.2)

applied to the exact solution u(x, t). Taylor expansion of the u’s in (1.1.2) around (x, t)
shows that the discretation error is T (x, t) = O(∆x2,∆t), that is, second order in space
and first order in time.

For time-dependent solutions, the rate of convergence is discussed for the numerical
solution after a finite time. Mesh size is usually characterized by the largest volume, area
or length of an element, volume or grid cell in a mesh in three or two dimensions, or
one dimension. A discretization is stable when the solution does not become unbounded,
provided the PDE has bounded solutions. We refer to Morton (1996) and Morton and
Mayers (1994) for further discussion.

1.2 Examples

Finite elements are common in the engineering community but are often perceived to be
more difficult in other communities. In this introduction, we aim to make finite element
methods accessible by focussing primarly on a few examples of PDE’s. These examples
include

(i) the two-dimensional Poisson’s equation

−∇2φ(x, y) = f(x, y)

with unknown φ = φ(x, y), given function f = f(x, y), coordinates x, y ∈ Ω ∈ R
2

with domain Ω and Dirichlet and/or Neumann boundary conditions at the domain
boundary ∂Ω;

(ii) the one-dimensional hyperbolic linear advection and Burgers’ equations,

∂tu+ ∂xu = 0 and ∂tu+ u∂xu = 0

with u = u(x, t); and



Chapter 1. Introduction 4

(iii) the one-dimensional advection-diffusion and viscous Burgers’ equations

∂tu+ ∂xu = κ∂xxu and ∂tu+ u∂xu = κ∂xxu

with u = u(x, t) and diffusion coefficient κ > 0. Here, our notation is as follows
∇2 = ∂2/∂x2 + ∂2/∂y2, ∂t = ∂/∂t, ∂x = ∂/∂x, ∂xx = ∂2/∂x2.

In the latter two examples (ii) and (iii), the domain is x ∈ [0, L] with L > 0 and the
initial condition is u(x, 0) = u0(x). The boundary condition for the linear advection is
u(0, t) = ub(t), while for Burgers’ equation there are various choices to be discussed later.
For the advection-diffusion and viscous Burger’s equations we limit ourselves to periodic
boundary conditions.

Poisson’s equation is the archetypical elliptic equation and emerges in many problems
such as inversion and electrostatics problems. Understanding the finite element discretiza-
tion for Poisson’s equation further provides the tools for discretizing the Helmholtz equation,

∇2φ− k2 φ = 0

for k2 > 0 and real, although the solution of the continuous differential and discretized
algebraic system now involves an eigenvalue problem for the eigenvalues k2. The linear
advection equation arises as the advective component of the advection diffusion equation in
the limit κ→ 0, and the quadratic nonlinearity in Burgers’ equation is a paradigm for the
advective nonlinear terms arising in fluid dynamics.

Note that the three examples coincide with the mathematical classification of PDE’s:
Poisson’s equation and Helmholtz equation are elliptic equations, the linear advection and
Burgers’ equations are hyperbolic equations, and the advection diffusion and the viscous
Burgers’ equations are parabolic equations.

1.3 Continuous and discontinuous Galerkin finite element
methods

Two finite element methods will be presented: (a) a second-order continuous Galerkin
finite element method on triangular, quadrilateral or mixed meshes; and (b) a (space)
discontinuous Galerkin finite element method. Consider the triangular mesh in Fig. 1. In
the continuous finite element method considered, the function φ(x, y) will be approximated
by a piecewise linear function per element based on the nodal values of φ. Hence, the
discretization of φ denoted as φh will be continuous.

Similarly, we can consider a piecewise linear discretization of a function u(x) in one
dimension, see Fig. 2a, in which the nodal values of uh(x) determine uh everywhere else.
Hence, this finite element discretization is based on function values at the nodes and is
continuous across elements. In contrast, in a discontinuous Galerkin finite element method
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Figure 1.1: (a) This triangular mesh is generated as follows. Boundary points are placed,
here regularly, on the circular domain boundary. Subsequently, a specified number of points
are randomly placed within the unit circle and accepted when they are larger than a crit-
ical distance, proportional to the distance between two boundary points, from all other
accepted points. Given these points, the Delaunay triangulation is used to make a balanced
triangular mesh including the link between the node and element or assembly information.
A counterclockwise orientation is then enforced, after which a “standard” mesh file with
the necessary nodal and element information is made. (b) A quadrilateral mesh can be
made by placing a point in the middle of each triangle and dividing the triangle into three
quadrilaterals. The resulting quadrilateral mesh can then be refined further. The orienta-
tion and node to element assembly of this division process is subsequently made. Courtesy
Erik Bernsen.

a piecewise linear discretization is found on each element and the limit or trace values
approaching the nodes from the element left or right of a node are not assumed to be
continuous, see Fig. 2b. Hence, this discretization is continuous in each element but discon-
tinuous across elements. While more degrees of freedom are required in the discontinuous
discretization, it offers generally more flexibility and more accuracy.

1.4 Steps in the finite element discretization

Both the continuous and discontinuous Galerkin finite element discretizations usually con-
tain the following steps:
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x

u(x)

k k+1
element element

x

u(x)

k k+1
element element

Figure 1.2: In a continuous Galerkin finite element method, the variable u = u(x) is ap-
proximated globally in a (piecewise linear) continuous manner (top figure). In contrast, in a
discontinuous Galerkin finite element method, the variable u = u(x) is approximated glob-
ally in a discontinuous manner and locally in each element in a (piecewise linear) continuous
way (bottom figure).

I. Derive weak formulation: Each equation is multiplied by its own arbitrary test function,
integrated over the domain of validity entirely or as a sum of integrals over all elements,
and integrated by parts to obtain the weak formulation.

II. Form discretized weak formulation/algebraic system: The variables are expanded in the
domain or in each element in a series in terms of a finite number of basis functions.
Each basis function has compact support over neighboring elements (for continuous
finite elements) or within each element (for discontinuous finite elements). This ex-
pansion is then substituted into the weak formulation, and a test function is chosen
alternately to coincide with a basis function, to obtain the discretized weak formula-
tion. The resulting system is a linear or nonlinear algebraic system.

III. Evaluate of integrals in local coordinate system: A local or reference coordinate system
is used to evaluate the integrals. In the continuous finite element discretization global
matrices and vectors are assembled in the assembly routine.
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IV. Solve algebraic system: The resulting algebraic system is solved (iteratively) using
forward time stepping methods or linear algebra routines.

Steps I and II are often combined in discontinuous Galerkin methods. If in step III, we have
not discretized time, we choose a time discretization of the ordinary differential equations
resulting after the spatial finite element discretization. If in step IV the algebraic system
is nonlinear, we choose an iterative solution method which essentially will solve a linear
system at each iteration step.

Compact support means that the test functions are only nonzero locally over one or a
few neighboring elements. In the continuous finite element method (we consider), the basis
functions are zero at the edge of their domain of influence, while in the discontinuous case
the basis function is (generally) nonzero within an element including the element boundary
and zero elsewhere. The careful definition of function spaces for the test and basis functions
is common practice in finite element methods. This is often perceived to be complicated,
but we will see that all the function spaces make sense, also intuitively.

1.5 Outline

In chapter 2 we discuss the generation of finite element meshes and provide the reference co-
ordinate systems for finite elements in one and two dimensions. A straightforward algorithm
is sketched for the generation of unstructured two-dimensional triangular and quadrilateral
meshes.

As an introduction, we start in chapter 3 with the well-known piecewise linear continuous
Galerkin finite element discretization of the Poisson equation in two dimensions. For more
literature we refer to Brenner and Scott (1994), Lucquin and Pirronneau (1998), and Morton
(1996).

Space discontinuous Galerkin finite element methods are considered in chapter 4. As
an introduction, we consider scalar hyperbolic and parabolic systems in one dimension in
section 4.1. We focus therein in particular on the linear advection (diffusion) and (vis-
cous) Burgers’ equations as illustrating examples in the definition and explanation of the
numerical flux.

One-dimensional systems of hyperbolic equations with additional geometric, source or
sink terms are considered in section 4.2. We develop the general discretization but focus on
the cross-sectionally averaged shallow water equations with frictional terms to discuss a nu-
merical flux. The choice of numerical flux is different for each hyperbolic system and depends
in general on the nature of the eigenvalues in the system. We refer to the work of Cockburn
and Shu (1989) and Cockburn et al. (1989) on space discontinuous Galerkin methods for
the one-dimensional scalar hyperbolic equation and hyperbolic systems. Bokhove (2005)
combined the space discontinuous Galerkin method with Eulerian-Lagrangian free bound-
ary dynamics to simulate flooding and drying for the shallow water equation, including
break-up in multiple patches.
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The space local discontinuous Galerkin (LDG) method is considered in section 4.1.2 for
the one-dimensional advection diffusion and the viscous Burgers’ equations. We refer to
Cockburn and Shu (1998) and Yan and Shu (2002) for the local discontinuous Galerkin
discretizations of (nonlinear) advection diffusion and wave equations. The local discontin-
uous Galerkin method applied to a one-dimensional nonlinear advection diffusion equation
arising in geology is combined with positivity preservation and Lagrangian free boundary
dynamics in Bokhove et al. (2005), where also a fractional basis function is used in the free
boundary element.

Finally, the space-time discontinuous Galerkin method is considered in chapter 5 for
scalar conservation laws.

The presentation of the material is (largely) not new but based on our own work. We
have included a list for the interested reader in chapter 6. It is a pleasure to thank Vijaya
Ambati, Christiaan Klaij, Willem Ottevanger, Sander Rhebergen, Henk Sollie and Yan Xu
for proofreading these notes.

In the JMBC Burger’s course 2008, the practical sessions concern exercise 1, especially
a–c, in section 4.3. Jaap van der Vegt will present the material on space discontinuous
Galerkin methods in section 4.1 and space-time discontinuous Galerkin methods in chapter
5.



Chapter 2

Finite element mesh

2.1 Mesh generation

2.1.1 Mesh generator

There are structured and unstructered meshes. Structured meshes, which do not need to
be regular, can be generated relatively straightforward, but three-dimensional unstructered
meshes generally require a mesh generation package. There are several mesh generation
packages commercially available.

2.1.2 Pseudo two-dimensional meshes using Delaunay triangulation

Three-dimensional meshes, regular in one direction, and unstructured two-dimensional
meshes can be made using the well-known Delaunay triangulation. The mesh generation
algorithm is outlined in Fig. 1.1 and its caption. It can be used to generate triangular as
well as quadrilateral meshes. We note that the quadrilateral mesh displayed is formed from
a triangular base mesh and is refined further, see Fig. 1.1. For multiple-connected and non-
convex domains, the algorithm requires some extensions to exclude triangles outside the
domain that can be generated erroneously in the Delaunay step. In addition, to generate
a balanaced quadrilateral mesh near curved boundaries the placement of the point in the
parent triangle or quadrilateral requires some care to avoid elements with angles that are
too small (see Bernsen et al., 2006). The advantage of the algorithm outlined in Fig. 1.1
lies in its simplicity. It is relatively easily implemented by a user without the need of a com-
plicated mesh generation package. We implemented it in Matlab using Matlab’s built-in
Delaunay triangulation.

In the end, the mesh file allows us to obtain the global node number i = Index(k, α) given
the element number k and the local node number α. Each element has a local node number,
definitely (counterclockwise) oriented. For triangles α = 0, 1, 2 and for quadrilaterals α =
0, 1, . . . , 3. Discontinuous Galerkin element methods also require a list of the faces in the

9
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mesh and the element (number) to the left and right of this face.

2.2 Reference coordinates

2.2.1 One dimension

The one-dimensional domain Ω = x ∈ [a, b] (b > a; a, b ∈ R) is partitioned by points xk(t),
k = 1, · · · , Nel + 1, into Nel open elements Kk = {x|x ∈ (xk, xk+1)}. The result is a
tessellation

Th = {Kk|
Nel
⋃

k=1

K̄k = Ω̄ and Kk ∩Kk′ = ∅ if k 6= k′, 1 ≤ k, k′ ≤ Nel} (2.2.1)

with K̄k the closure of Kk. For convenience, we will also use the notation xk,L := xk and
xk,R := xk+1 below. We define |Kk| = xk,R−xk,L. We further introduce a reference element

K̂ with the local or reference coordinate ζ ∈ (−1, 1) such that x = x(ζ) = (xk+1 + xk)/2 +
|Kk| ζ/2. Hence, dx/dζ = |Kk|/2.

2.2.2 Two dimensions

We consider finite elements in two dimensions spanned by coordinates x̄ = (x, y)T with
transpose T . The domain Ω ⊂ R2 is partitioned into a mixture of Nel quadrilateral and
triangular elements such that we obtain the tesselation

Th = {Kk|
Nel
⋃

k=1

K̄k = Ω̄ and Kk ∩Kk′ = ∅ if k 6= k′, 1 ≤ k, k′ ≤ Nel} (2.2.2)

with K̄k the closure of element Kk. Each such element Kk has Nk
n = Nn = 3 or 4 nodes,

which are numbered locally in a counterclockwise fashion from 0 to Nn − 1. It is convenient
to introduce a reference element K̂ and define the mapping FK : R

2 → R
2 between the

reference element K̂ and element Kk as follows

x̄ = FKk
(ζ̄) =

Nk
n−1
∑

α=0

x̄k,α χα(ζ̄) (2.2.3)

with reference coordinate ζ̄ = (ζ1, ζ2)
T and shape functions

χα(x̄) = χα(FKk
(ζ̄). (2.2.4)

Triangles have Nn = 3 nodes x̄k,m = x̄m, corresponding to nodes (0, 0)T , (1, 0)T , (0, 1)T

in the reference element, an the shape functions are

χ0(ζ̄) = ζ0 = 1 − ζ1 − ζ2, χ1(ζ̄) = ζ1, χ2(ζ̄) = ζ2. (2.2.5)
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The three normal vectors for triangular elements are

n̂0 =
1

|x̄1 − x̄0|
(y1 − y0, x0 − x1)

T , n̂1 =
1

|x̄2 − x̄1|
(y2 − y1, x1 − x2)

T ,

n̂2 =
1

|x̄0 − x̄2|
(y0 − y2, x2 − x0)

T . (2.2.6)

The Jacobian J3 = J of the transformation between x̄ and ζ̄ is

J3 =

(

∂ζ1x ∂ζ1y
∂ζ2x ∂ζ2y

)

=

(

x1 − x0 y1 − y0

x2 − x0 y2 − y0

)

. (2.2.7)

We computed the inverse of the Jacobian using the following relations

∂x

∂x
=
∂x

∂ζ1

∂ζ1
∂x

+
∂x

∂ζ2

∂ζ2
∂x

= 1,
∂x

∂y
=
∂x

∂ζ1

∂ξ1
∂y

+
∂x

∂ζ2

∂ζ2
∂y

= 0,

∂y

∂x
=
∂y

∂ξ1

∂ζ1
∂x

+
∂y

∂ζ2

∂ζ2
∂x

= 0
∂y

∂y
=
∂y

∂ξ1

∂ζ1
∂y

+
∂y

∂ζ2

∂ζ2
∂y

= 1,

or, in matrix notation

(

1 0
0 1

)

=

(

∂x
∂ζ1

∂x
∂ζ2

∂y
∂ζ1

∂y
∂ζ2

)(

∂ζ2
∂x

∂ζ1
∂y

∂ζ2
∂x

∂ζ2
∂y

)

= JJ−1.

Hence, gradients in x̄ transform as follows
(

∂xV
∂yV

)

= (JT )−1

(

∂ζ1V
∂ζ2V

)

=
1

det J3

(

y2 − y0 y0 − y1

x0 − x2 x1 − x0

) (

∂ζ1V
∂ζ2V

)

(2.2.8)

with determinant detJ3 and |J3| = |det J3|. Triangles have three faces or sides S0, . . . , S2

spanned by node pairs (x̄0, x̄1), . . . , (x̄2, x̄0). The faces S0, . . . , S2 correspond to ζ2 =
0, ζ1 + ζ2 = 1 and ζ1 = 0 in the reference element, respectively.

For quadrilaterals there are Nn = 4 nodes x̄k,m = x̄m. In the reference element ζ̄ ∈
(−1, 1)2, and we start counterclockwise with α = 0 at node (−1,−1)T in the reference
element. Furthermore, the shape functions are

χ0(ζ̄) = (1 − ζ1) (1 − ζ2)/4, χ1(ζ̄) = (1 + ζ1) (1 − ζ2)/4,

χ2(ζ̄) = (1 + ζ1) (1 + ζ2)/4, χ3(ζ̄) = (1 − ζ1) (1 + ζ2)/4. (2.2.9)

The four normal vectors for quadrilateral elements are

n̂0 =
1

|x̄1 − x̄0|
(y1 − y0, x0 − x1)

T , n̂1 =
1

|x̄2 − x̄1|
(y2 − y1, x1 − x2)

T ,

n̂2 =
1

|x̄3 − x̄2|
(y3 − y2, x2 − x3)

T , n̂3 =
1

|x̄0 − x̄3|
(y0 − y3, x3 − x0)

T . (2.2.10)
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The Jacobian J4 = J of the transformation between x̄ and ζ̄ is

J4 = J4(ζ̄) =

(

∂ζ1x ∂ζ1y
∂ζ2x ∂ζ2y

)

=
1

4

(

(1 − ζ2) (x1 − x0) + (1 + ζ2) (x2 − x3) (1 − ζ2) (y1 − y0) + (1 + ζ2) (y2 − y3)
(1 − ζ1) (x3 − x0) + (1 + ζ1) (x2 − x1) (1 − ζ1) (y3 − y0) + (1 + ζ1) (y2 − y1)

)

.

(2.2.11)

Hence, gradients in x̄ transform as follows

(

∂xV
∂yV

)

= (JT )−1

(

∂ζ1V
∂ζ2V

)

=
1

detJ4

(

∂ζ2y −∂ζ1y
−∂ζ2x ∂ζ1x

) (

∂ζ1V
∂ζ2V

)

(2.2.12)

with the determinant detJ4 and |J4| = |det J4|. Quadrilaterals have four faces S0, . . . , S3

spanned by node pairs (x̄0, x̄1), . . . , (x̄3, x̄0). The sides S0, . . . , S3 correspond to ζ2 =
−1, ζ1 = 1, ζ2 = 1, and ζ1 = −1 in the reference element, respectively.



Chapter 3

Continuous finite elements

3.1 Example: Poisson’s equation

3.1.1 Equation and boundary conditions

Consider Poisson’s equation on the domain Ω ⊂ R
2

−4φ = f in Ω (3.1.1a)

φ = g at ∂ΩD (3.1.1b)

n̂ · ∇φ = 0 at ∂ΩN (3.1.1c)

with 4 = ∇2, the boundary ∂Ω given as the union of Dirichlet and Neumann parts such
that ∂Ω = ∂ΩD ∪ ∂ΩN , and outward normal n̂ at ∂Ω. Given the functions f = f(x̄) on Ω
and g(x̄) for x̄ ∈ ∂ΩD, we wish to solve φ = φ(x̄).

Poisson’s equation can be integrated over the domain to obtain, after integration by
parts and use of the boundary conditions,

−
∫

∂ΩD

n̂ · ∇φdΓ =

∫

Ω
f dΩ (3.1.2)

with dΓ a lign segment along the boundary. Note that in case ∂Ω = ∂ΩN equation (3.1.2)
reduces to the constraint

∫

Ω f dΩ = 0, in which case function f needs to satisfy this con-
straint.

3.1.2 Weak formulation

We define the spaces of square integrable functions

L2(Ω) := {v
∣

∣

∫

Ω
|v|2dΩ <∞} (3.1.3)

13
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and the Hilbert space

H1
g (Ω) := {v ∈ L2(Ω)

∣

∣

∂v

∂x
,
∂v

∂y
∈ L2(Ω), v|∂ΩD

= g} (3.1.4)

with function v satisfying the Dirichlet boundary condition (3.1.1b).
Next, we multiply (3.1.1a) by an arbitrary test function v ∈ H1

0 , integrate over Ω, and
use Gauss’ law while using the boundary conditions (3.1.1b) and (3.1.1c) to obtain

−
∫

Ω
v∇2φdx̄ =

∫

Ω
∇v · ∇φ− ∇ · (v∇φ) dx̄ (3.1.5)

=

∫

Ω
∇v · ∇φdx̄−

∫

ΩD

v n̂ · ∇φdΓ −
∫

ΩN

v n̂ · ∇φdΓ (3.1.6)

=

∫

Ω
∇v · ∇φdx̄ =

∫

Ω
v f dx̄ (3.1.7)

with n̂ the outward normal at the boundary, and dΓ an infinitesimal line element along the
boundary. Note that we have chosen v ∈ H1

0 to eliminate the boundary contribution at the
Dirichlet boundary, and this is allowed because φ is known at ∂ΩD.

The weak formulation for the Laplace equation thus becomes: Find a φ ∈ H1
g (Ω), such

that for all v ∈ H1
0 (Ω) the following relation is satisfied

∑

K∈Th

∫

K
∇φ · ∇v dΩ =

∑

K∈Th

∫

Ω
v f dΩ (3.1.8)

with Th the set of non-overlapping triangular or quadrilateral elements K covering Ω.

3.1.3 Discretized weak formulation

We approximate the unknown function φ by φh defined as an expansion

φ(x̄) ≈ φh(x̄) =

Nnodes
∑

j=1

φj wj(x̄) (3.1.9)

in terms of global basis functions wj(x̄, with j = 1, . . . , Nnodes the node number and Nnodes

the total number of nodes (not on ∂ΩD). Often wj(x̄) is chosen such that wj = 1 on node
j and zero beyond and on neighboring nodes. Thus wj has compact support. The test
function v is arbitrary as long as it belongs to H1

0 (Ω). We therefore take v = wi alternately
for all i = 1, . . . , Nnodes to obtain Nnodes algebraic equations for the Nnodes unknowns. If
we take v = wi in (3.1.8), we obtain the algebraic system

∑

K∈Th

(∫

K
∇wi · ∇wj dΩ

)

φj =
∑

K∈Th

∫

K
f wi dΩ, (3.1.10)



Chapter 3. Continuous finite elements 15

where we use the summation convention to sum over repeated indices. In matrix form, we
write (3.1.10) as follows

Aij φj = bi (3.1.11)

in which the global matrix components

Aij =
∑

K∈Th

∫

K
∇wi · ∇wj dΩ i, j ∈ 0, . . . , Nnodes (3.1.12)

and the vector slots

bi =
∑

K∈Th

∫

K
f wi dΩ i ∈ 0, . . . , Nnodes (3.1.13)

follow from (3.1.10). We desire to obtain the solution vector φ = (φ1, . . . , φNnodes
)T by

inversion of the linear equations (3.1.11). Note that since wi has compact support, the
evaluation of the integrals in Aij and bi only involves a limited number of neighboring
elements around node i.

3.1.4 Evaluation of integrals

The Galerkin basis functions wi(x, y) with global node number i are now defined on element
Kk in a piecewise linear manner as:

wα(x, y) = ŵα(F−1
K (x, y)) = χα(ζ̄)

with α the local element index on element Kk for which wα = 1 on global node i and zero at
the other nodes. This choice of basis functions gives formally second-order accuracy. Other
(higher-order) basis functions can be found in the literature (e.g., Brenner and Scott, 1994;
for an application see Bernsen et al., 2006).

The definition of the global matrix and vector components in (3.1.12) and (3.1.13)
suggest the definition of the following two-by-two elemental matrix and two-by-one vector

Âαβ =

∫

K
∇χα · ∇χβ dΩ (3.1.14)

=

∫

K̂

(

(JT )−1

(

∂χα

∂ζ1
∂χα

∂ζ2

))

·
(

(JT )−1

(

∂χβ

∂ζ1
∂χβ

∂ζ2

))

|det(J)| dζ̄

=

∫

K̂

(

∂χα

∂ζ1
∂χα

∂ζ2

)T

J−1(JT )−1

(

∂χα

∂ζ1
∂χβ

∂ζ2

)

|det(J)| dζ̄ (3.1.15)

b̂α =

∫

K
f wα dΩ (3.1.16)

=

∫

K̂
f
(

x(ζ1, ζ2), y(ζ1, ζ2)
)

χα(ζ1, ζ2)|det(J(ζ̄)| dζ̄ (3.1.17)
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for α, β = 0, . . . , Nk
n − 1 on each reference element K̂.

Note, the basis functions wi are only non-zero in the elements connected to the vertex
with index i and it is therefore more practical to transform the integrals over the element
K into integrals over the reference element K̂ The integrals in (3.1.15)-(3.1.17) can be
computed with a Gauss quadrature rule as follows, on a square reference element

∫ 1

−1

∫ 1

−1
h(ξ, η)dξdη =

2
∑

n=1

2
∑

m=1

h(ξm, ηn)

for some function h(·, ·) with ξ1, η1 = −1/
√

3 and ξ2, η2 = 1/
√

3, and on a triangular
reference element

∫ 1

0

∫ 1−ξ

0
h(ξ, η)dξdη =

1

6

(

h(1/2, 0) + h(0, 1/2) + h(1/2, 1/2)
)

.

Given these elemental matrices and vectors we assemble the global matrix, A, and global
vector, b, in the following assembly algorithm:

set all components of A = 0 and b = 0 to zero: Aij = bi = 0
for all elements Kk, k = 1, Nel, do
. for α = 1, Nk

n do
. i = Index(k, α)
. for β = 1, Nk

n do
. j = Index(k, β)
. Aij = Aij + Âαβ

. bi = bi + b̂α

The function Index(k, α) maps the local vertex or node numbered α of element K to
the global node number. This index is derived or available from the generated mesh file.
Note that we only included the interior nodes and the non-Dirichlet boundary nodes i, j.

The matrix Aij is symmetric. Efficient methods to solve (3.1.11) involve Choleski fac-
torizations or conjugate gradients (seee, e.g., Lucquin and Pironneau, 1998; and, Van der
Vorst, 2003).



Chapter 4

Space discontinuous Galerkin finite
element methods

4.1 Examples

In this section, we consider the space discontinuous Galerkin finite element discretization
of the linear advection equation and the nonlinear inviscid Burgers’ equation as well as
the linear advection diffusion and nonlinear viscous Burgers’ equation. The spatial finite
element discretization will result in a system of ordinary, coupled algebraic and ordinary
differential equations in time. Subsequentlty, we use a standard Runge-Kutta method (Shu
and Osher, 1989) to discretize time.

The domain in one dimension is simply a rod of length L divided into Nel irregular
intervals or elements, see Fig. 4.1. More formally, we define a tessellation Th of Nel elements
Kk in the spatial flow domain Ω = [x1 = 0, xNel+1 = L] with L > 0 and boundary ∂Ω:

Th = {Kk :

Nel
⋃

k=1

K̄k = Ω̄ and Kk ∩Kk′ = ∅ if k 6= k′, 1 ≤ k, k′ ≤ Nel}, (4.1.1)

where K̄k denotes the closure of Kk, et cetera. Element Kk runs from node xk to node xk+1

and has length |Kk| = xk+1 − xk.

1

elements

nodes
xk k+1x xx x

1

N+1

k N

Figure 4.1: A sketch of the one-dimensional finite element mesh with a definition of the
node and element numbering. We denote with N = Nel the total number of elements.

17
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4.1.1 Linear advection and inviscid Burgers’ equation

Equations

We consider in particular the linear advection equation

∂tu+ a ∂xu = 0 (4.1.2)

for a ∈ R and the inviscid Burgers’ equation

∂tu+ u∂xu = 0 (4.1.3)

with initial condition u0 = u(x, 0). The boundary conditions for the linear advection equa-
tion are either (i) periodic, or (ii) specified at the inflow boundary:

u(0, t) = uleft(t) if a > 0 or u(L, t) = uright(t) if a ≤ 0. (4.1.4)

The boundary conditions for the Burgers’ equation are either (i) periodic, (ii) specified at
the inflow boundaries:

u(0, t) = uleft(t) if u(0, t) > 0 or u(L, t) = uright(t) if u(L, t) ≤ 0, (4.1.5)

or (iii) solid walls with u(0, t) = u(L, t) = 0.
It is convenient to set up the discretization for a general hyperbolic scalar equation. We

therefore concisely combine (4.1.2) and (4.1.3) as follows

∂tu+ ∂xf = 0 (4.1.6)

with the flux f = f(u) in general, and f(u) = au and f(u) = u2/2 for the linear advection
and Burgers’ equations in particular; and initial condition u0(x) = u(x, 0).

Weak formulation

We multiply (4.1.6) by an arbitrary test function w = w(x) (smooth within each element),
integrate by parts over each individual and isolated element, and then add the contribution
from all elements to obtain the following weak formulation:

Nel
∑

k=1

{∫

Kk

w
du

dt
dx+ [f(x−k+1)w(x−k+1) − f(x+

k )w(x+
k )] −

∫

Kk

f(u) ∂xw dx

}

= 0, (4.1.7)

where w(x−k+1) = limx↑xk+1
w(x, t) and w(x+

k ) = limx↓xk
w(x, t). (We only denote these

dependencies explicitly when confusion may arise.) Hence, the fluxes at the faces arising in
element Kk are evaluated inside the element.

Let [u] = u+ − u− and ū = (u+ + u−)/2 denote the jump and mean in the quantity
u, say, at xk with u− = limx↑xk

u(x) and u+ = limx↓xk
u(x). Consider the flux at a point
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xk+1. Since the elements Kk are isolated from one another at this stage u− := u(x−k+1) 6=
u(x+

k+1) =: u+.
We rewrite the weak formulation (4.1.7) as a sum over the elements for the interior

integrals and a sum over the nodes for the “face” or nodal flux terms

Nel
∑

k=1

{
∫

Kk

w
du

dt
dx−

∫

Kk

f(u) ∂xw dx

}

− f(x+
1 )w(x+

1 ) + f(x−Nel+1)w(x−Nel+1)

+

Nel
∑

k=2

(

f(x−k )w(x−k ) − f(x+
k )w(x+

k )
)

= 0. (4.1.8)

The flux term at the interior nodes is rewritten as follows

f(x−k )w(x−k ) − f(x+
k )w(x+

k ) = −
(

(γ1 f+ + γ2 f−) [w] + [f ] (γ2 w+ + γ1 w−)
)

[f ]=0
= − (γ1 f+ + γ2 f−) [w] (4.1.9)

if we enforce continuity, i.e. [f ] = 0, at a node; also γ1 + γ2 = 1 and γ1,2 ≥ 0.
The heart of the discontinuous Galerkin numerical method hinges now on the choice

of the numerical flux. In (4.1.9), we enforced continuity of the flux, which suggests that
we should replace f(x−k ) and f(x+

k ) both by the same numerical flux f̃ = f̃(u−, u+) =
γ1 f+ + γ2 f−. This is relevant since f(x−k ) 6= f(x+

k ) in the numerical discontinuous finite
element discretization. It turns out that for arbitrary γ1,2 with γ1 + γ2 = 1 instabilities
can occur. In general, the numerical flux is chosen as a function of both u+ and u−:
f̃ = f̃(u−, u+) or f̃(xk) = f̃

(

u−(xk), u+(xk)
)

. We discuss choice of the numerical flux
shortly.

Discretized weak formulation

We consider finite-element discretizations of the general linear advection and inviscid Burg-
ers’ equations (4.1.6) with approximations uh, wh to the variable u = u(x, t) and test func-
tions w = w(x). These are such that uh and wh belong to the broken space

Vh =
{

v
∣

∣v|Kk
∈ P dP (Kk), k = 1, . . . , Nel

}

, (4.1.10)

in which P dP (Kk) denotes the space of polynomials in Kk of degree dP . Note that uh

is continuous in an element but generally discontinuous at the nodes, i.e. across element
boundaries.

After replacement of u,w by uh, wh and f at the nodes by the numerical flux f̃ in (4.1.8),
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we arrive at the following weak formulation

Nel
∑

k=1

{∫

Kk

wh
duh

dt
dx−

∫

Kk

f(uh) ∂xwh dx

}

− f̃
(

uleft, uh(x+
1 )
)

wh(x+
1 )

+ f̃
(

uh(x−Nel+1), uright

)

wh(x−Nel+1) +

Nel
∑

k=1

f̃
(

uh(x−k ), uh(x+
k )
) (

wh(x−k ) − wh(x+
k )
)

= 0

(4.1.11)

with uleft and uright the boundary values at the left and right boundary chosen to enforce
the boundary conditions, if necessary. For the linear advection equation with a > 0, with a
“wind” a blowing from left to right, no boundary condition is required at x = L, and vice
versa for a < 0.

To reduce the partial differential equations explicitly to ordinary differential equations,
we choose a finite number of (orthogonal) polynomials to expand the variables in each
element as follows:

uh(x, t) =

dP
∑

m=0

Ûm(Kk, t)ψm,k(x), wh(x) =

dP
∑

m=0

Ŵm(Kk)ψm,k(x) (4.1.12)

with polynomial basis functions ψm,k(x) ∈ P dP (Kk). In one dimension the number of
coefficients equals equals the degree of the polynomials plus one. These coefficients are
chosen such that

Û0 = Ū(Kk, t) =

∫

Kk

u(x, t) dx/|Kk | and

ψm,k(x) =

{

1 if m = 0
ϕm,k(x) −

∫

Kk
ϕm,k(x) dx/|Kk | if m ≥ 1

}

.

Here, for example, we approximate uh, wh on Kk by a mean and a slope

uh(x, t) = Ūk + Ûk ψ1,k(x) and wh(x) = W̄k + Ŵk ψ1,k(x) (4.1.13)

with Ūk = Ū(Kk, t) the mean and Ûk = Û1(Kk, t) the slope. We note that ψ1,k = ζ.

Since coefficient W̄k and Ŵk are arbitrary we can alternately set W̄k and Ŵk to one in
each element and the other coefficients W̄k, Ŵk to zero. We thus obtain, after substituting
(4.1.13) into (4.1.11) and using the arbitrariness of W̄k and Ŵk, the following equations for
the mean and fluctuating part per element

|Kk|
dŪk

dt
+ f̃(xk+1) − f̃(xk) = 0 (4.1.14a)

|Kk|
3

dÛk

dt
+ [f̃(xk+1) + f̃(xk)] −

∫ 1

−1
f(Uh) dζ = 0. (4.1.14b)
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Herein, the integrals expressed in the the reference coordinate system are approximated
with a third-order two-point Gauss quadrature rule

∫ 1

−1
f(ζ) dζ ≈ f(−cm) + f(cm) (4.1.15)

with cm = 1/
√

3 for some function f = f(ζ).

Numerical flux

The numerical flux, f̃(u−, u+), is chosen to (i) be consistent such that f̃(u, u) = f(u), (ii) be
conservative, which we have used in the derivation in (4.1.9), and (iii) reduce to an E-flux,
that is,

∫ u+

u−

f(s)− f̃(u−, u+) ds ≥ 0.

This last property of the E-flux guarantees L2-stability as we will discuss later. Note that
the numerical flux is the only way of communication between elements, and that the flux
is determined by the values of uh immediately left and right of each face.

Given the values u− and u+ immediately left and right of each face or node xk, we wish
to obtain a sensible numerical flux. Note that uh is generally not constant in the neighboring
elements k − 1 and k adjacent to node xk, except when only a leading-order expansion is
used for which u(x, t) is approximated by its mean per element only. A well-known way is
to extend the values u± into the left and right elements, and calculate the exact solution to
a local Riemann problem around each node xk: find the solution u = ue(x, t) for t > t0 of

∂tu+ ∂xf(u) =0 (4.1.16)

u(x, t0) =

{

u− x < xk

u+ x ≥ xk
. (4.1.17)

The numerical flux is then defined as f̃ = f(ue(xk, t)), which is an approximate flux as
solution ue is an exact solution to a local problem with simplified (piecewise constant)
initial condition. These local Riemann problems do not interfere with another as long as
the time step is small enough. Roughly speaking, the (shock or rarefaction) waves arising
from the jumps at the nodes should not cross another. Hence, there is a smoothing step
involved in each time step since the numerical solution is a projection onto a finite number
of polynomials.

The linear advection equation has characteristics dx/dt = a. Hence, du/dt = 0 on this
characteristic x = x0 + a t with x0 an integration constant. The solution of the Riemann
problem (4.1.16) for the linear advection equation is therefore the upwind solution:

ue(x, t
′) =

{

u− x < xk + a t′

u+ x ≥ xk + a t′
(4.1.18)
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Figure 4.2: The solution to the Riemann problem for Burgers’s equation gives either a shock
solution for u− > u+, or a rarefaction wave for u− ≤ u+. The shock wave case divides in a
case where the (right) shock moves to the left and one where the shock moves to the right.
This depends on the sign of the shock speed s. The (left) rarefaction wave case divides
in three cases. The distinction into left and right wave is made for the case where the
wave moves into a state of rest with either u+ = 0 (shock case with u− > u+) or u− = 0
(rarefaction case with u− ≤ u+).

for t′ = t− t0. Hence,

f̃linear advection(xk) =

{

au− a > 0
au+ a ≤ 0

. (4.1.19)

Likewise, the characteristics of Burgers’ equation are dx/dt = u. Hence, du/dt = 0 on
these characteristics x = x0 +u0 t with x0 an integration constant, such that the solution is
implicit u(x, t) = u0(x−u(x, t)). For the constant initial data in the Riemann problem, the
characteristics are readily solved. We find a shock wave when the characteristics converge
for u− > u+, and a rarefaction wave when the characteristics diverge for u− ≤ u+, as a
sketch in the x, t–plane reveals. The five different situations around the origin x′ = x− xk

are sketched in Fig. 4.2.
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The discontinuity of the Burgers’ shock is located at xb(t) and has speed s = dxb(t)/dt,
which follows from (the Rankine Hugoniot relation)

0 = lim
ε→0

∫ xb(t)+ε

xb(t)−ε
∂tu+ ∂x(u2/2) dx = −s [u] + [u2/2] (4.1.20)

with ū = (Ul + Ur)/2 and [u] = Ur − Ul, and Ul and Ur the values immediately left and
right of the shock. Hence, s = (Ul + Ur)/2. In the Riemann problem the shock wave thus
has shock speed s = (u− + u+)/2 and its position is given by x′ = s t′. Since the flux is
evaluated at x′ = x− xk, the flux is either f̃ = u2

−/2 when s > 0, or f̃ = u2
+/2 when s ≤ 0

for the shock wave case.
The rarefaction wave in the Riemann problem has characteristics dx′/dt′ = u on which

u is constant. The tail and the head of the rarefaction wave lie at x′ = u− t
′ and x′ = u+ t

′,
respectively. Hence the solution is

u(x′, t′) =







u− x′ < u− t
′

x′/t′ u− t
′ < x′ < u+ t

′

u+ x′ > u+ t
′

. (4.1.21)

We deduce from this solution that we must indeed have u− ≤ u+. So at x′ = 0, we find for
the rarefaction wave case that u(0, t′) = u− when u− > 0, u(0, t′) = 0 when u− < 0 and
u+ > 0, and u(0, t′) = u+ when u+ < 0.

Hence, the numerical flux for Burgers’s equation then becomes

f̃burgers(xk) =























u2
−/2 s > 0 ∧ u− > u+

u2
+/2 s ≤ 0 ∧ u− > u+

u2
−/2 u− > 0 ∧ u− ≤ u+

0 u− < 0 ∧ u+ > 0 ∧ u− ≤ u+

u2
+/2 u+ < 0 ∧ u− ≤ u+

. (4.1.22)

We note and leave as a check that both these fluxes are consistent and form E-fluxes, see
conditions (i) and (iii). For more complex functions and systems of hyperbolic equations,
the exact Riemann problem is often too complicated, and approximate Riemann solvers are
used to determine the numerical flux in a computationally efficient way.

Initial and boundary conditions

The expansion coefficients Ûm(Kk, t) defined in (4.1.12) are obtained by projection of the
initial condition onto the basis functions ψm,k. For the piecewise linear case, we obtain the
initial values of the mean and slope per element as follows

Ūk(0) =
1

2

∫ 1

−1
u0 (x(ζ)) dζ (4.1.23)

Ûk(0) =
3

2

∫ 1

−1
u0 (x(ζ)) ζ dζ. (4.1.24)
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For periodic boundary conditions, we take uleft = uh(x−Nel+1) and uright = uh(x+
1 ). In

case we use a piecewise linear approximation, we thus have

uleft = ŪNel+1 + ÛNel+1 and uright = Ū1 − Û1. (4.1.25)

For the linear advection equation with a > 0, we specify uleft(t) and, likewise, uright(t) when

a ≤ 0. For Burgers’ equation with solid walls at x = 0, L, we take uleft = −(Ū1 − Û1) and

uright = −(ŪNel+1+ÛNel+1). For Burgers’ equation and open boundaries, we need to specify

uleft(t) when (Ū1 − Û1) > 0 and uright(t) when (ŪNel+1 + ÛNel+1) < 0, as the wind u at the
relevant boundary then blows into the domain.

Time discretization and time step

We write (4.1.14) as a system of ordinary differential equations

dU

dt
=G(U, t) (4.1.26)

with U = (Ū , Û )T the state vector of unknown coefficients of the basis functions, and the
remaining terms are collected in G and placed on the right-hand-side. We can then use the
second-order

U(1) =Un + ∆tG(Un, tn)

Un+1 =
[

Un + U(1) + ∆tG(U(1), tn + ∆t)
]

/2 or
(4.1.27)

or the third-order Runge-Kutta method

U(1) =Un + ∆tG(Un, tn)

U(2) =
[

3Un + U(1) + ∆tG(U(1), tn + ∆t)
]

/4

Un+1 =
[

Un + 2U(2) + 2∆tG(U(2), t2 + ∆t/2)
]

/3

(4.1.28)

of Shu and Osher (1989), for example, to discretize (4.1.26) in time. The numerical flux
defined in (4.1.19) and (4.1.22), which was based on the related Riemann problem, for the
linear advection and Burgers’ equations is time dependent. In the time stepping method,
it is evaluated at t′ = 0, so the latest (intermediate) value of uh(x, t) is used to define u±.

A rough time step estimate is based on the characteristics of both equations:

∆t = CFL min
k

(|Kk|)/|a| or ∆t = CFL min
k

(|Kk|)/max
k

(|Ūn
k + Ûn

k |, |Ūn
k − Ûn

k |)
(4.1.29)

with CFL the Courant-Friedrichs-Lewy number; CFL ≤ 1. The time step can thus vary
over time. Via a linear stability analysis of the linear advection equation a more detailed
time step can be calculated or, for the nonlinear Burgers’ equation, estimated.
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Slope limiter

Artificial numerical oscillations can appear around discontuities in the solution, because
the projection onto the finite element basis functions are approximate. To diminish these
undesirable oscillations, we apply a slope limiter after every time step. We apply the slope
limiter as described in [17]. The idea of the slope limiter is to replace the original polynomial
P0 with a new polynomial P that uses the data of the midpoints of the original element um

and its neighboring elements ua and ub. Two linear polynomials, P1 and P2 are constructed
connecting the data of the neighboring element to that of the original element (see Fig. 4.3).
We obtain:

P1 =
um(x− xa) − ua(x− xm)

xm − xa
, P2 =

um(x− xb) − ub(x− xm)

xm − xb
. (4.1.30)

Now map the polynomials Pj , j = 0, 1, 2 onto the DG-space and solve for (û0)j and (û1)j :

[

∫

Kk
ψ0ψ0 dK

∫

Kk
ψ0ψ1 dK

∫

Kk
ψ1ψ0 dK

∫

Kk
ψ1ψ1 dK

]

[

(û0)j
(û1)j

]

=

[

∫

Kk
ψ0Pj dK

∫

Kk
ψ1Pj dK

]

.

After the polynomial reconstruction is performed, an oscillation indicator is sought to assess
the smoothness of Pi. The oscillation indicator for the polynomial Pi, i = 0, 1, 2, can be
defined as oi = ∂Pi/∂x. The coefficients of the new solution u in element Kk are constructed
as the sum of all the polynomials multiplied by a weight, ûq =

∑2
i=0 wi(ûq)i, q = 0, 1 in

which the weights are computed as:

wi =
(ε+ oi(Pi))

−γ

∑2
j=0(ε+ oi(Pj))−γ

,

where γ is a positive number. Take ε small, e.g., ε = 10−12. Take γ = 1. If we want more
smoothing, take e.g. γ = 10.

Pseudo-code

The program outline for the discontinous Galerkin finite element discretization of the one-
dimensional scalar hyperbolic equation (4.1.6) is as follows:

read input file/make input: get Nel, CFL, Tend, . . .
read mesh file/make mesh: make |Kk|, xk, Ūk, Ûk, . . . , f̃k, RHSk

set initial condition (4.1.23)
while (time < Tend) time loop (to solve (4.1.14a),(4.1.14b)),
. determine time step
. do intermediate time steps, e.g. RK3 (4.1.28)
. calculate flux f̃k at nodes xk, see, e.g., (4.1.19) & (4.1.22)
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P1
P2

xm
xa

xb

Kk−1 Kk Kk+1

ua

um
ub

P0

Figure 4.3: Slopelimiter

. calculate element integrals in (4.1.14b), put in RHSk

. solution update

. do measurements

End.
(4.1.31)

4.1.2 Advection-diffusion and viscous Burgers’ equation

System of first order equations

We consider the linear advection diffusion equation

∂tu+ a ∂xu = κ∂2
xxu (4.1.32)

for a, κ ∈ R and κ > 0, and the viscous Burgers’ equation

∂tu+ u∂xu = κ∂2
xxu (4.1.33)

on a domain Ω = [0, L] with initial condition u0 = u(x, 0).
We concisely combine (4.1.32) and (4.1.33) and rewrite it as a system of equations, first

order in space,

∂tu+ ∂xFu = 0 and κ q + ∂xFq = 0 (4.1.34)
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with fluxes F = (Fu, Fq)
T :

Fu = Fu(u, q) = f(u) + κ q and Fq = Fq(u) = κu. (4.1.35)

The flux Fu has a convective part f(u) and a diffusive part κ q. We remember that for
the advection diffusion equation we have f(u) = au and for the Burger’s equation we have
f(u) = u2/2.

We consider periodic boundary conditions. A variety of boundary conditions is con-
sidered in the geological application of Bokhove et al. (2005), where a combination of
Dirichlet, Neumann, and free boundary conditions are studied for a relevant nonlinear
advection-diffusion equation.

Weak formulation

We consider finite-element discretizations of (4.1.34) and (4.1.35) with approximations,
wh = (uh, qh), to the state vector, (u, q), and basis functions, v = (vu, vq). The discretization
is such that uh, qh, and (the approximations of) vu,q belong to the broken space (4.1.10).

We multiply (4.1.34) by test functions, v =
(

vu(x), vq(x)
)

, integrate by parts for each
individual and isolated element, and then add the contribution from all elements to obtain
the following weak formulation

Nel
∑

k=1

{∫

Kk

vu
duh

dt
dx+

(

F̃u(xk+1) vu(x−k+1) − F̃u(xk) vu(x+
k )
)

−
∫

Kk

Fu ∂xvu dx

}

= 0

Nel
∑

k=1

{∫

Kk

κ vq qh dx+
(

F̃q(xk+1) vq(x
−
k+1) − F̃q(xk) vq(x

+
k )
)

−
∫

Kk

Fq ∂xvq dx

}

= 0,

(4.1.36)

where vu,q(x
−
k+1) = limx↑xk+1

vu,q(x, t) and vu,q(x
+
k ) = limx↓xk

vu,q(x, t). We also replaced

the fluxes at the nodes by numerical fluxes F̃u(xk) = F̃u(w−
k , w

+
k ) and F̃q(xk) = F̃q(u

−
k , u

+
k ).

Discretized weak formulation

We approximate uh and qh by a mean and slope

uh(x, t) = Ūk + Ûk ζ and qh(x) = Q̄k + Q̂k ζ (4.1.37)

with Q̄k = Q̄(Kk, t) the mean and Q̂k = Q̂k(Kk, t) the slope, and likewise for vu, vq. We
thus obtain, after substituting (4.1.37) into (4.1.36) and using the arbitrariness of the test
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functions, the following system of coupled algebraic and ordinary equations

|Kk|
dŪk

dt
+ F̃u(xk+1) − F̃ (xk) = 0

|Kk|
3

dÛk

dt
+
(

F̃u(xk+1) + F̃u(xk)
)

−
∫ 1

−1
Fu(uh, qh) dζ = 0

κ |Kk| Q̄k + F̃q(xk+1) − F̃q(xk) = 0

κ
|Kk|

3
Q̂k +

(

F̃q(xk+1) + F̃q(xk)
)

−
∫ 1

−1
Fq(uh, qh) dζ = 0.

(4.1.38)

The integrals can be approximated with a third-order Gauss quadrature rule, see (4.1.15).

Local discontinuous Galerkin method: numerical flux

The numerical flux, F̃u(w−, w+), is chosen to (i) be consistent such that F̃ (w,w) = F (w),
(ii) be conservative, (iii) ensure a local determination of qh in terms of uh, (iv) reduce to
an E-flux in the conservative limit when κ = 0, that is,

∫ u+

u−

Fu(s, q;κ = 0) − F̃u(w−, w+;κ = 0) ds ≥ 0

with Fu(u, q;κ = 0) = f(u), and (v) be L2-stable, as will be shown. Note that the flux is
the only way of communication between elements, and that the flux is determined by the
values of uh and qh immediately left and right of each face.

The numerical flux chosen is

F̃u(w−, w+) = f̃(u−, u+) + κ q+ and F̃q = Fq(u−) = κu−, (4.1.39)

with f̃(u−, u+) the convective flux valid in the inviscid limit κ = 0, and the diffusive flux is
alternating, κ q+ in F̃u versus u− in F̃q.

L2-stability for the discretized equations follows in an analogy of the L2-stability for the
continuous case, and motivates the choice of the numerical flux. To wit, multiply (4.1.34)
by u and q, respectively, sum, and integrate over space and time to obtain:

1

2

∫ L

0
u(T )2 − u2

0 dx+

∫ T

0

∫ L

0
κ q2 dx dt −

∫ T

0

∫ L

0
(Fu ∂xu+ Fq ∂xq) dx dt+

∫ T

0
(uFu + q Fq)x=L − (uFu + q Fq)x=0 dt = 0 ⇐⇒

1

2

∫ L

0
u(T )2 − u2

0 dx+

∫ T

0

∫ L

0
κ q2 dx dt +

∫ T

0

(

uFu − φ(u)
)

|x=L −
(

uFu − φ(u)
)

|x=0 dt = 0,

(4.1.40)
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since

Fu ∂xu+ Fq ∂xq = f(u) ∂xu+ κ q ∂xu+ κu∂xq = ∂x(φ(u) + q Fq) (4.1.41)

with φ(u) =
∫ u
0 f(s) ds.

The discrete version of L2-stability for the numerical spatial discretization proceeds
as follows (cf., Cockburn and Shu, 1998). We add the weak formulation (4.1.36) of both
equations and integrate in time to find

Bh(wh, vh) =

∫ T

0

∫ L

0

duh

dt
vu + κ vq qh dxdt−

∫ T

0

∑

2≤k≤Nel

(F̃ · [vh])k dt+

∫ T

0
(F̃ · v−h )k=Nel+1 − (F̃ · v+

h )k=1 dt−
∫ T

0

∑

1≤k≤Nel

∫

Kk

F · ∂xvhdx dt

(4.1.42)

with wh = (uh, qh), vh = (vu, vq), and [v] = v+ − v−. As in the continuous case, substitute
vu = uh and vq = qh into (4.1.42) to obtain:

Bh(wh, wh) =
1

2

∫ L

0
(uh(T )2 − uh(x, 0)2) dx+

∫ T

0

∫ L

0
κ q2h dxdt+

∫ T

0

(

φ(u+
h ) + F+

q q+h − F̃ · w+
h

)

k=1
dt−

∫ T

0

(

φ(u−h ) + F−
q q−h − F̃ · w−

h

)

k=Nel+1
dt+

∫ T

0
Θdissipation(t) dt,

(4.1.43)

where

Θdissipation(t) = −
∑

2≤k≤Nel

F̃ · [wh] −
∑

1≤k≤Nel

∫

Kk

F · ∂xwh dx+

(

φ(uh) + Fq qh
)−

k=Nel+1
−
(

φ(uh) + Fq qh
)+

k=1
.

(4.1.44)

Rewriting

−
∑

1≤k≤Nel

∫

Kk

F · ∂xwh dx =
∑

2≤k≤N]el

[φ(uh) + Fq qh]k+

(

φ(uh) + Fq qh
)+

k=1
−
(

φ(uh) + Fq qh
)−

k=Nel+1

(4.1.45)

is used to evaluate (4.1.44) further. Hence, requiring that

Θdissipation(t) =
∑

2≤k≤Nel

Θk
dissipation(t) =

∑

2≤k≤Nel

{

[φ(uh) + Fq qh] − F̃ · [wh]
}

k

=
∑

2≤k≤Nel

{

[φ(uh)] + [Fq] q̄h − [uh] F̃u + F̄q [qh] − [qh] F̃q

}

k
> 0

(4.1.46)
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motivates the choice (4.1.39), where we used that

[Fq qh] = [Fq] q̄h + F̄q [qh]. (4.1.47)

Reordering the chosen convective flux (4.1.39) in the limit κ = 0 produces

lim
κ→0

Θk
dissipation(t) = [φ(uh)] − [uh] f̃(u−, u+) =

∫ u+

u−

Fu(s, q;κ = 0) − f̃(u−, u+) ds ≥ 0

(4.1.48)

for Fu(u, q;κ = 0) = f(u), which is satisfied provided that the E-flux property (iv) holds.
In the diffusive limit, the cancellation is as follows

[Fq] q̄h − [uh]κ q+ + F̄q [qh] − [qh] F̃q =

1

2
κ
(

(u+ − u−) (q+ + q−) − 2 (u+ − u−) q+

+ (u+ + u−) (q+ − q−) − 2 (q+ − q−)u−
)

= 0.

Hence, Θk
dissipation ≥ 0 and thus Θdissipation ≥ 0. This proves L2-stability, since the first

two quadratic terms in (4.1.42) are now always bounded or even decreasing if the boundary
terms cancel. The boundary terms in (4.1.42) cancel for periodic boundary conditions, for
example.

Time discretization

We write (4.1.38) as a system of ordinary differential and algebraic equations

dU

dt
=GU (U,q) and q = Gq(U) (4.1.49)

with U = (Ū , Û )T the state vector of unknown coefficients of the basis functions and
q = (Q̄, Q̂)T , and GU,q the remaining terms placed on the right-hand-side. Using the
third-order Runge-Kutta method to discretize (4.1.49) in time, we obtain

qn = Gq(U
n), U(1) = Un + ∆tGU (Un,qn)

q(1) = Gq(U
(1)), U(2) =

(

3Un + U(1) + ∆tGU (U(1),q(1))
)

/4

q(2) = Gq(U
(2)), Un+1 =

(

Un + 2U(2) + 2∆tGU (U(2),q(2))
)

/3.

(4.1.50)

Note that we can solve for U and q in an explicit manner because the new (intermediate)
stage of q can always be found from the new (intermediate) stage of U before commencing
the time update.
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4.2 One-dimensional hyperbolic systems

4.2.1 System of equations

We will consider the space discontinuous Galerkin finite element discretization of the fol-
lowing hyperbolic system of conservation laws with extra geometrical, source or sink terms

∂tU + ∂xF (U) = S, (4.2.1)

where U is the nq×1 state vector of variables, F = F (U) the flux vector and S the “source”
vector. The flux F is such that A(u) = ∂F/∂U has real eigenvalues. The system is at least
hyperbolic when S = 0.

To particularize the numerical flux, we need to specify a particular system. We have
chosen as example the equations modelling the cross-sectionally averaged flow of shallow
water through a channel with a contraction. The variables involved are the velocity u =
u(x, t) and the cross-section A = A(x, t) = b(x)h(x, t), and the averaged depth across the
channel h(x, t) as function of the coordinate x along the channel and time. The width of
the channel b = b(x) is given. This dimensionless system in its pseudo-conservative form
reads

∂tA+ ∂x(Au) = 0 (4.2.2a)

∂t(Au) + ∂x

(

Au2 +
A2

2 b F 2
0

)

=
A2

2 b2 F 2
0

∂xb− Cd bAu |Au|/A2, (4.2.2b)

where F0 = u0/
√
g h0 is the Froude number and Cd = C∗

d b0/h0 the friction coefficient. This
Froude number F0 is based on the upstream inflow values of velocity, u0, and depth, h0.
The dimensional friction C∗

d ≈ 0.004 stems from the engineering practise (Akers, 2005). We
have used the upstream width b0, velocity and depth u0 and h0 to scale the system.

To relate (4.2.2) to (4.2.1) we identify

U = (A,m = Au)T , F =

(

Au,Au2 +
A2

2 b F 2
0

)T

(4.2.3)

S = Sg + S0 (4.2.4)

Sg =

(

0,
A2

2 b2 F 2
0

∂xb

)T

(4.2.5)

S0 =

(

0,−Cd bAu |Au|/A2

)T

. (4.2.6)

Weak formulation

We choose a test function wh which is defined and continuous on each element Kk, but
generally discontinuous across an element boundary. The weak formulation follows by
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multiplication of (4.2.1) with test function wh, integration (by parts) over each element and
summation over all elements

∑

Kk

∫

Kk

wh ∂tU − F (U) ∂xwh − S whdx+ F
(

U(x−k+1)
)

wh(x−k+1) − F
(

U(x+
k )
)

wh(x+
k ) = 0

(4.2.7)

with x+
k = lim x ↓ xk and x−k+1 = lim x ↑ xk+1.

Numerical flux

We rework the summation of the fluxes over elements in (4.2.7) to one over the nodes

∑

Kk

∫

Kk

F
(

U(x−k+1)
)

wh(x−k+1) − F
(

U(x+
k )
)

wh(x+
k ) =

− F
(

U(x+
1 )
)

wh(x+
1 ) + F

(

U(x−Nel+1)
)

wh(x−Nel+1)+

Nel
∑

j=2

F
(

U(x−j )
)

wh(x−j ) − F
(

U(x+
j )
)

wh(x+
j ) ≡

− F
(

U(x+
1 )
)

wh(x+
1 ) + F

(

U(x−Nel+1)
)

wh(x−Nel+1) +

Nel
∑

j=2

Fr wr − Fl wl (4.2.8)

with Fr = F
(

U(x+
j )
)

, Fl = F
(

U(x−j )
)

, wr,l denoting evaluation right or left of node xj . The
last expression we further reorder as follows

Fr wr − Fl wl = (wr − wl) (αFl + γ Fr) + (αwr + γ wl) (Fr − Fl)

= (wr − wl) (αFl + γ Fr),
(4.2.9)

by imposing flux conservation Fr = Fl of the continuous F (U), and with α + γ = 1 and
α, γ ≥ 0. Flux conservation is thus included explicitly.

We use the HLL or HLLC numerical flux (see Batten, 1997; and Toro, 1999) defined as
follows

F̃ =
1

2

(

Fr + Fl − (|Sl| − |Sm|)U∗
l + (|Sr| − |Sm|)U∗

r + |Sl|Ul − |Sr|Ur

)

, (4.2.10)

(Sl,r − Sm)U∗
l,r = (Sl,r − ul,r)Ul,r +

(

0
P ∗ − Pl,r

)

(4.2.11)

P ∗ = Pl,r +Al,r (Sl,r − ul,r) (Sm − ul,r), (4.2.12)

Sl = min(ul − al, ur − ar), Sr = max(ul + al, ur + ar), al,r =
√

hl,r/F0, (4.2.13)
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where al,r are the gravity wave speeds to the left and rightof a node, and Sl,r are the estimate
of the fastest left and right going waves.

In the discretization, we now approximate U ≈ Uh by expansion of U in terms of basis
functions, continuous on each element, and replace αFl+γ Fr by a numerical flux F̃ (Ul, Ur).
From (4.2.7), we then obtain

∑

Kk

∫

Kk

wh ∂tUh − F (Uh) ∂xwh − S(Uh)whdx+ F̃
(

Uh(x−k+1), Uh(x−k+1)
)

wh(x−k+1)

−F̃
(

Uh(x−k ), Uh(x+
k )
)

wh(x+
k ) = 0.

(4.2.14)

Discretized weak formulation

When we expand Uh and wh, cf. (4.1.12), into first order polynomials we get

Uh = Ūk + ζ Ûk and wh = W̄k + ζ Ŵk (4.2.15)

with mean and slope coefficients Ūk(t) and Ûk(t). Since wh is arbitrary, we can only take
W̄k = 1 and Ŵk = 1 alternately for each element, and obtain the spatial discretization

|Kk|
dŪk

dt
+ F̃

(

Uh(x−k+1), Uh(x−k+1)
)

− F̃
(

Uh(x−k ), Uh(x+
k )
)

=
∫ 1

−1

A2

2 b2 F 2
0

(

0

b̂k

)

dζ +
|Kk|

2

∫ 1

−1

(

0
−Cd bAu |Au|/A2

)

dζ (4.2.16)

|Kk|
3

dÛk

dt
+ F̃

(

Uh(x−k+1), Uh(x−k+1)
)

+ F̃
(

Uh(x−k ), Uh(x+
k )
)

−
∫ 1

−1
F (Uh) dζ =

∫ 1

−1

A2 ζ

2 b2 F 2
0

(

0

b̂k

)

dζ +
|Kk|

2

∫ 1

−1
ζ

(

0
−Cd bAu |Au|/A2

)

dζ. (4.2.17)

Time discretization

Abstractly, we write the spatially discrete system (4.2.16)–(4.2.17) as

dŪ

dt
= R̄d(U) and

dÛ

dt
= Rd(U). (4.2.18)

Two choices for the time discretization are a second order predictor-corrector Crank-
Nicolson scheme, and the third-order Runge-Kutta scheme of Shu and Osher (1989). The
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predictor-corrector scheme is

Ū∗ = Ūn + ∆t R̄d(U
n),

Û∗ = Ûn + ∆tRd(U
n)

Ūn+1 =
1

2

(

Ūn + Ū∗ + ∆t R̄d(U
n) + ∆t R̄d(U

∗)
)

,

Ûn+1 =
1

2

(

Ûn + Û∗ + ∆tRd(U
n) + ∆tRd(U

∗)
)

. (4.2.19)

In the proper Crank-Nicolson scheme the state U∗ is replaced by Un+1 except the last U∗

in the last equation, which is replaced by Un. The RK3 scheme reads

Ū (1) = Ūn + ∆t R̄d(U
n),

Û (1) = Ûn + ∆tRd(U
n)

Ū (2) =
1

4

(

3 Ūn + Ū (1) + ∆t R̄d(U
(1))
)

,

Û (2) =
1

4

(

3 Ûn + Û (1) + ∆tRd(U
(1))
)

Ūn+1 =
1

3

(

Ūn + 2 Ū (2) + 2∆t R̄d(U
(2))
)

,

Ûn+1 =
1

3

(

Ûn + 2 Û (2) + 2∆tRd(U
(2))
)

. (4.2.20)

4.2.2 Flow at rest

An important test specific to the shallow water equations (4.2.2) is whether rest flow with
u = 0 and h = H constant remains at rest. One can show that for rest flow with constant
h so that hl = hr and continuous b(x) so that bl = br the numerical flux becomes F̃ =
(

0, b h2/(2F 2
0 )
)T

. If we project the discontinuous Galerkin expansion coefficients of b(x)
such that bh remainscontinuous at the nodes and approximate ∂xb in terms of this expansion,
then rest flow remains at rest in the numerical discetization. This is the reason why the
extra S–term has been divided into a gradient, Sg, and non-gradient, S0, part in (4.2.3).

4.3 Exercises

1. The goal of this exercise is to make a numerical implementation and verification of
the space discontinuous finite element method for the scalar hyperbolic system, and
for the linear advection and inviscid Burgers’ equations considered in section 4.1.1 in
particular.

A well-known strategy is to test the code first for mean values only, that is, for a
leading order finite volume discretization (4.1.14a) before including the higher order
expansions in (4.1.12).
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(a) Write down two exact solutions for the linear advection equation: for the Rie-
mann problem and for a general initial condition in a periodic domain.

(b) Write down exact solutions for Burgers’ equation, one for the Riemann problem
and one for general initial conditions using the method of characteristics. Predict
when wave breaking occurs for an initially smooth profile u0(x).

(c) Implement the algorithm, e.g. using Matlab. Use the pseudo code (4.1.31), if
necessary. For example, for Burger’s equation ∂tu+ u∂xu = 0 we can use initial
data u0(x) = sin(π

6x) for a periodic domain 0 < x ≤ 12. For Burger’s equation
∂tu + u∂xu = 0, we can alternatively use Riemann initial data u0(x) = 1 for
x < 1 and u0(x) = 0 for x ≥ 1 (and vice versa) for a domain 0 < x ≤ 12 with
inflow and outflow boundaries.

(d) Take f(u) = au and verify the implementation against exact solutions of the
linear advection equation. Show that the method is second order acccurate in
space for smooth and nonsmooth solutions by making convergence tables for the
L1, L2 and L∞ errors. These errors are defined as follows

Lp(t) =

(
∫ L

0
|uh(x, t) − uexact(x, t)|pdx

)1/p

‖uh(x, t) − uexact(x, t)‖L∞ =ess sup{|uh(x, t) − uexact(x, t)| : x ∈ [0, L]}.
(4.3.1)

(e) Take f(u) = u2/2 and verify the implementation against exact solutions of the
Burgers’ equation. Display the accuracy of the method for smooth solutions and
for solutions with discontinuities. Confirm by simulation that the time of shock
formation in Burgers’ equation coincides with the analytical prediction.

(f) Implement the slope limiter discussed in (4.1.30). Check the accuracy of the
method.

(Bonus) Take f(u) = au+bu2. Derive a numerical flux, implement this numerical flux and
compare your numerical results with the exact solution of a Riemann problem.

2. Show that instead of the flux (4.1.39), the following numerical flux

F̃u(w−, w+) = f̃(u−, u+) + κ q− and F̃q = Fq(u+) = κu+ (4.3.2)

also satisfies L2-stability. Does the flux

F̃u(w−, w+) = f̃(u−, u+) + κ q̄ and F̃q = Fq(ū) = κ ū (4.3.3)

satisfy L2-stability?



Chapter 5

Space-time discontinuous Galerkin
finite element methods

5.1 Space-time methods for scalar conservation laws

Many applications in fluid dynamics have time-dependent boundaries where the boundary
movement is either prescribed or part of the solution. Examples are fluid-structure interac-
tion, two-phase flows with free surfaces, Stefan problems and water waves. In all of these
problems the computational mesh has to follow the boundary movement and the interior
mesh points have to move to maintain a consistent mesh without grid folding. This mesh
movement imposes additional complications for the numerical discretization relative to the
case without mesh movement. In particular, ensuring that the numerical discretization is
conservative on time-dependent meshes is non-trivial. This is important for many reasons.
In the first place the equations of fluid dynamics express conservation of mass, momentum
and energy, which should preferrably also be satisfied at the discrete level, but also problems
with discontinuities require a conservative scheme since otherwise the shock speed will be
inaccurate.

A natural way to derive numerical discretizations for problems which require deforming
and moving meshes is to use the space-time approach. In this technique time is considered
as an extra dimension and treated in the same way as space. In this chapter we will extend
the discontinuous Galerkin finite element discretization discussed chapter 4 to a space-time
discretization. We will only discuss the main aspects of this space-time DG method using
a scalar hyperbolic partial differential equation in one space dimension as model problem.
The extension to parabolic and incompletely parabolic partial differential equations and
systems are beyond the scope of these notes. More details on space-time DG methods,
including applications to inviscid compressible flow described by the Euler equations of gas
dynamics, can be found in Van der Vegt and Van der Ven [23], [24]. Extensions of the
space-time DG method to the advection-diffusion equation are given in Sudirham, Van der

36
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Vegt and Van Damme [21] and for the compressible Navier-Stokes equations in Klaij, Van
der Vegt and Van der Ven [13].

Consider now a scalar conservation law in a time dependent flow domain Ω(t) ⊆ R with
boundary ∂Ω:

∂u

∂t
+
∂f(u)

∂x1
= 0, x1 ∈ Ω(t), t ∈ (t0, T ), (5.1.1)

with boundary conditions:

u(t, x1) = B(u, uw), x1 ∈ ∂Ω(t), t ∈ (t0, T ), (5.1.2)

and initial condition:

u(0, x1) = u0(x1), x1 ∈ Ω(t0). (5.1.3)

Here, u denotes a scalar quantity, t represents time, with t0 the initial and T the final time
of the time evolution. The boundary operator is denoted as B(u, uw), with uw prescribed
data at the boundary and defines which type of boundary conditions are imposed at ∂Ω.
Examples are Dirichlet boundary conditions, with u = uw, or Neumann boundary conditions
with ∂u

∂n̄ = uw, where n̄ denotes the unit outward normal vector at ∂Ω. An example of a
time-dependent domain, resembling a piston moving into and out of a cylinder is given in
Figure 5.1.

If we would directly discretize (5.1.1)-(5.1.3) with a finite element or finite volume
method then at each instant of time the mesh points have to move in order to account
for the boundary movement. At their new position we generally do not have data points
available and we need to interpolate or extrapolate the data from the old mesh to the new
mesh. This interpolation process is generally non-conservative and can introduce substan-
tial errors. Also, one has to be very careful in defining the proper mesh velocities. For a
detailed discussion see Lesoinne and Farhat [15].

An alternative approach is provided by the space-time discretization method. In a space-
time discretization we directly consider the domain in R

2. A point x ∈ R
2 has coordinates

(x0, x1), with x0 = t representing time and x ∈ R the spatial coordinate. We define the
space-time domain as the open domain E ⊂ R

2. The boundary ∂E of the space-time domain
E consists of the hypersurfaces Ω(t0) := {x ∈ ∂E |x0 = t0}, Ω(T ) := {x ∈ ∂E |x0 = T}, and
Q := {x ∈ ∂E | t0 < x0 < T}. The space-time domain boundary ∂E therefore is equal to
∂E = Ω(t0) ∪ Q ∪ Ω(T ).

The scalar conservation law (5.1.1) can now be reformulated in the space-time frame
work. For this purpose we consider the space-time domain E in R

2, see Figure 5.2. The
space-time formulation of the scalar conservation law (5.1.1) is obtained by introducing the
space-time flux vector:

F(u) := (u, f(u))T .
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x1(t)

t

1x

(t)Ω

Ω (t)

Figure 5.1: Example of a time dependent flow domain Ω(t).

The scalar conservation law then can be written as:

divF(u(x)) = 0, x ∈ E , (5.1.4)

with boundary conditions:

u(x) = B(u, uw), x ∈ Q, (5.1.5)

and initial condition:

u(x) = u0(x), x ∈ Ω(t0). (5.1.6)

Here, the div operator is defined as divF = ∂Fi

∂xi
.

The space-time formulation requires the introduction of a space-time slab, element and
faces. First, consider the time interval I = [t0, T ], partitioned by an ordered series of time
levels t0 < t1 < · · · < tNT

= T . Denoting the nth time interval as In = (tn, tn+1), we have
I = ∪nĪn. The length of In is defined as 4tn = tn+1 − tn. Let Ω(tn) be the space-time
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Figure 5.2: Example of a space-time domain E .

domain at time t = tn. A space-time slab is then defined as the domain En = E ∩ (In × R),
with boundaries Ω(tn), Ω(tn+1) and Qn = ∂En\(Ω(tn) ∪ Ω(tn+1)).

We now describe the construction of the space-time elements K in the space-time slab
En. Let the domain Ω(tn) be divided into Nn non-overlapping spatial elements Kn. At
tn+1 the spatial elements Kn+1 are obtained by mapping the vertices of the elements Kn

to their new position at t = tn+1. Each space-time element K is obtained by connecting the
elements Kn and Kn+1 using linear interpolation in time. A sketch of the space-time slab
En is shown in Figure 5.3. The element boundary of the space-time slab is denoted as ∂K
and consists of three parts Kn, Kn+1, and Qn

K = ∂K\(Kn ∪Kn+1).
The geometry of the space-time element can be defined by introducing the mapping Gn

K .

This mapping connects the space-time element Kn to the reference element K̂ = [−1, 1]2

and is defined using the following steps. First, we define a smooth, orientation preserving
and invertible mapping Φn

t in the interval In as:

Φn
t : Ω(tn) → Ω(t) : x1 7→ Φn

t (x1), t ∈ In.

Next, we split Ω(tn) into the tessellation T̄ n
h with non-overlapping elements Kj . The ele-
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Figure 5.3: Space-time slab in space-time domain E .

ments Kj are defined using the mapping Fn
K :

Fn
K : [−1, 1] → Kn : ξ1 7−→

2
∑

i=1

xi(K
n)χi(ξ1),

with xi(K
n) the spatial coordinates of the space-time element at time t = tn and χi the

standard linear finite element shape functions defined on the interval [−1, 1] as:

χ1(ξ1) = 1
2(1 − ξ1),

χ2(ξ1) = 1
2(1 + ξ1).

Similarly, we use the mapping Fn+1
K to define the element Kn+1:

Fn+1
K : [−1, 1] → Kn+1 : ξ1 7−→

2
∑

i=1

Φn
tn+1

(xi(K
n))χi(ξ1).

Using linear interpolation in time the space-time element K can now be defined using the
mapping:

Gn
K : [−1, 1]2 → Kn : (ξ0, ξ1) 7−→ (x0, x1), (5.1.7)
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Figure 5.4: Geometry of 2D space-time element in both computational and physical space.

with:

(x0, x1) =
(

1
2(tn + tn+1) − 1

2(tn − tn+1)ξ0,

1
2(1 − ξ0)F

n
K(ξ1) + 1

2(1 + ξ0)F
n+1
K (ξ1)

)

.

An overview of the different mappings is given in Figure 5.4. The space-time tessellation is
now defined as:

T n
h := {K = Gn

k (K̂) |K ∈ T̄ n
h }.

5.2 Space-time discontinuous Galerkin finite element discretiza-
tion

The space-time formulation can be used both in continuous and discontinuous finite element
methods. The key difference here is if continuous or discontinuous basis functions are used
inside a space-time slab. In this section we will discuss the construction of a space-time
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discontinuous Galerkin discretization for the scalar conservation law (5.1.1). The first step
is the definition of the basis functions φ̂m, (m = 0, 1, 2) on the master element K̂ = [−1, 1]2,
for which we use linear basis functions, both in space and time:

φ̂m(ξ0, ξ1) = 1, m = 0,

= ξm−1, m = 1, 2

The basis functions φm on the space-time element K then can be defined as:

φm(x) = φ̂m ◦G−1
K (x).

It is important to realize that these polynomial basis functions are defined independently
on each element and we do not require any continuity across element faces, both in space
and time. This is the main difference with the discontinuous Galerkin method discussed
in chapter 4, where only discontinuous basis functions in space are used. An impression
of the basis functions is given in Figure 5.5. For a number of reasons, in particular the
definition of a stabilization operator to deal with discontinuous solutions, it is beneficial to
split the test and trial functions into an element mean at time tn+1 and a fluctuating part.
We introduce therefore the basis functions ψm : K → R:

ψ(x0, x1) = 1, m = 0,

= φm(x0, x1) −
1

|Kj(tn+1)|

∫

Kj(tn+1)
dK, m = 1, 2.

The discontinuous Galerkin discretization requires the definition of the following finite ele-
ment space:

V 1
h (T n

h ) :=
{

vh

∣

∣

∣
vh|Kn

j
∈ P 1(Kn

j ), j = 1, · · · , Nn

}

,

with P 1(K) = span
{

ψm,m = 0, 1, 2
}

. The trial functions uh : T n
h → R

2 are defined in each
element Kj ∈ T n

h as:

uh(x) = P(u(x)|K) =

2
∑

m=0

ûm(Kj)ψm(x), x ∈ Kj , (5.2.1)

with P the projection operator to the finite element space V 1
h (T n

h ) and ûm the expan-
sion coefficients. Due to the definition of the basis functions ψm, which ensures that
∫

K(tn+1) ψm(x)dK = 0 for m = 1, 2, we have the relation:

ūh(Kj(tn+1)) :=
1

|K(tn+1)|

∫

K(tn+1)
dK = û0,

and we can write:
uh(x) = ūh(Kj(tn+1)) + ũh(x),
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Figure 5.5: Discontinous Galerkin approximation of a function.

with ūh(Kj(tn+1)) the mean solution at tn+1 and ũh(x) the fluctuations in element Kn with
∫

K(tn+1) ũ(x)dK = 0. One of the main benefits of this splitting is that the equation for û0

is very similar to a first order finite volume discretization and is only weakly coupled to the
equations for ũh.

The discontinuous Galerkin finite element formulation is now obtained using the follow-
ing steps. First, equation (5.1.4) is multiplied with arbitrary test functions wh ∈ V 1

h and
integrated over the space-time domain E , split into space-time elements. After introducing
the trial functions uh ∈ V 1

h , we obtain the weighted residual formulation:

Find a uh ∈ V 1
h , such that for all wh ∈ V 1

h , we have:

NT
∑

n=0

Nn
∑

j=1

(

∫

Kn
j

wh divF(uh)dK +

∫

Kn
j

(gradwh)T D(uh) grad uhdK
)

= 0. (5.2.2)

Here, the second integral is the stabilization operator, with D(uh) ∈ R
2×2 the stabilization

matrix, which is necessary to obtain monotone solutions near discontinuities. This contri-
bution will be discussed in Section 5.3. The discontinuous Galerkin weak formulation is
now obtained by integrating (5.2.2) by parts, resulting in:
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Figure 5.6: Definition of the traces in a space-time slab.

Find a uh ∈ V 1
h , such that for all wh ∈ V 1

h , we have:

NT
∑

n=0

Nn
∑

j=1

(

−
∫

Kn
j

gradwh · F(uh)dK +

∫

∂Kn
j

w−
h n

− · F(u−h )d(∂K)

+

∫

Kn
j

(gradwh)T D(uh) grad uhdK
)

= 0. (5.2.3)

In the evaluation of the integrals in the weak formulation it is important to make a distinc-
tion between the traces at the element boundary taken from either the inside or the outside
of the element. The traces at ∂K are defined as:

w±
h = lim

ε↓0
wh(x± εnK),

with n the unit outward space-time normal vector at ∂K. The traces are also shown in
Figure 5.6.

The integrals over the faces ∂K in the weak formulation (5.2.3) can be further eval-
uated using the fact that the interior faces are counted twice in the summation over the
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elements. The same applies for boundary faces if we extend the mesh with ghostcells. We
can transform the integrals over the element boundaries therefore into:

∑

K

∫

∂K
w−

h F−d(∂K) =
∑

S

∫

S

1
2 (w−

h n
− + w+

h n
+)(F− + F+)+

1
2 (w−

h + w+
h )(F−n− + F+n+)dS, (5.2.4)

with F± = F(u±h ), S the faces in the tessellation, and n−, n+ the normal vectors at each
side of the face S, which satisfy n+ = −n−. Since the formulation should be conservative,
which must impose the condition:

∫

S

whn
−F−dS = −

∫

S

whn
+F+dS, ∀wh ∈ V 1

h (T n
h ),

hence the second contribution in (5.2.4) is zero. The boundary integrals therefore are equal
to:

∑

K

∫

∂K
w−

h F−d(∂K) =
∑

S

∫

S

1
2(w−

h − w+
h )n−(F− + F+)dS,

using the relation n+ = −n−. The next step is to replace the multi-valued trace of the flux
F at S with a numerical flux function:

H(u−h , u
+
h , n) = 1

2n · (F− + F+),

this introduces upwind information into the DG formulation and this technique shows a close
resemblance with upwind finite volume methods. The boundary integrals at the element
faces can therefore be expressed as:

∑

K

∫

∂K
w−

h F−d(∂K) =
∑

S

∫

S

(w−
h −w+

h )H(u−h , u
+
h , n

−)dS

=
∑

K

∫

∂K
w−

h H(u−h , u
+
h , n

−)d(∂K),

where we used the fact that the numerical flux has to be conservative, which imposes the
condition H(u−h , u

+
h , n

−) = −H(u+
h , u

−
h , n

+).
In the definition of the numerical flux we have to make a distinction between the faces

Kn
j and Kn+1

j at the time levels t = tn and tn+1, respectively, and the faces Qn
j . The first

two faces have a space-time normal vector n = (±1, 0)T and information should only move
from the past to the future, whereas through the faces Qn

j information flows both into and

out of the element K. The numerical flux at the boundary faces Kn
j and Kn+1

j , therefore is
defined as:

H(u−h , u
+
h , n

−) =u+
h at Kn

j

=u−h at Kn+1
j .
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The numerical flux at the boundary faces Qn
j is chosen as a monotone LipschitzH(u−h , u

+
h , n),

which is consistent:
H(u, u, n) = n · F(u)

and conservative:
H(u−h , u

+
h , n

−) = −H(u+
h , u

−
h , n

+).

The monotone Lipschitz flux H(u−h , u
+
h , n) is obtained by (approximately) solving a Rie-

mann problem with initial states u−h and u+
h at the element faces Qn

j at time t = tn and
is discussed in detail in chapter 4. Important consistent and monotone Lipschitz fluxes are
the:

• Godunov flux

• Engquist-Osher flux

• Lax-Friedrichs flux

• Roe flux with ’entropy fix’

• HLLC flux.

The choice which numerical flux should be used depends on many aspects, e.g. accuracy,
robustness, computational complexity, and also personal preference. After introducing the
numerical fluxes we can transform the weak formulation (5.2.3) into:

Find a uh ∈ V 1
h (T n

h ), such that for all wh ∈ V 1
h (T n

h ), the following variational equation
is satisfied:

Nn
∑

j=1

(

−
∫

Kn
j

(gradwh) · F(uh)dK +

∫

Kj(tn+1)
w−

h u
−
h dK−

∫

Kj(tn)
w−

h u
+
h dK +

∫

Qn
j

w−
h H(u−h , u

+
h , n

−)dQ+

∫

Kn
j

(grad wh)T D(uh) grad uh dK
)

= 0. (5.2.5)

This formulation shows that due to the causality of the time-flux, the solution in a space-
time slab now only depends explicitly on the data from the previous space-time slab.

The algebraic equation for the DG discretization are obtained by introducing the poly-
nomial expansions for uh and wh, given by (5.2.1) into the weak formulation (5.2.5) and
using the fact that the coefficients ŵm are arbitrary. The following set of equations for the
element mean ūh(Kj(tn+1)) are then obtained:

∣

∣Kj(tn+1)
∣

∣ūh(Kj(tn+1)) −
∣

∣Kj(tn)
∣

∣ūh(Kj(tn)) +

∫

Qn
j

H(u−h , u
+
h , n

−)dQ = 0. (5.2.6)
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Note, these equations have a similar structure as a first order accurate finite volume formu-
lation, except that more accurate data are used at the element faces.

The equations for the coefficients ûm(Kn
j ), (m = 1, 2) related to the fluctuating part of

the flow field ũh are equal to:

2
∑

m=1

ûm(Kn
j )
(

−
∫

Kn
j

∂ψl

∂t
ψmdK +

∫

Kn+1
j

ψl(x1, t
−
n+1)ψm(x1, t

−
n+1)dK

+

∫

Kn
j

∂ψl

∂xk
Dkp(uh)

∂ψm

∂xp
dK
)

−
∫

Kn
j

uh(x1, t
−
n )ψl(x1, t

+
n )dK

+

∫

Qn
j

ψlH(u−h , u
+
h , n

−)dQ−
∫

Kn
j

∂ψl

∂x1
F1(uh)dK = 0, l = 1, 2. (5.2.7)

The algebraic system given by (5.2.6)-(5.2.7) is in general non-linear, except for the case
of a linear advection equation when f(u) = au, with a a constant. The solution of this
non-linear system of equations will be discussed in Section 5.4.

5.3 Stabilization operator

The discontinuous Galerkin finite element method without stabilization operator does not
guarantee monotone solutions around discontinuities and sharp gradients. In these regions
numerical oscillations develop when polynomials of degree one or higher are used. In order
to prevent these numerical oscillations frequently a slope limiter is used which reduces
the slope of uh in regions where the solution is oscillatory. The use of a slope limiter
in combination with a DG method results has become quite popular, but also has serious
disadvantages. It may result in an unnecessary reduction in accuracy in smooth parts of the
flow field and prevents convergence to steady state, which is particularly important when
an implicit time integration method is used. The problems in obtaining a steady state
solution originate from an inconsistency in the combination of a discontinuous Galerkin
discretization and a slope limiter. Since the limited solution does not satisfy the steady
state of the discontinuous Galerkin equations, it is not possible to reduce the residual to
machine accuracy. Instead, the scheme tries to converge to the unlimited solution, which
suffers however from numerical oscillations, and the limiter must remain active to prevent
this, resulting in limit cycle behavior.

A better alternative is provided by adding a stabilization operator to the DG discretiza-
tion, such as proposed by Cockburn and Gremaud [8] and Jaffre, Johnson and Szepessy
[12].

The stabilization operator uses the jump in the polynomial representation at the element
faces in the discontinuous Galerkin discretization and the element residual. In this way
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optimal use is made of the information contained in a DG discretization and we maintain
the compact stencil of the discontinuous Galerkin method.

The effectiveness of the stabilization operator in (5.2.5) strongly depends on the artifi-
cial viscosity matrix D(uh) ∈ R

2×2. The definition of the artificial viscosity matrix is more
straightforward if the stabilization operator acts independently in all computational coor-
dinate directions. This is achieved by introducing the artificial viscosity matrix D̃ ∈ R

2×2

in computational space using the relation:

D(uh|Kn
j
, u∗h|Kn

j
) = RT

D̃(uh|Kn
j
, u∗h|Kn

j
)R, (5.3.1)

with u∗h|Kn
j

the solution data in the neighboring elements of Kn
j . The matrix R ∈ R

2×2 is
defined as:

R = 2H−1 gradGK . (5.3.2)

The matrix H ∈ R
2×2 is introduced to ensure that both D and D̃ have the same mesh

dependence as a function of hi, and is defined as:

H = diag (h0, h1),

with hi ∈ R
+ the leading terms of the expansion of the mapping GK (5.1.7) in the computa-

tional coordinates ξi, (0 ≤ i ≤ 1). The multiplication with the factor two in (5.3.2) ensures
that for orthogonal cells the matrix R is the rotation matrix from the computational space
to the physical space. The stabilization operator in (5.2.5) can now be further evaluated,
resulting in:

∫

Kn
j

∂ψn

∂xk
RpkD̃pq(uh|Kn

j
, u∗h|Kn

j
)Rql

∂ψm

∂xl
dK = 4

∫

K̂

(H−1)pnD̃pq(uh|Kn
j
, u∗h|Kn

j
)(H−1)qm|JGK

|dK̂,

=
4|Kn

j |
h2

n

δnmD̃nn(uh|Kn
j
, u∗h|Kn

j
)

(no summation on n), where we used the relations: (gradGK)ij = ∂xj/∂ξi and ∂ψn/∂ξp =
δnp and made the assumption that D̃ is constant in each element.

The stabilization operator should act only in areas with discontinuities or when the
mesh resolution is insufficient. This requirement can be directly coupled to the jump in
the solution across element faces and the element residual, respectively, both of which
are readily available in the discontinuous Galerkin discretization. In regions with smooth
solutions these contributions are of the order of the truncation error and will therefore not
reduce the accuracy in these regions.

For problems with discontinuities the artificial viscosity model proposed and analyzed
by Jaffre, Johnson and Szepessy [12] is useful. In this model both the jumps at the element
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faces and the element residual are used to define the artificial viscosity:

D̃qq(uh|Kn
j
, u∗h|Kn

j
) = max

(

C2h
2−β
K Rq(uh|Kn

j
, u∗h|Kn

j
) , C1h

3
2
K

)

, q = 1,

=0, otherwise,

with

R(uh|Kn
j
, u∗h|Kn

j
) =
∣

∣

∣

1
∑

k=0

∂F(uh)

∂uh

∂uh(GK(0))

∂xk

∣

∣

∣
+ C0

∣

∣u+
h (x(3)) − u−h (x(3))

∣

∣/hK+

2
∑

m=1

1

hK

∣

∣n̄T
Kf(u+

h (x(m))) − n̄T
Kf(u−h (x(m)))

∣

∣, (5.3.3)

with hK =
√

h2
0 + h2

1. The coefficients β, C0, C1 and C2 are positive constants and set
equal to C0 = 1.2, C1 = 0.1, C2 = 1.0 and β = 0.1. The points x(1) and x(2) are the
midpoints of the faces Qn

j and x(3) the midpoint of Kn
j . For stronger shocks the addition

of the quasi-linear form of the conservation law, which is the first contribution on the
righthand side of (5.3.3), significantly improves the robustness of the numerical scheme,
since this contribution detects discontinuities very well. Numerical tests showed that the
contributions of the element residual of the quasi-linear equations and the contributions in
the jump of the flux at the element faces are equally important.

5.4 Solution of algebraic equations for the DG expansion co-

efficients

The space-time DG formulation results in an implicit time-integration scheme. The equa-
tions for the DG expansion coefficients (5.2.6)-(5.2.7) in the space-time slab En can be
represented symbolically as an equation for ûn:

L(ûn; ûn−1) = 0, (5.4.1)

with ûn−1 the expansion coefficients in the previous time slab En−1. In general the equations
for the expansion coefficients will be non-linear, only for the flux f(u) = au, with a a
constant, a linear system will be obtained. There are several ways to solve these non-
linear equations. A standard procedure would be to apply a Newton method, but this
technique has several disadvantages. In the first place computing the Jacobian matrix,
either analytically or numerically, is a non-trivial and computationally expensive task. Also,
efficient linear algebra techniques need to be used to solve the linear system. Considering
its size this generally have to be iterative, Krylov subspace methods, but finding good
preconditioners for the linear system, which strongly influence both the convergence rate
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and robustness, is difficult. Another disadvantage of a Newton method is that the locality
of the DG discretization is lost, because a large global linear system must be solved. This
particularly complicates the implementation on a parallel computer.

An alternative technique to solve the non-linear system of algebraic equations (5.2.6)-
(5.2.7) is to use a pseudo-time integration method. In this technique a pseudo-time deriva-
tive of the expansion coefficients is added to (5.4.1) and this equation is solved by marching
the solution with a Runge-Kutta method to a steady state:

∂û∗(Kn
j )

∂τ
=

1

4tL(û∗, ûn−1).

At steady state, when ∂û∗

∂τ = 0, then ûn = û∗.
The pseudo-time integration scheme uses a point-implicit five stage Runge-Kutta (RK)

scheme, which can be summarized as:

Algorithm 1. Runge-Kutta algorithm for pseudo-time integration.

1. Initialize the first Runge-Kutta stage: v̂(0) = ûn−1.

2. Do for all stages s = 1 to 5:

(1 + αsλ̄)v̂(s) = v̂(0) + αsλ̄
(

v̂(s−1) −Lk(v̂(s−1), ûn−1)
)

3. End do

4. Update solution: ûn = v̂(5).

Here, λ is defined as λ̄ = 4τ/4t and the Runge-Kutta coefficients are equal to α1 =
0.0791451, α2 = 0.163551, α3 = 0.283663, α4 = 0.5, and α5 = 1.0.

This pseudo-time integration technique is very simple to implement and preserves the
locality of the DG discretization. It will, however, only be efficient when fast convergence
to steady is achieved. For this purpose the coefficients in the Runge-Kutta scheme have
been optimized to damp the transients in the pseudo-time integration as quickly as possible
and to allow large pseudo-time steps. In addition, the use of a point implicit RK scheme
ensures that the pseudo-time integration method is stable for any positive value of λ. More
details about the RK scheme will be given in the next section. Optimizing the Runge-Kutta
scheme is, however, not sufficient to obtain an efficient solver. Convergence to steady state
is therefore further accelerated using a multigrid technique. In this method the original
fine mesh is coarsened a number of times and the solution on the coarse meshes is used to
accelerate convergence to steady state on the fine mesh. For the details of the multigrid
algorithm we refer to van der Vegt and van der Ven [23] since they are beyond the scope of
these notes.
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5.5 Stability analysis of the pseudo-time integration method

for the linear advection equation

A simple example of a space-time DG discretization is obtained by considering the linear
advection equation:

ut + aux = 0,

with a > 0. After some lengthy algebra, the space-time discontinuous Galerkin discretiza-
tion for the linear advection equation using a mesh with grid velocities sj ≤ a, j = 1, · · ·N ,
with N the number of mesh points, can be represented in matrix form as:

AÛ(Kn
j ) − BÛ(Kn

j−1) = CÛ(Kn−1
j ),

with:

A =











4xn+1
j + cn

j+ 1
2

cn
j+ 1

2

−cn
j+ 1

2

2a1 +cn
j+ 1

2

−2a4tn 1
3a2 +cn

j+ 1
2

+d11 −2a1 − cn
j+ 1

2

+ 2a4tn
−4xn

j −4xn+1
j − cn

j+ 1
2

−cn
j+ 1

2

2
3a3 + 4

3c
n
j+ 1

2

+ d22











B =











cn
j− 1

2

cn
j− 1

2

−cn
j− 1

2

−cn
j− 1

2

−cn
j− 1

2

cn
j− 1

2

−cn
j− 1

2

−cn
j− 1

2

4
3c

n
j− 1

2











, C =









4xn
j 0 0

0 1
34xn

j 0

−24xn
j 0 0









,

with 4xn
j = xn

j+1 − xn
j , x̄n

j = 1
2 (xn

j + xn
j+1), a1 = x̄n+1

j − x̄n
j , a2 = 24xn+1

j − 4xn
j ,

a3 = 24xn
j + 4xn+1

j , cn
j± 1

2

= 4tn(a− sj± 1
2
), and sn

j+ 1
2

= (xn+1
j+1 − xn

j+1)/4tn. Here xn
j and

xn
j+1 denote the begin and end points of the element at time tn, respectively. The terms
d11 and d22 are determined by the artificial dissipation operator.

The linear advection equation provides a nice model problem to study the stability of the
pseudo-time integration method. For this purpose, we assume periodic boundary conditions
and use Fourier analysis to investigate the properties of the Runge-Kutta scheme. If we
assume that the mesh size is uniform mesh and the time step, element size, and velocity
remain constant, i.e. 4t = 4tn, ∆x = 4xn+1

j = 4xn
j , and s = sn

j− 1
2

= sn
j+ 1

2

for all j

and n, and set the artificial viscosity coefficients equal to zero, then the operator L can be
expressed as:

L(Ûn, Ûn−1) = AÛ(Kn
j ) − BÛ(Kn

j−1) − CÛ(Kn−1
j ), (5.5.1)

with the matrices A,B, C ∈ R
3×3 defined as:

A =







1 + δ δ −δ
−δ 1

3 + δ δ

−2 − δ −δ 2 + 4
3δ






, B =







δ δ −δ
−δ −δ δ

−δ −δ 4
3δ






, C =







1 0 0

0 1
3 0

−2 0 0






,
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with δ = 4t(a− s)/4x and s ≤ a.
Consider the spatial Fourier mode Û(Kn

j ) = eiθjÛF , and introduce this into (5.5.1), then
the stability of the pseudo-time integration algorithm is determined by the equation:

dÛF

dτ
= − 1

∆t
P(θ)ÛF ,

with P(θ) = A − e−iθB. Since the linear advection equation is hyperbolic the matrix
P can be written as: P = QMQ−1, with Q the matrix of the right eigenvectors of P
and M a diagonal matrix with the eigenvalues µm(θ) of P(θ). Introducing a new vector
V̂ F = Q−1ÛF , we obtain a system of independent ODEs:

dV̂ F
m

dτ
= −µm(θ)

4t V̂ F
m , for m = 0, 1, 2.

This system of ordinary differential equations is solved with the point-implicit Runge-Kutta
scheme given by Algorithm 1. The amplification factor G(z) is defined recursively as:

G(z) = 1

For s = 1 to 5

G(z) =
1.0 + αs(λ̄+ z)G(z)

1.0 + αsλ̄

End for

The pseudo-time integration method is stable if the amplification factor G satisfies the
condition |G(zm(θ))| ≤ 1, for m = 0, 1, 2; θ ∈ [0, 2π) with zm(θ) defined as zm(θ) =
−∆τ

∆tµm(θ). The stability is analyzed for different values of the physical and pseudo-time
step CFL-numbers (defined as CFL4t = a4t/4x and CFL4τ = a4τ/4x, respectively),
and the ratio s/a.

In Figure 5.7 contour values of the stability domain |G(z)| ≤ 1 for the 5-stage semi-
implicit Runge-Kutta scheme with optimized coefficients given by Algorithm 1 are shown
for the physical CFL numbers CFL4t = 1 and 100, respectively. Also shown are the loci
of the eigenvalues zm(θ), θ ∈ [0, 2π), which must be inside the stability region to ensure
the stability of the pseudo-time integration. For CFL4t = 1 the Runge-Kutta scheme
is stable for CFL4τ ≤ 1.94 and for CFL4t = 100 the pseudo-time step CFL number
must be less than CFL4τ ≤ 1.85, which is unchanged for larger values of CFL4t. The
large stability domain and excellent smoothing properties of the semi-implicit Runge-Kutta
method for small values of the physical time step CFL number is important for time-accurate
simulations.

In Figure 5.8 the effect of the semi-implicit treatment of v̂ in Algorithm 1 is shown
for CFL4t = 1. For small physical time step CFL numbers the stabilizing effect of this
technique is very large and the pseudo-time step CFL number must be reduced to 1.08 to
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Figure 5.7: Loci of the eigenvalues zm(θ), θ ∈ [0, 2π), (dots) of the DG discretization of
ut+aux = 0 and the stability domain of the 5-stage semi-implicit Runge-Kutta method with
optimized coefficients. CFL4t = 1.0, CFL4τ = 1.8 (top), CFL4t = 100.0, CFL4τ = 1.8
(bottom), no grid velocity.
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ensure stability when the semi-implicit technique is not used. For physical CFL numbers
larger than 100 the effect of the point-implicit Runge-Kutta scheme is, however, negligible.
The effect of using optimized coefficients in the Runge-Kutta scheme is also large, as can be
seen in Figure 5.8 where the stability contours for the point-implicit Runge-Kutta scheme
with coefficients αs = 1

4 ,
1
6 ,

3
8 ,

1
2 , 1 for the stages s = 1, · · · , 5 are shown. This are the co-

efficients for the Jameson Runge-Kutta scheme, which is a popular Runge-Kutta method
in computational fluid dynamics and also frequently used as a smoother in multigrid algo-
rithms. For this Runge-Kutta scheme the pseudo-time step CFL number must be reduced
to CFL4τ ≤ 0.88, when the physical CFL number is equal to CFL4t = 1. When the phys-
ical CFL number is equal to CFL4t = 100 then the pseudo-time step CFL number must be
reduced to CFL4τ ≤ 0.95 for the Jameson Runge-Kutta scheme. The effect of grid velocity
is stabilizing if the grid velocity is in the range 0 ≤ s ≤ a. This is a direct consequence of
the relation δ = CFL4t(1 − s/a). When the grid velocity is in this range then it reduces
the effective physical time step CFL number and since the pseudo-time integration has a
larger stability domain for smaller values of CFL4t this improves stability.

5.6 Conclusions

The space-time discontinuous Galerkin finite element method provides a versatile conserva-
tive numerical technique to solve partial differential equations on time dependent domains
which require moving and deforming meshes. The space-time DG method results in a very
local, element wise discretization, which is beneficial for mesh adaption using local grid
refinement or adjustment of the polynomial order and parallel computing. The use of a
pseudo-time integration method using a Runge-Kutta time integration method in combi-
nation with a multigrid technique provides an efficient algorithm to solve the non-linear
algebraic equations for the expansion coefficients in a space-time DG method.
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Figure 5.8: Loci of the eigenvalues zm(θ), θ ∈ [0, 2π), (dots) of the DG discretization of
ut + aux = 0 and the stability domain of the explicit 5-stage Runge-Kutta method with
optimized coefficients (top) and the five stage semi-implicit Jameson Runge-Kutta scheme
(bottom). CFL4t = 1.0. CFL4τ = 1.8, no grid velocity.
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